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1. Introduction 

This artic~e containé some new analy~ic resultE on hard photon 
bremsstrahfung -in t be reaction 

e+e- ~(~Zo) ~ H(r) 
(1 ) 

for ultra-relativistic energies including tb~ resonance region 
S~M; . These QED radiative corrections are ,les8 interesting 

than the genuine electroweak 'One-loop ir:sertions 'but numerically 
quite large so that a careful study oi' t-hern is necessary for preci
sion ~xpeximents as being planned at the new e~e~colliders TRISTAN, 
SLC, LEP. ~o obtain analytic results for hard bremsstrahlung in the 
presence of a heavy neutral vector boson 1° interfering with the 
photon as ia ~redicted by the standard electroweak theory/1/ bas 
beer- proved t~chnically involved/2,3,4,5/, much more involved thar. 
in pure QED/6,7/. This fact and unavoidable inclusion of realistic 
exp0rimental cu~s promoted the develópment Df very effective Monte
-8arlo algori thm$ r here we -only mention the classic resul ts d'escribed 
in/7,8/ {aee also/~,10/). 

Nith extensive use of the system of analyttcal 'Calculations on 
computers S~HOONSCHIp/11/ and of phase space lntegration methods de
veloped at Dubna/12-15/ we have determined the total crass section 

~ and t~e ir.tegrated forward-backward asymmetry AF.8 for 
reaction (1) ). We 8Ssumed the photon registration conditions to be 
tota'lly inclusive -and used extreme relativistic approximati·on for 
fermion masses Jn+~ «5 . In parallei, the angular diatributi~n 
(differential cross section dô'"'I d.C05 (J ) of the f€rmion has been 
obtained. Some preliminary results may be found in/14,15/. Concer
ning the technique used to carry through the three- and fourfold 
integrations, we only remark that 1t has been quite important to tackle 
the phase space integraIs successively as complex functions of the' 

*)rncIuding control calculations, th~ SCHOONSCHIP programmes develo

ped consist of about 5000 commands. They are available~a.t Dubna. 

€fblít':ALitÍt'lIj;~i! RRcnnyr ~ 
tUl-':1Jj)hJ,X #ir. r,":-:.aJ3auaf} 

6HSJIl-!JrEHA , 
--........ ..--"='--- 



.2.. :l.' 
parameter Jv1 = M1: -l M1 fi where fie is the total width7 

of the í:0 _boson/16 / . There was no additional difficulty to aVoid 
the assumption of a smaLl, width ç once we decided to assume the 

fermion masses to be small: me} m «M~) E j E. = I/S/2.
ie the beam energy. The underlying me[hod 1s general enough to be 
useful for other reactions, too, as long as one does not apply comp
licated cuts. The results presented here may be generalized Btraight
forwardly to the case of more than one heavy neutral bOBon or to 

ís-imilar r-aac t one j.ve s g , e-+e-~ ete.-({) . 'In the following, we 

present the contributions from the diagrams of th~ Figure to ~T snd 
• Theee diagrama, togeth~r wíth the pboton self-energy diagAF6 

ram, not discussed here~ are the QED radiative correction to the 

reae t íon (1). 

+ ..•+ 

+ 

The QED 01.3 radiative corrections to the e+e" annihila
tion into a fermion pair eonsidered in this article. 

2. Definitions 

We have caleulated for the proces8 (1) the differential with 
respeet to C r ~ é) cross aec t í.on dfJ/d.c." the total cross 
section 6T arrd the integrated forward-backward aaytnmet ry A
up to 0/...3 terms: 

r8 

2 

... 

I 
+4 

dS-
6'T -= de ele ' 

(2 )-~ ~ o 

-l [fri d6" Ide. d..ô]AFB = ~ C de- - de· (3)
o -(
 
Th~ angle 6) is defined as the cms scattering angle of jf
 
with respect to e+ . The following parametrisations are used:
 

j~ =i1{ Q; [ 1+c~+ ~ (~+~~+r{Ji)]+
 

+ 21~\'Úe~ ReI; (I +c)+ ;:Y;(~ + q~ +q~4)) +
 

+21~ICle~~l}2c +~}(G3+~I1~+q16ç)1+ (4) 

+((+ ~éü;t ~~) \~\t l 1+c! +:i Re(Ho +qH1+ O;-H~l + 

+4V;~~~\Jlt[ 2c -t~Re(~ +~~+0~~,)t 

ôf= 6;; {~t[ h ; (Fo

T +O:F;~+21~1~~Re~+;J{(+q~F 

(5 )+2[~loeOr ~~Re(1G:)-+
 

+(v:+cÇ)(zr:+o;)lflft+r,Re~; tqLH:~ +4vA~afl}l; qRe~;)},
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AB= ~ {; 03~T +21~1~~ fi ~ Re (JGn + 

+21~10ei) R.e[ ~ f t ~ J(({+~L(j;)] + 

• 

+(1f+a:)(~2+a;)I}li~ qRe (f()+ 

+~~(1e~oflft[ 1+f,Re(H; +~~H:)]} . 
(6 ) 

The QED radiative corrections are contained in the function$

F) , ,H .. These functions depend only on particle masses, the
 
70 -wid th and on the beam energy. In Eqs , (4 )-(6 ) q ia the 

charge Df the produced light fermion, G)~ = - 1 . The i>~ ~ 
are arbitrary vector and axial vector couplings to the massive neutral 
vector boson which in the standard electroweak theory become 

~ = 1) 
(7 )Vf = 1- 45~ I~ r. 

The quanti ty i may be obtained from two factors of different
 
origino The real constant k measures the relative strength Df
 
the photon and weak neutral boson couplings, in the standard theory:
 

k=1
(8 )16c: e2. ) 

nhere we use the on-mass-shell renormalization scheme: 

c:= (-5; == ~~ IM;) (9 ) 

(10 )t: e/sw . 

4 

The compl-ex kinematic va.riable ~ relates the corresponding propa

gatora: 
s 

~ = S-M'- ) (11 ) 

11~= M~ - L/4z ~ ) (12 ) 

S = ~E:t -(13)
) 

where M.~) Mui are the weak neutral arid charged gauge boson maaa es , 

There are two common deflnitions Df j( 

JI = Kde O-~rrl = ~!3i ...:L
(14 )Vi 8TeI.. S -"14 ) 

_ 1 s ,
fI[ := KJe - 16S~ c; ..s _M.t (15 ) 

Here ~t~-(~/~) X ia the radiative correction to the muon decay 
constant ~~ /17,18/. Following the recomendations Df the study 
group Df electroweak radiative corrections at LEp/10/, we ~ill und~r
s t and the parameter f in (4-6) as defined in (14) with 

K=-. K ::: 0,38894 (Ml /93 )Z. (16 )r 
s,The point-like QED croas section ls 

_ "1íd.~6; - 3S (17) 

The QED-corr~ction preeented here may be used also for the integra


ted left-right aaymmetry,
 

A - ~-4[ rde dl5()J _ (de dõ(-J.)l
J.1..- T J de J de J) (18) 

where A ia a longitudinal polarization Df the electron and 
the angular integration corresponde either to (2) ar (3). Here, 
the electron couplinge in {4-6) muet be changed ae follows: 

5 



~~ ~(~-Aae)~)
 

ae a
f --?»(4e-À~)~,
 

('lJi+ ~ (~~ +a;-) ~(~~a:-~ÀVeC4)(V;~~~)
 

4~~~~ -1[i~Qe~À(~\Cle'-)1~af' 
(19) 

In the same way tbe polarization of a created fermion may be takén 
into account. Tbis simple procedure Df inclusion of tbe ,longitudinal 
polarization is no longer true in tbe presence Df genuine weak loop 
corrections because tbey destroy tbis factorization property Df tbe 
coupling, valid bere. But even for weak corrections we obtained some 
substitutione whicb are only sligbtly more complicated than (19), 
eee/19/ . In tbie first part of the artieie we preeent only complete 
expreeeions for the totally integrated quantitiee (5), (6) together 
with relevant numerical resulte. The expreesione for the differential 
spectrum (4)'and further numerical reeults, including those for

AL( and Apof, will be presented in euboequent publicatione. 

3. Tbe QED radiative corrections 

• The radiative c or-rec t í ons. FT
) 4- ~ HT 

may formally be 
obtained from the copresponding functione in the angular dietribu

tione ae follows: 4 

'f ~,T C;.r H-:} - 2Jde f~ )Gi l ~i \ (20)r..) l) t 
o 

where for the initial etate radiation (i.O,:3-> the correct .upper bound 
ie 1-9..m; /s with file. being the electron maas , without 
going into detaile, here we preeent the final reaulta in the follo-

T
wing form ( R. T= FT 41 H ) : 

) ) 

Tf.T=R."T +R.iTIJ (i=9)4}3)S") ~::=. R..Te +/ti o (i:~)4) (2 )t v ,,, L)U)O • 1»~ 

The
'\ 

/{'" (R.B ) are c órit rdbut í.ona from vertex (box ) diagrame, and
/ti 1e the eomplete bremeetrahlung. i.e. the aum of eoft and hard 

6 

bremsstrahlung contributions. The ~i does not depend on any cut
-off parameter since the pbotons have been taken'into account totally 

inclueive. 

3. L The C-even QED radiative corrections ~ 

TF := A+ B(t; -n' O (22 ) 

T 
(2) )G

o 
:= A+ B[ R. + 1+ (4+R'-)Lf{] , 

(24 )f{ =: A+ B[1.R. +f -IR/Z 
+ j (f-R.")R. ~+R.~L,a) 

A-=. 1í~ - 1 B=.: l: - 1 · 
with 3 2.) e ' 

(25 )FI =- ~; =: 1-1: ~ 3/'1 . 
It is quite eimple to eingle out, from (22-25), tbe corresponding 
vertex and bremsst~ahlung terms/7 , 12 , 20 / . FDr the 'interference func. . 
tions we quote tbe box and bremsstrahlung terms separately: 

(~), :o 3{2Pr~ -3 + (1)~[ 1+(M~)LRn (26 ) 

G~ ) . =3{-ZPxR +3(~) -(~)~U +(M)]+ LJ} . 
(27 )(
 HLt B ' 

In sum, (26, 21) give the remarkably simple expreseions for the cont
ributione to the total cross .aac t Lon ()T' fr,om the interference 
of initial and final atate radiations which have no analogue in QED: 

(f:ij - 20)-1(~ ·
 
(28) 

In eqe. (22)-(28) and belDw the following abbreviations are used: 

I 17_ S a:» e f (29 )s: =ULL) ), 
a.... m~ 

Lr = &~ , (JO) 

7 
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LR. =. &(1- .1-)
I<. 'J 01) 

Despite their simple structure, the interference functionsCt: ' HJ of (28) seem to be s o far lacking in the litera ture 
as are the C-odd contributinns to A~. 

(J5 ) 

04 ) 

03 ) 

(2) 

te1i+i ftl 1l 
s') /(11 z:({ = M2. 

5 

Q = rrMr 
(J ~ , 

- 1 /1 S IJ u:PrR ~ PI /( + 2 UL M.t :::: (.{LT ) 
UI 

Pu = fl~4 + 1tE - 8z-efii = &- ~ll/ ) 

where À is 8 small regularizing photon mass used by some a~thors. 
The expressions ~T F~T are known from/6/. The three 

final state functbns areOt~ivial. The ~oT, fio 
T may be read off 

from the program MUSTRAAL/8 / . All the initial state radiation 

1. 

3.2. The C-odd radiative corrections : 

F~.- 2-1: O) +1.  15'tr(l + 1 trLJ.2 = 4 51-l (7)
{lflú;{ 2 2 L( .) 

(1;~): z: i a) (1 +8fu2) Pr R - ~ f5~ -(~)] + 

+; ~-R)[5-R. + ~ 1\2-]4U)  ; [(t) +R-2t1Li3-r) + 

+ ,1 . G1Z (t) -3(f)~ +8/(3- + SIZ3]eJll. -' 
- ~(~II.)(f-4fZ-tt)LR. + f R. {6-3R. +st)n~ + 

functions show the well-known from QED mass aingularity due to the 
electron mass. 
tor kinematics 

The singularity in ~T from 
due to the final fermion maffB has 

the photon propaga
been n~turally repla + ir (5-3f<. + 6R.~)])1 ) 

(J8) 

ced in the interference (~) and weak (H) functions by logarithms Df 
the l° -boson maaa , The function H;[ gives riae at and beyond the 
resonance pole the radiative tail a8 may be' seen from (24) - the 

logari thm LR... has a large imaginary part for .5 > 14: tha t 
'~~J: =-1 (~)(1+8fu2)PxIl. +.#1)-1 +f(~1)fJL~l+ 

ia cloBely connected 
Df the reaonance*): 

to the usually defined phase shift ~ 
C 

/7/ 
-t 2. [t(1) - K((~R.)] &L2 + (I( - %)L1 + 

LR == &t(f( -1) - & { , 

S~ === - ardE~(,{-~)] . (J6) 

+f[l.-l R+lt+{-S'+3R-6f(l.)fJL2.]4 4 

This. together wi th the factor 

ative tail. 

llr~ in (24) produces the radi

+ 1. ~-3R+6IZt-8{(~)[4~-i~)-Li~a- k~+ 

*) ,The complex logarithm haB a cut along the negative real axis. ] +.2f(3[4M-14«-1>L (39) 

8 9 



lGT == - .1 + l-R- /1- &2) 1- í{-t<)fn1-2 .,.1.1+2R)lt: 1'+3 :3 8 ~+I( C' (1 'I Ií :2P/ 

+ ( 4- R. [ 4+3R. fII -t l-R-W ) D 1-tR'L 1'. 
(40)I 4-tR. - HIZ 2. LJ{I-2.)te--t +t-:q+R.)2.JJs , 

Jr
,j~ ~T:= -I;~~ -l~:~ rt!llt + If-R!%2Z ~ ~~+'1,(1-1IRIY4@+' , 

(:, /l..)L (- S" 61.-1 .JJ:.)!J ,'&+ (8 - 2{ltR/t e + . -I +2/1tiJ~ + 4/1tR.1" ,'Le-f; 2+ 
DZ (-+&'2. [2 .i: í. R)] 'T\ (41)

+ s >.': '1 + dl ~ - J/3) 

(42 )li-Tz: Hs
T 
=0. 

Here 

" 
L~(l):=--f ~~!tlf -li) ) (43 ) 

· _ .r)ItR 
C1 

/ :<.. 
(44 )~fr4 +

-
H + yLR , 

(45)li ~])o +L~(-~) -1&(1) +ttJ-r:~:)f!l? I)? 
])3 =1)1 +].t +fn'-2 +/Le -1-2f.IL2)LR.. . (46 ) 

The integrated QEJ) -asymmetry ~1T may be found together j 
with some technical details in 120 / . The other C-odd corrections are 
much more1nvolved t.ban those to the total cross section o; ;1
Additionally to the products of two logarithms occurring there, here 
one meeta several nontrivial combinations of the complex Euler Diloga t) 
rithm function (41). In. analogue to tbe radiative tail Df ~ 

10 

arising from H T i t' is daveLuped here by the initial state radio 
ation function HI (39), where the complex function JD3 to
getber with the imaginary factor proportional to I/rx givea rise 
to an additional contribution beyond the resonance, again essentially 

due to LR • 
That G and /ls-" are vanishing may be' most easily seens 

from the impossibility to ádd an axial vector term' to the 
pboton or ~ -boson self-energies whose imaginary parts the ~S

and H are related wi th) as are the vector-like terms Ijz) ~) flIL •s 

4. Numerical results 

Instead Df a summary, we would li~e to show some numerical 
results which have been obtained, wlth the .Fortran code ~IU. 

This program has been d~veloped along the lines described bere and 
calculates, besides 0T and AFI3 ,the angular distribution. 
The corresponding numerical integration of the latter has to coincide 
wi th 6"T or AF8) a powerful internaI consis tency check , 

In Tables 1 and 2 the individual contributions to the total 
cross section and to the integrated forward-backward asymmetry 
are ebown. Instead of the complete complex box. contributions we 
included tn the Tables tbeir resonance parts (App.A). This makes 
our resulta directly comparable to those obtained witb the Monte
-Carlo program MUSTAAL /8/ which are shown, too. For this 'purpose . -. ~ 
:J':'le bae, of course, to run th$,'IlliMC-program without pboton cuts. Furt~ 

he~, we redefined the Born expressions in MUSTRAAL ~orresponding 

r to our e~s. (4-6, 16). As input parameters for this model calculations 
\ J.?3 used 

14-r. = ~3'GeV) r-r::: 2.~4 eV) s;;: Q 23 . (47 ) 

As may be see~ from the Tables, in ~ the most' important contri
butions at large energies beeides the Born cross section are rrom 
initial etate radiation, eepecially from the ZO -excha'nge. In AFB 
the interference terms dominate both in the Born approximation ( I ) 
and in the bremsstrahlung ( 0;~ , the initial state photon
interference). 

To the MC-resulte in the Tables we have assigned the statisti

cal errors as follows: 

11 
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Table 2. Individual contributions to AF'B as defined in (6). 

11E>;-= ~ ~v ) (4B) specifications are those of Tatle 1. 

L1A FI?> = i til JI+A~ ) (49 ) i1 
where ~v is the number of events generated by the Me-program. I 
For ~v = 150 000, the Tables show both for 6T and AF8 a good ~l 
coincidence Df the MC-generated quantities with our analytic resulta 
within 1.2 standard deviation. 

Table 1.	 Individual contributions to ~ as defined in (5) in 
units of G: (11) as functions of {5 = 2.. E • The A, I' 2

O	 ' } 
are the corresponding Born values due to photon exchange (A), 
Z-boson exchange) (Z) and their interference (I).Box dlagram
 
oontributions are taken from the appendix. The parameter~
 

are M l = 93 GeV, r:t = 2.5 GeV, S;.. = 0.23.
 

fS )~eV 60 82 92.5 93.0 93.5 100 

6;,nB 0.02413 0.01292 0.01015 0.01004 0.00994 0.00869 

A 

I . 
l 

1 

-0-.00354 
0.07712 

1 
-0.01114 
1.84241 

1 
-0.06305 

179.00599" 

1 

O 

212.01602 

1 
0.06461 

186.59621 

1 
0.03579 
8.15261 

Fo 
F
1 

o, 
Gt, 

G,. 

Ho 

H.t 
H't 

0.60431 
0.00174 
0.00011 

-0.00001 
-0.00830 
-0.09824 
0.00014 
0.00004 

0.65436 
0.00114 
0.00188 

-0.00003 
-0.0270) 
-0.36007 

0..00321 
0.000,45 

0.67415 
0.00114 
0.00039 

-0.00011 
-0.08219 

-63.06491 ' 
'0.31185 
0.00660 

0.61504 
0.00114 

-0.02916 
O 

-0.03223 
-66.01508 

0.36936 
0.00458 

0.67593 
0.00114 

-0.05094 
0.00011 
0.02162 

-41.16859 
0.32501 
0.00124 

0.68110 
0-.00114 

-0.00530 
0-.00006 
0.01445 

10.45130 
i 0.01420 
I 

-0.00011 

1% 
i o 

1.66391 3.09918 111.18985 141.99026 146.86112 20.35118 l 

Me 1.665 3.102 111.899 148.139 141.-006 20.360 
Ne=8':7500 O 

:!:0.002 :to. 004 :!:0.136 :!:0.171 :!:0.110 :!:0.024 

~I 

IE)6eV 60 82 92.5 93.0 93.5 100 

~)ng 0.02413 0.01292 0.01015 0.01004 • 0 ..00994 0.00869 

A O O O O O O 

I -24.84049 -64.48871 r-6.27289 O 5.1600h 20.58367 
z 0.08817 1.12140 2.88083 2.71579 2.40830 0.75849 

F~ 0.63553 0.34098 0.00902 0.00718 0;00723 0.05212 
G4 -0.00332 -0.00562 ~0.00011 0.00018 0.00038 . 0 ..00052 
G3 1.07974 7.41222 0.05347 -2.29709 -4.05205 -2.94119 

H. 0.09744 0.61216 0.23961 0.13301 0.03737 -0.15693 
H3 -0.00959 -0~22010 r-l.01508 -0.84575 -0.53926 0.96719 

AF'O )0/0 
-22.95251 -55.22766 -4.10515 -0.28668 3.02203 19.26388 

M( 
Wev = 
~50000 

-22.973 
:!:0.237 

-55.399 
:!:0.264 

-3.822 
~0.231 

-0.156 
:!:0.231 

2.774 
:!::0.231 

19.408 
:!:: 0.235 
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Appendix 

Some groups take their Monte-Carla results for hard photon 
brems8trahlun~ together with approximate eÃpressions for the Ó; -box 
diagrams, the so-called resonance part/7 , 8/ . To get one-to-one corres
pondence, one has to replace the box formulae Df (27), (39) by the

:1	 following expressions which are integraIs Df their corresponding 
distributions: 

1312 
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, i 
.,

9. Altarelli G. et aI. In: Physics at LEP, CERN 86-02, 1986. 

(A.1 )1	 (r T LT ) i '71 (2 s LJ 1)
=.	 1.- '--iJ B + rL. 1)13 + '1 {..( - cn; ')

J3.:8 

q	 r - ~ 1 h r (A~ 2 ) =	 -3 P +.- + - < • (}4, R IQ. 4 1, 'I) B :>	 ; > 

:! 
(A.3)F == .~ (1-r ('{ln!l +t1/2)	 l1) 

~
 
T
 -	O+3éh2)[~~ +&(p. -~) + fL z] + f +A~B

) 

+ (~f4en2) tfl,2 -+ 21J~ (4) )	 (A. 4) 

(A.5 )h4~B = - 6[l~ +f?4(R.-~) + 11l -1] . 
Cor,cerning these expressions, one should note that cornpared to the 
above definition Df ~J and ~~ , in /7/ the small contribution 

of M# (1..1:) has been negl ec t ed ; in their notation 

6	'" -tMJ[en (~-{)] .z	 (A.6) 
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BapAHH n.ro.' ~eAOpeHKO O.M., PHMaH T. E2-87-663 
3JieKTpOMarHHTHble nonpaBKH llOPHAKa a 3 K e + e-
aHHHrHJIH~HH B napy $epMHOHOB B TeOpHH 
3JieKTpOCJia6oro B3aHMOAeHCTBHH. llOJIHOe ceqeHHe 
aT H HHTerpaJibHaH acHMMeTpHH AFB 

ITonyqeHbi aHaJIHTHqecKHe BbipaJKeHHH AJIH noJIHOCTbiO npoHH
TerpHpoaaHHbiX K3A-BKJiaAOB nOPHAKa a3 B nonHoe ceqeHHe aT 

H HHTe!:_PaJibHYIO acHMMeTpHio anepep;-Ha3aA A FB AJIH npo~ecca 
e+e-~ ff(y). llpep;nonaraeTcH, qTo tPoTOHbi HeHaomop;aeMbi. 
PacqeT BbinOJIHeH B YJibTpapeJIHTHBHCTCKOM npHOJIIDKeHHH no 
MaccaM tPePMHOHoa, a Macca Mz H IIIHPHHa fz HeiiTpaJibHoro 
BeKTOpHOrO npOMe~yToqHOrO 0030Ha He cqHTa~TCH MaJib~H na
paMeTpaMH. 

PaooTa BblflOJIHeHa B naoopaTopHH TeopeTHqecKOH ~3HKH 
omm. 

Coo6lueHHe 06'be.n;HHeHHOrO HHCTH'cyTa J~,IJ;epHbiX HCCJJe,tJ,OBaHHH • .lly6Ha 1987 

Bardin D.Yu., Fedorenko O.M., Riemann T. 
The Electromagnetic a 3 Contributions to 
e+e--Annihilation into Fermions in the 
Electroweak Theory. Total Cross Section aT 

and Integrated Asymmetry AFB 

E2-87-663 

Analytic expressions are obtained for the completely 
integrated QED a 3 contributions to the total cross sect
ion aT and the integr~ted forward-backward asymmetry A FB 

in the process e+e- ~ ff (y). The photons are assumed not 
to be observable. The mass Mz and ~1idth fz of the neut
ral weak gauge boson are treated with no approximation. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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