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The exaot stat10 spher1oally-symmetr10 so14tion of 

general relat1vity equat10ne for "the polnt mas~" found by 

Sohwarz8oh1ld and Droste 1n 1916 1s usual~y oall~d the 

(externaI) Sohwarzsohild metr10. General rela~1vity theory 

18 1nvar1ant under general nons1ngular, suff10iently smooth 

ooord1nate transformat10ns. Therefore for several deoades 

a lot of var10us fo~s have· been found for the Schwarzsoh1ld 

metr10 1nolud1ng nonstat10 ones. One may mention suoh 

1mpress1ble results as B1rkhoff's theorem and part10ularly 

n"onstat10 Krusoal-Szekeres [1] formo The latter representa a 

m1n1mally oomplete extens10n of the Schwarz8child space-tlme, 

more preo1selYt the m1n1mal oausal faotor1sed part of th~ 

un1versal oover1ng metr10 [2]. AlI other forms are olearly 

not so oomplete as the Kruskal one and ooord1nate transforma

t10ns between them are not always nons1ngular. But th1s 

o1roumstanoe does not oonfuse phys101sts very muoh. though 

pushes them somet1mee to reservat10ns, such as the transforma

t10ns "are not eQu1valent and the oorrespond1ng metr10s may 

desor1be d1fferent ph,yB1oal a1tuat10ns" [J ] . 
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In the "reotl11near, nearly Carteslan- ooordlnates 

(Sohrodlnger [4]) '5:0= Ct) X ~ X~.f3 the Sohwarz80hlld 

metr10 1s 

d1~= ~r ~dXf<di:1/ z: ~ - ; 1cJ,if-l~, l!.+6!.2.l -1);~ j ti3:'dxt (I) 

here J= (X'Xi , i J /c. = l,2,J, f-))} = 0,1,2,J • Aotually 

J la the "rad1al ooordlnate", BO that :}Jr.f 1s the 

o1roumterenoe (ln 3-spaoe) hav1ng the orlg1n as the oentre and 
·-i 

oros~ing a glven polnt JC • T,he oondlt10n of oo!respondenoe 

"1th Newton' 8 theory as -9 ~ 00 g1ves d.- • GM/o 2 ; hera G 

1s the Newton1an grav1tat10nal oonstant, M 18 the maS8 of 

the oentral body. (/ 1a the veloolty of llght. It 1a obv10ua, 

that one may use th1B SY8tem of ooord1nate only 1f 

J> ~ L • 2 GM/o2 • 'l.. 9 ' 1. e. not re~oh1ng the well-known 

ooord1nate "Sohwarzsoh1ld 81ngular1tr". Now, a transformat10n 

18 p08s1ble, so that ne. o~ord1nates of the same sort are 
'o 1 .t 3 
~ ) X· ) x: ).r and
 

. . oi't) 
'- o o ...L .y; to_ "" t. _J_'1_ ~ == / ..... ;X lX -= X =:: C~) v- - v.- z, ) c... - V ~ . (2) 

The 1nterval (1) takea the form 

s: r t 1.2 2. Y i. j . c/.-jr;.== ~ _ J.~)~di)~ J' ~) &'i~+ 5'1. t__1 'X; a(x<áz" 
. \~ f('t.) z _ f -)o2J 't: (J) 

• l.( 11. . 

~ =:: clrt ~J.1v=- f .f :p ~ d;(1-)
( 7..."I) clt 

lor the oorrespondenoe w1th Newton1an theory one must demand 

às z.. --... co 
-lC'M f'~) =1 (4) 

2 

Lanozos [ , Jand later Rosen [ 6 ] and Fdok [ 71 have augge st ad
 

to make this transformation so that the new ooord1nates
 

satisfy the De Donder oondition
 

-:L-_~(G õcLJ~ 7)x r(Xt5)Jzz O (5) 

..;_~ ~~/ ~v"-~J ';j ~i..t ) 

. Fook 1n 1939 oa~d ooord1nates of that type "harmonlo" 

(1n faot with some additional oondltlons). We aea from (5)
 
o -o
that J:: == X ia harmonio i t àelf. The De Donder condl

tlon at r= 1, ar 2,) leads to the tegendre equatlon for the 

funotion tt =7..{J) , the inverse of sc-: l 

.= O·~J ~ y'--1J-g) ~~ ] -.1 't (6) 

The general solut1on of th1s equat10n 1s 

t == C
i 
(J -i) 1- C: Q(!-i)) Q('i) 50;: ftl ; ~; - 1, (7) 

where C and C~ are 1ntegratlon oonstante. As the funct10n
i 

Q (~/J.. - i) ~ f;(J..f f!+.. '-... O when .9.""'" co , the oho1oe C1. =c!. 

(and C.;z. la arb1trary) leads to the oondlt1on (4) be1ng 

sat1sf1ed. Beg1nnlng trom Lanozos hlmself one hss usually put 

C~;= O • Then we have the Lanozos form, later used by Rosen 

(6), Fook [ 7] and other authors 

f('1.) = 'l. +- d. . 
(8) 

The argumentatlon for putting c!,'1 = O is as follows. 
. 1, 

Lanczos paze attention to that tor J..C,2 :I=- O, ln the l1mit 
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(Á. ==- GM/o2 ~ o we do not arr1ve at the Minkowski interva1 1.e. the adm1ss1bl& region is somewhat sma11er than the 
, :(" / <J.. f.j, t. /-.1 ;J.)~ f. t .3 Je.d j,M z: lC clt:-) - ((7..:x~ .- tC{:r -te .::t / • This sitUati on ma,y	 ini tia1 one ..~aL < y < CO. 

t 
, 

be avoided put ting ~ .= -YJ.., where X i8 a dimensi on1e ss When 1)(1 ia very 1arge, namely, 11C/» 10J , we have 

oonstant. Fook points to the runo t í on Q (~-1)rv-jt1t(f-),1)-~ 00 approximate1y 

as ,f ~Jd.. Chcu [8 Jspeaks about the metrio s1ngu1arit;v t 00. ('1J.3 1/')
5?~ ~ l- ~ )() oL ) ", 'Z ~ ~ jL) .oL .Existenoe of the ooordinate singu1arit,y for . C~ ::/: O 

resu1ts 1n that tbe "initia1" Sohwarzschi1d 4-spaoe wou1d be 
If K> O, the "rad'ia1 ooordina te" t ma,y aocept any positive 

somewbat narrowed. In partiou1ar, it wou1d not be possib1e 
va1ue, tbe Singu1arit,y allPears when [' ~ O. Then g~ -- c.~ ) 

to oome 0108e to the Sohwarz sohild singularit,y at f	 =JoL . 
as f(~)~) ".> O} ,F'> O • Say, if 1<. '= i , then 

But these harmonio ooordinates in their range of definition ..P( O,1) ~ 2,04 oL , ao the admissib1e r agí.on y (0,1)<' J' < o ...) 
are admissib1e. No doubt, it ma,y be possib1e to use them for 

is a s11ght1,y sma11er than the initia1 Sohwarz80hi1dian. 
the desoription of ~n externa1 gravitationa1 fie1d of	 a bod;v, When )(»10), p(O) J< ) ~(J<-/3/13 cL, At the spa ce	 infinity 
when the singular sphere does not appear. But the on~y	 examp1e c) p(~.J'k}~co these ooordinates rapid1y tend to the	 LanOZ08 
of using them I know is the Balek work [ 9 ] on a sort of t he ones 
gravitation theory "with privl1eged harmonio 00 ordinate 8". 

) _ J!rJ.(d- )~	 J.!.rJ..('cl.-J9..So, putting c.:J. =d.) Co'l. =-J<! oL , we have from (7)	 ( ' .P '2} 1< - te +- rl. + T \~ +"') 'l = f - oL '- T T; + 1/1 

z z: J(~)-d. -J<d- (:P-ol etL L -.i).	 (9)
~d f-20{.	 In other words, at 1east if o{; IJ<_ I r.t: 1..0 suoh s,ystems 

of harmonfo ooordinates might be used for the descrlption ot 
Now, tbe magnitude and sign of oonstant ~ remains sti11 the externa1 gravitationa1 fie1d o~ some known oe1estia1 bodies. 
undefined • Let us estimate the admiss1b1e re~ions of	 new Now we oonsider the energy densit,y of this gravitationa1 
ooordinates for various J<. • If 7<... -: O , we nave the ooor fie1d. Since out side the body the material tensor == O • Tttv 
dinate singu1arity when ,f (~oo .and then fj = the Einstein energl-momentum pseudotensor for harmonio ooordina
:::_ Jlvp''jZ 'f -? - 00 • Deno~e jJ at those points by tes may be written as [ 7 ] 
r (2 J() . The metrio .(J) is oonsistent if 0<.9<'00. 
. d ~)	 .5:} 

Sa,y, when 1é == -1, W8 have from (9) 'l-..i~l,bol..; ~:= J,3oL)	 v _ C Y o)h .2- ( J.VCt~'L_ dJ~ \l.t)1 
4]' 

• t f - 16J-rtr !() .x«' j _<;j ra xJ.. \. 9~ J ~ ~ 6 _ . 
, ...1 The energy density in the oase of metrio (J). 15 
I" 
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o l{ :.. - I~ 2. .-.2 I~ t. I (f .:2 t fi ~i	 z: ~ -~-L.,2S' .- f ~ - Yzpp iJ+3f.9 J)-J PÇ+zf·.f ~ ) I REFERENCES 
o	 1(,JfG ZfÃ)' 
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It	 ia suff10ient for us to f1nd the asymptot10 r~sult when 
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~~ CO, namely, ties of a Riemannian manifold. Publ.Mat.Debreeen, 1960, 7, 
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o	 16:JrG- 7...'-1 3 

and we see that 1t depends on Jé Thus, using different
 

harmonio systems af ooord1nates, we get different energy-den

O
 

sity values for the aame phys1cal 4-p01nt.
 

If we take the symmetrical Landau-L1fshitZ _Fock
 

energy-rnomentum pseudotensor adapted for harmônio ooord1nates
 

[7 ] 
UfV=:~(AJ.f3. õ.t~f4V __ o~~r-. o~,.V) /\f~/~ .14v 

i b1T G ~ tV X oiro X P tê) 'X.~ 'Ô xaL /) ~ - J;} 

then for (3), (9) when ~ .~ ctJ we getZ 

00 c.,Y	 oI.:2J..9.(	 .i)
t~ =- - -I( 1- +J. O L.. -1K 'L + ... 

161TG- L 

80	 that th1a energy density express10n dependA on J<.. toa. 

Th1s result leads to oonclus10n c01nc1ding completely 

w1th the long-stand1ng one by Sohrõd1nger [4] and Bauer [10 ] 

about the dependence of the energy-mornentum pseudotensor on 

the choioe of any ooord1nate aystem. Now 1t 1a not 1n favour 

of the hypothesiB by Fock and other authors (e.g.,(ll] ) about 

the pr1v11egy of harmon10 coord1nate~ and the pos81bility of • 
remov1ng Bome known diff1ou1t1es of general re1ativity by using 

~	 them. 
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AcaHOB P.A. E2-87-612 
MeTpHKa lliBap~lliHnbg~~ ycnOBHH lle lloHgepa 

PaCCMaTpHBalOTCH HeOÕhJt.IHhle MaTeMaTHqeCKHe <pOPMbI 
MeTpHKH .lliBap~lliHnbAa B rapMOHHqeCKHX KoopgHHaTax. 
Iloxaaaao , tITO BhlpBJlCeHHe AnH rmOTHOCTH 3HeprHH AJ1H 3THX 
<POpM oõrranae-r OÕhltlHhlMH AJHI oõrn;eli TeopHH OTHOCHTenbHOCTH 
cBolicTBaMH. 

PaõOTa BhmonHeHa B flaõopaTopHH TeOpe~HqeCKOli 

<PH3HKH OlliUI. 

Ilpenpmrr 061oeAHHeHHOrO HHCTHTYTa anepusrx HCCneAOBaHHH• .uy6Ha 1987 

Asanov R.A. E2-87-612 
Schwarzschild Metric and De Donder Condition 

Non-ordinary mathematical form of the Schwarz
schild metric in harmonic coordinates is considered. 
The ordinary property of energy density for it is deman
strated. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 

Preprint ofthe Joint Institute for Nuclear Research. D~bna 1987 


