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~+ 1" 1. Introduction 

s.,-I 
.'i'J. This is the fourth part of the paper devoted to a detailed analysis 

-of a Lee-type mode L of two-particle d-ecay , Let as recollect briefly 

the contents of the previous parts/ 1 - 3/ , hereafter referred to as I-Il!. 

The IDodel itsel~ has been des~ribed in I t ~here we have proven also 

i ts Galilean invarince :t). After sepa'rating the c en t r e-cof-enae'a mot í.on , 

the analysis simplifi~s to the p-erturbation proble~ of a simple ~igen­

value embedded into a non-simple continu0us spectrum. Its solution 

dBpends crucially on the properties of the ~educed resolvent. In Ir, 

we show that for 8IDall enough values of the coupling constant g, the 

reduce~ resolvent has a simple s~cond-sheet po~e whose position dep-ends 

~---""'=----, " 
analytically on 

F~nally, in 

g. 

111 we study the po l.e approxãmat.í.on in which the ana­

lyti-eally continued reduc-ed resoivent 1s replaced by the pole term alo­

ne. We show that under some mild .regularity requirements on the function 

v that characterázes the interaction, the deviati~ns of the true decay 

law from the exponentiaI one resulting from the ?pproximation is Df 

order g~.This gives us further a possibll~ty of establishing the rigo-· 

rous validity of Fermi golden rule for the present modelo 

Here we shall be concerned with three other problems. In the next 

secti~n~ we shall àiscuss relations bf the model under consideration 

to the scattering theory. We establish existence and completeness o~ 

the wave opera~ors for the situation when the two light particles that 

have playedthe role .of -de cay products scatter elastically. Then we 

express the R-matrix and show that for a sufficiently weak coupling, 

the system ba~ just one resonance. It~ position as a pos~tion of the 
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R-matrix pole i8 the same as that of the pole considered in Theórém 

11.346 and furtner on. 

.) In th~ preprint version, divislon of the material between the first 
two parts ia -different - cf. a comment on this poin~ in the intro­
duet í.on --to 111 • 
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lt is much more difficult to prove that the wave operators are
 

a.La o asymptotically complete, i.e., that 0'.. (H) = ~ • This will be

s.i.ng g 

done in Section 3 under some additional assumptions conce~ning smooth­

ness of the function v. As a technical tool, we ~ompute here thé full 

resolvent of the. Hamiltonian H Section 4 deals with the problem ofg. 
spectral concentration : we show that the spectral proj-ections F'H (A )gg 
on a family of intervals ~ that shrink around E t errd to the projec­

tion Eu' provided the shrinking is slower than quaàratic in g. In 

this way, the decaying system remembers the embedded eigenvalue which 

"diss.olved" once the perturbation wa s turned ori , Finally, the existence 

of bound states is discussed in Section 5 . 
The next part will deal with the quntum-kinematical aspect of the 

decay under consideration, and with the relations of an eppropriate 

kinematical model to the dynamical one discussed in I-IV. 

2. Connection with the scattering theory 

Consider the scattering process between the two 11ght particles of 

masses m, and m which have played the role of docay products in2 
the previous parts o f the pap er , In view of (II.2.4), the non-t.rivial 

part of the Bcat.tering problem conoerns the centro-of-musa coordinatea 
only. In the following, therefore, we shall use the IrolRtive" quanti ­

ties withou~ mentioning this fact explicitly. 

The wave operators for the palr (Hg,H o) are deflned by 

iH t -iH t 
'JQ±(H ,H = s-lim e g e O P (H ) (2. '.) 

...g O) t-+±oo ac O

where Pac'HOl i5 the projection referring to the abeolutely continu­

oue subspace of HO • We have the following 

Theorem 2.1 The wave operators (2.1) exist and are complete, i.e., 

Ran Jl.+(H ,H = Ran.o. (H ,H ) = Ran P (H) (2.2)g O) - g O ac g 

Furthermore, assume (a)-(c) and (e) (cf.Section.III.2). If the function 

.~, has a piecewise continuous derivative, then J2±(H , H ) are also 

asymptotically complete, i. e.,.. (3". (H)g =~ .: s i.ng • 
g o

Since the interaction Hamiltonian gV is of a finite rank, the 

existence and completeness follow fro~ Kato-Rosenblum theorem (cf. 

Ref.4, theorem XI.8). It i8 much more difficult to establish the asymp­
~ 

totic completeness ; we postpone it to Section 3 • 

2 

... 

The wave .o.perators (2..') ..determine theS-matrix of -our p'robLem ,hy 

s = .n:A..;. (:2.3i 

.Ln -orde r to -lie,t:' i ve an explici. t expression ·for S ~ wé empl-o-y :the f91,10.­

wing Liw>mann-Schwing.er-type r-esult {Ref.'5, Pr'opos'itio~ b ..~1) -: -suppnae 

that the· wav.e operator-s exist .and are 'Compl-ete~ llg =·1i + gV ls aelf­
O


adJ oiJit and Di V}::> D{·U then

O}-, 

S =i' . (R B...;lim .s-1lm J rR{.;\~ll ,H{» - R ('>'+'l1 ,~)1')(O.) + 
ao t "0+ ;~O+ IR 

~2.4~ 

x[gV -t?VR{..\+-i~~lI~HrJPac(lte~ dE10) 

'!'ihere, as in -Sec. I II ."5.. ' tlle decompoaã t í-on or unt ty - {Ei{)J r-e.fers, t-o 

the fr.ee Hamll tenian MO' Th-easaumptLons are oôvioust~ valid i.n our 
-caee , .ao {2.-4) 1101ds. For brevâ ty , we anall work in tl1e f.ollowig wlth 

,the R~~atrix ~efined ~y 

R ::; 'S - Pac eRa). {2.5) 

Our goaI ia no", to expr eas inatrix element-s of t.his ope.rattrr , I't ls 

oLear that àoth S and R commu1;€ "witli Pác(H ) ;in ract, Si-f,!O
a partial 1sometry o f t~e subspac-e Pac {H{) > = ~à into ltself '(Ref_ 5~ 

Propo s f tlon 4.6) .Hen~e we aha'l L -cone í.õer vectors 'Of the 'f.Qrm 

~ =(~J · .lfi = (~J only. res·trlc ting cur attemi on: to thos e with 

" '" ' ao ~ 1/td ,'tJn: G C-o{tt ~ •
 

Let us fi,rst expr es s the inte.gralon the rhs of H~~-4j. We can
 

wri te i t as
 

~ 

C =J Bi~)-P~é'HB)dE~O} ., ~'"2.6a) 
'O ' 

where B(J.~ denotes the ;Pl"oduct of tbe osquare brackéts, becáuse the 

sup~ort of dE1°) ls, ~+ • Moreover, in the correspondl~ expression 

o~ <!;Cf) 'the integr~l iB actuaIly taKen ~ver a finite {nt~rYar 
A = [o·,.AoJ , s í nce thesupports oI' V'd "d are b.,y assumptl(jndl>ntained 
in ·8 -ball of -radius J2mJ.o for some .::tO • The integr,al i8' de f'Lned 
I-c f ,ReI'. '5, "Secti'on '6.1) as a a t.rong .l'imi t of the corresponding Riêman­
nian sums , ..90 'N~ have 

1L Jo) - 11m(.r,C~ - J.. ...O L. (B~f"Eo<Aj>f) r2.6b) 
n j 
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wn,_'re ->.~j ':..'" :.oh' l' ,).n:.- ..: of aome part t on 01' A , cl/.l€:~'r: =- (.),r:,J..'~11í í 

~ J sn n	 ri J J J J 
a nd- o =rnax (}I . • where Ó-. is the Lenz t.h 01' A .. The v e c t or s ap pe a r-» 

n " J' J t', J .J
ing in th.e l a s t expr e s s í on c a n b e wr í t t cn d own e x p l i c i t Ly in "the momerr­

tum represen~ation, 

(EO(A~)P)d(P') ~ fdtP)jA~(~} (? 7a) 
J 

and 

.. -+ 2" r ~ 2i' '" -.J"	 ~ 
(B( .... y Y')d'<P) = -g v(r.J r u (.:HjQ,Hg ) ) V(k)(k 2 }2 2 Yd (k) dk , 

IR 2m -.J. . + t (2 o 7b) 

where the term linear in f, i8 absen-t in view of the conditian 
,	 . 

01.3.3). Substituting f r em he r e 'ínto (206b)-, we get 

~' ~M.n n Snd.n(1,c~) lim L;.... C 't 'j ,..A.'j ,'I j P j'	 (2.8a)
Jn~O J . 

wÍlere 

-t J ..1/...· ".. ....C(t, ..t,f.) :: 2. (BEt<' I) d{P r Cf (p) d·p	 (2.8b)cr
M(...t, €) 

and M(.)"t.) = B-3(J2mfJ.+!.»)'B,3(J2ffi:i.J,. The sum on the rhs o f (208a) .i s 

j us t trh e integrál OI the s t e p fu.nction Fn. t.ha t as sumo s the va Lu e 

Cf 1./~ J..D Jn TF~(..U CJ' j.J. j) 

for J.<; Ar:, . So we have 
• J 

(f,.c~) = 1im JF (J.) d""	 t2.8c)
n~eo. n 

) 

"provt ded lim Li' :: O • 
n-.eo n	 A 

Suppose now that the function v f~lfils th~ assumption (d).
t 

Since (2.7b) i6 a continuous function af ~ and ~, one checks 

easily that 

lilp F '.A.) :: m~ J fB("'.tY)d(J2m:i.ii) J.d(~'~) d-U''', (2.9a) 
n~~ n S t e n
 

- 2
 
wher~ S2" 16 the uni t sphere and J.: €.:1. o Furthe,r (2. 7b) apd ,(2 ~8b-)
 

gives the estimate
 

,1~,v\,f}1 ~ f2:; ([VI,ljdt-J J [v(pr fd (p):t dp 
I M(.{,f,) 

"
 

In viéw -or the e ta t ed assumptlon (recaIl that ;d C C~(IR')-J ,. modulus
 

of the integrand in the last integ~al ts bounded by a positive K
 
within ~JZtnJÓ} • Then 'the int~gral may be estimated by Ir 1 dp ~
 
~ 4:111l1/2m.k0 f. for O~0<\);+í~'-'o' and we have the M(~,f)
 

folloYting E.-fndependent bound
 

(2.gõ) 

,The r e La t í.ons <.z.. Bc ) anã (2.9)- together with t ne dominated-convergence 

theorem then show that 

(1:, cti) :: j d4 m./2IDJ... J. -(B~",t~) d (/2ffiJ. ti) ~ (JZm.1t'Ir,) d~" = o 8 . r"" n 
2 

~!} H~t})dt~> ~d(P-) de 

Combinip,g now the relations (2.4},(2.5~ and ~2.7b), we gect 

('Y',Rc!>- = 
'-2.\0) 

Z f .., J ... ~ -:1 ..... (~ r) 2i, 'Ao .., ~ -I' 
g 11m lim dp dk v(P)V'd(p)r 2m +i",H -("'2 -t2}2 V(k)~d(k) 

7~Ot- li..,O+ 3 . 3 . u g k L 2 
o 

IR IR 2m - 2m "",. 

Assume now that for each -..\ > O , ther,a is a fini te- linrit 

lim r lz,H } =' r (J..+iO ..H) and that the function (..\,tI) ~ r (..\+i<i,H )
z ......\ u- g. U g U g 

lmz>O 
ia bounded in (O,..A.O})( (O,t.o-' for some 20. This is true, e.g., 

under the assumption~ (a}-(e) for a suffiaiently small coupling constant 
J .. .. . 

g T Q • Sínce ~d'~d have compact supports, the dominan~-convergence
 

theorem imp~ies
 

'f,Rl) = 

= gZ Lí.m f dp f di: ~<P>~d <P> ru{~ H(}.Hg) rz -zy ~(k>j,d(k) 
1-t0+ IR3 IR 3	 1L _.E.: . +.2 

2m 2m· t 

Next we must intercharige· the limi t i ...0... wi th theintegrals. Consi­


der first the secand integral: we can write it as
 

oo 2·· ",2
l~ D ~k	 ­,~{}t JO (~13.}2 

+ 72 
;, (k} J fã(rã!) d.Q .. 

2m - 2m ' S2 n 
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Sine~~ ~i € C~(lR3) , t he Las L integral s a bourided c on t nuous f'un ct i on í	 í 

of	 k ; WF: d enb te i t éi.n Iy,C k ) . In t r odu c í.ng t he va.r í.ab Le' y
 
2
 r) /2n11 .,(k - the las t e xp r e s s i on c an b-e rewr i t ten as 

. 00 

. . J' j~2 ;..,c . ;"'2'	 ,dy
21m 11m ~2 --2 p-+ 2mp 

1\ 
v 1 ( p +2m1-Y ) I( p +2m1Y) (2.11)' 

?"",O+ _ 2- 1+Y - -y. 
2m 

Ho weve r , ~1 is bounded by the assumption (d), a nd the lirnLt can be 

th~r~fore calculated by the domí.nated-convergence theor-cm to be 

21!imp v1 ( p )Iy.( p ) • Us Lng once more the ra c e t ha t the t n t eg r a l in (2.1-1j· 

c a n	 b e estimated lndependently of i in a,n i n t e rva l (O'LO) , we are 
a b.l e to j LlS ti ts a ppLí ca t i on o f th9 domi~a-ted-convp.rgence theorem to. 

t h e	 interchange of the limit with the t'Lnlt integral. rogeth€r we get 

('~"R~) = 2'lrtmg2JJ dp~d(P)IJ1(P)12p ru(~~iO'Hg) / ~d (pn) d.fln = 
IR 2 

. 2} .., ';:\ ... I 12 (~. )= 21limg 3dP 'Y'd (p) v 1 (p) p r 2m + 10 , H J V1d(Pn") dj2"", ,u g S n
IR 2 

where the second equu Li t y [o Llows [rum Fu b í n.i t h e or em, Since C;(IR 3) 

is d13nse in dt'd ' 'Ne get 

(R~)d-(P) 2/\ 2 (2 " -t21limg Iv 1 (p)/ p r .E- ;. 10, H )1 lt'd(pn') d.Q..., {2. 12a)u.m2 g S n 
2 

The operator R 1s bounded so by standard density argument~ the 

valid<ity of the last r e l a t i on mCiY be ex t end ed to each ~E!I(. 

Let tiS conclude the above discussion. 

Theorem 2.'2: Assume (a}':'(~), then the relation (2.12a) holds. In 
2 + '2 !:'other words , R s.a decomposable opera t or on ~d '= L (IR ; L (S2)) andí 

its component R(--\) for a given ~E.lR+ I s t he Hj Lbe r t c-SchmLd t opera­
tor wi th the kernel 

R("'; ti, n') 2Jrimg2
/ ~1 (~)12~ r (..\+iO , H ) (2. 12b) 

. U g 

Now we are able to .write down the amplitude of the elastic scatt'8­
r Lng wi th the ini tial momentum p' = p ri' and final momentum p= p~ 

. )-1/2 .... _, . 
It equal s (cf.Ref.5, eq.(7.48) ) -2:n1 (2m", R(.... jn,n), l.e., 

;' 

2 21" r::::--: 12 .f(~; p'~ p) 4JT mg v 1 (v' 2m",) r (-.\+10, H )	 (2.13 )u g 

6 

;;., 

Furthermore, the assumptions of Theorem 2.2 ensure that both .J.~ 

H (V1(/2iiiJ,)\2 and "" ~ r (~+iO,'H) can be continued analytically 
.	 u g 
from the upper halfplane to the region Jl that contains (O~~) 

<as for the first of them, recall that we choose the cut of the square 

root convéntionally along the negative real axis). For small enough g 

"the corrt núed function ..A~ ru(.A+iO,H ) has, according to Theoremí g 
11.3.6, a simple pole whose position depends analytically on g • The 

same is then tIue for the scatt~ring amplitude. In the commonly accep­

ted terminology, thia fact can by express~d as 

Proposition 2.3: Under the assumptions (a)-(e), there are a positive 

gü arrd a complex region &1 -=> {o,oo) such t.ha t for O<!.g/<go' 
the above described scattering system has justone resonance in .n., 
whose position is given by th€ relations (11.3.16). 

In order to illustrate typical fe'atures of the resonance -scattering, 

let us calculate the ~ross section and the phase shift. The differen­

tial croas se~tion is equal to the squared modulus of (2.13). In arder 

to get the squar~d modulus ~f ru(~+iO,Hg) , one must use the relatiOns 

(11.3.11) and (11.3.15). A short calculation then gives 

4 2 4 l' A rx:": 14d6' -9' .. 16:r m g . v 1 (1I2mJ.)~ 
-(J,.p p)-	 (2.1-4)
d.s\ f -. - [~-E -4'Tg2T('" ,v)J2 + 32ém3g4v\ 1v, (~)\4 

1t is clear that the scattering is isotropic as a consequence of the 

fact that v ia rotationally invariant. In that case, the total cross 

section does not depend on the chosen initial direction and equals 

43/(d6"'/cI.ID • It means that both of them have the same shape as functions 

bf ·the e~ergy. For ~tot ' e.g., we have 

;t r(g,~)2 
-6"tot(v\) = 2m"'- 2 1 2; (2.15a)

(.J. -	 E{ g , ",)} + '4 r(g , .... ) 

where 

E(g,..\) E + 4Jfg21 (..A, v) .,	 (2.15b) 

? 2 '" 2ri« ,..\) = 8JTrng' -,v 1 (,f2i1lJ.,)I j2;;ü	 (2.15c) 

If the coupling constant g i~ sUfficlently small and the function ~; 

is slowly varying around E, then we obtain an appróximative expressi­

on to (2.15a) replacing E(g,...\) by E(g,E) and r(g,J.). by, r(g,E) = 

= rF(g) • The cross-section formula acquires the familiar Breit-Wigner 

shape with the peak situated at E(g,E), and with tpe width given 

again by the Fermi-rule expression'~III.5.2). Át the sa~e time, it ia 
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clear that the croas section mày have Bccidental peaks connected with 
the shape 01' the f'unct í on V1 • 

Le t; us turn now to the pha se shift ..According to (2.5) and Theo­

r~m 2.2, S is a decomposable operator on 'fd anã i ts c omponerrt for 

a given '" Ls S (-v.) ::: I + R(v\) • Only the s-wave pa.r t, Ls non-trivial 

acc or-dí.ng to (2.1 2a) -. The s-wave phase shift lO (,A) Ls determined by 
the relation 

~ .... '2idO("\')
SO(~) ::: e I::: (1 -+ 4JTR(..Ã;n,n »)l (2.1 6a) 

the h í.gh er phas e shifts 01 (J.) ::: O , 1 = 1,2, •.• • Using now the abbre­

viations (2.15b,c}, one finde after a short calculation that 

-..A + E( g , ",) + ~ r( g , a) 
S (~) ::: . (2.16b.)

O -Ji + E(g,v\-) - ~f(g,.,\) 

anà therefore 

1
2r(g,..~) 

d'0 (",) ::: arctg (mod 31) (2.17)
E(g,v\) - J. 

. .....
For a weak coupling and a slowly varying v, , one has an approximative 
expression 01' this functio~ around E(g,E) , n~mely 

lr, (g)
 
arctg 2 F .
 J.< E(g,E)
- E(g,E)-J, 

!dO (•.\) ~ ",,:::E(g,E) (2.18)2 

~rF(g) 
..;.. > E(&,E)'Jf+arctg E(g,E)- ...... 

agai~ mndulo jf • It shows that the phase shift has a sheer increas~ 

which changes its value on about r. This is another characteristic 
feature 01' a resonance. 

The last approximative formula holde in the resonant region only. 
The asymptotic behaviour for large and small ~ cen be also easÍly 

obtained under aome additional~ not very restrict~ve assumptions. 

From Lemmas 11.3.4 anã 111.2.Z, we know tha~ I( •.,v) 1s b~unded, 

fI(.>" v l] ~ O2 

unáerthe as.sumt Lcne (a},(b-) and (d ) , Theref'o-re eq-.-(2.t1) gives... 

&o-(~) ~ -4~2"mg2-f~ 1(~)vJffi (mod .7() (2.1ga} 

a: 

as ~~OO , the asymptotic region being specified by the requirement 

~>'> E + 4Jlg2C2 • In particular, one has 

11m ~("') ::: O (mod:f') • (2. 19b} 
-J.-,>OO 

To find the behaviour for ""-> 0+ , we need to know the limit of 
I (-..\,v) ftrst. 

Lemma 2.4: Ass~e (a) and (d), then 

l(O+,v) = lim 1(~,v)::: -2m J"O 

1~1(p)\ 
2 

dp (2.20) 
~-fO+ O 

Proof: To' a given '" > O , we choose a posi tive A 80 that A2 > 4m.J. • 

Then I(~,v) exists according to Lemma 11.3.3 and 

A I"" [2 2 00 I'" l2 2It)J v 1 (p) J rv 1 (p)~p P
 
I (J" v) = J 2 dp'" 2 dp
 

O ",_.E: A .A_L
2m 2m 

By the dominated-convergence theorem, 

ee l'" ( )1 2 1/12 "O 
V1 P P 12flim f 2 dp::: -2m lv 1 (p) dp
 

.J.-f'0+ A J. _ E.::. A
 
2m
 

'" 2- + .
(note that VtE L (~} according to the assum~tion6 (a) ~nd (d». 
A simple calculation gives 

A
/ v'" 

1
( p )1 2 p2 ]i. 

v 2 ( p ) - v 
2 

(/2üi:i )
:pJ 2 dp J 2 p dp +
 
O v\ - .L O ...\ _lC


2m 2m ( 2.21) 

...\ 
+ m v 

2 
( .[2iiW. ) ln ""2 

!.- -.>.
2m 

Since IV2(~)I~ 01~ by the assumption (d), the second term 

tends to zero as v\ -+ 0+ • With the help 01' the fini te-difference for,.. 

mula, one checka that the integrand in the first term on the rhs 01' 

(2.21) ia bounded uniformly with respect to ~ • So the integral exists 

in the aense 01' Lebesgue and the dominated-cQnvergence theorem yields 

A ~ '" t2 
p

2 A 
2'V1(p) f"

Lí.m 1J J 2 dp = -2m IV1(p)1 dp 
~ .. o+ O ~_.E..: O

2m 

Summ1ng the two contributions, we arr1ve ·at (2.20). • 
9 



1
 

J' 

ff A+ l2iiJ, ./f.; ( 2fiííiJ. ) 2(2 +.{2 ) mLet us now d~note O < -- In = - In 1 + :<:: 
2~ A _ ~ 2~ A _ ~ -..; A' 

2E1/ 2 [ f"CI I" 1 J-1/2 (2.22) andgcr = 8.7;'ln O v 1 (p) dp 
A 

O < f dp (A) 0 A) 1 ~ = In 1 + -- ~ In . 2 - ~ - ln-
O P + [2i!l:>.. [2;;J, m 2 .m 

Proposition 2.5: Assume -{a)-(e) and [s] f. gcr • Then 

lim cf; (..O = O (mod Jr) (2.23a) 
V\-, 0+ 

Furthermore, .i f 1~1~2€ C([O,co» -and l~l(O)1 +O , then 

~ 4,,2mg
2 I~l (0)/2~ 

eJO(~)~ [ . 2J (mod'Jf) (2.23b) 
E 1 - (g/gcr) 

as .J. -., 0+ • 

Proof: 'I'h e relations (2.23) f'o Ll ow from (2.17) and Lemma 2.4. 11 

For /gl= gcr ' ~e are able to deduce the analQgous conclusion 

under an additional assumption on v. We need an estimate on I(~,v) 

first. 

Lemma 206: Assume (a),(d) and ~d IAv 1 ( p ) 1
2 bounded in {O,oo} • Then 

there is a positive c su~h that 

...\I1(.)., v) - I ( 0+ , v ) I < c In Di (2.24) 

for v\;> O • 

Proof: Let us choose A"" O and denote v (p) :: Iv, (p)1 2 . Sinc~
4 

I(.,v) is b o und ed , it l s' sufficient to consider v\~(O,A2/4m) . By 

Lemma ;:!.4 , 
00 

2m,,),. YJv 4 {p) dp
I(~,v) - I(O+,v) (2.25) 

O -À- ~ 
2m 

We estimate 
O() 

jJ T 
4 (P; dp I~ 4~ J v 4 (p) dp < 00
 

A .IL.: A A
-A.- 2m 

Furthermore, 

A 
1'} V ( P ) r::-: A v4(}("",p) )

4 rm A + ,,2m~ _ 2m J '.dP J 2 dpJ v4(~)~~ In A-~ ;. O p+f2mj.
O J.._lC

2m 

where "1 (..\, P ) is a numbe r between ~ and p. Since 

11 the inequality (2.24) follows with a suitable c. li 

l Proposition 2.7 : Assume (a)-(e). Let the function I;112 be c on t í.> 

nuous in [0,00) and cont~nuously differentiable in (0,00) wi th
 
I t~ 1 (O) I f O , and 19 1= gcr • Then
 

1im ef.()(~) ~ "23r 
(mod :Ir) (2.25) 

",.,0+ 

~roef : The eqs.(2.1~b) and (2.22) give 

-J. + O("'lln~l) + 4.7limg21~, (/2iil:i)j2~ 
SO(~) 

-.).+ O(J.llniP - 4,J"2 i mg2[i, (J2ijiJ.)f 2J 2U1-J. 

so, according to Lemma 2.6, 3 (J,) tends to -1 as ...\~O+ and
0 

(2.25) follows. 11 

3. Asymptotic co~pleteness 

N'ow we wou~d Lí.ke to complete .the proof of T,heorBm 2.' • In o r de r t-o 

do that, we neeà. a more complete lnformation about the full resolyent 

(H - z)-l of the Hamí Lt orrí.an , The obtained formulae will b e us ef'uL g
 
also in the next section.
 

Proposition 3.' : Let Y'dE.:J&'" ,·and assume that z belongs to the 

resolvent sets of H and then g HO' 

A .q " '" -1" 2 . J\.1 '\
Ed(Hg-z) Ed'Y'd = (HO-z) 1fd +g O.la)r u(z,Hg ) ( Cf2 Z""d)Cf1z 

where the vectors fjz'" are deflned by 

'" " -lA '\ --1"
~lz = (HO-Z) v , lf2Z = (HO-z) v • .(3.1b) 

In the last relation, atends as a shorthand for multiplica­(Ho-z)-l
tion by (p2/2m_ z ) - 1 - cf. (II.2.9).

l}l ' 
Pl~of: The first part, of the.argumént is similar to the proof of 

Proposition 11.3.1, with the roles of ~~~ reversed. We start from 

J, the secon~ -rescilvent identity which.yields the rel~tions~ 

10 11 



,., -T 
Ed(H~-Z) Bd 

". -1 A. -1 ..... A -l
Ed(HO-Z) E.d-gEd(Hg-z) E~VEd(HO-Z) Ed-

A -1~ ~ A -1
-gEd(Hg-Z) ~dVEd(HO-z) Ed 

" -lE<t{Hg-z) Eu 
~ -1 A ~ -1 

-gEd (H - Z ) E VE ( H
O-

z ) :F~ g u u u -

-gEd(H -Z)-1 EdVE (H - Z)- 1E g	 u O u. 

where we have used commutatitvity ~f EU,Ed with H~, orthogonality 

of these projections and the relation EU+ Ed = I • The last term on 

the fhs of the first equality is zero in view ~f the Friedrichs con­

di tion ; the same is true f~r the f r-s t rhs -t erm of the second equali ­í 

ty, because EuVE '= O- • Now one ha s to substi tute .from the second rela­u 
tion to th€ first one, and to multiply the obtaíned operator identity 

by HO-Z	 from the right. It gives 

'" -1 
Ed

(. A. 2 A A. -1 A 1 
dEd(Hg-Z) Ed(HO-z)Ed-g EdVEu(HO-z) Eu-VEd,l E 0.2a) 

This equation is solved by 

Ed = {Ed[Ho- Z _g2VEu-(HO-z)-1EuV]Edi-l O.2b)<Ífg-Z)-1 Ed 

where the inverse refera, of course, to ~ ('G.) • 

Oomparí.ng to Proposition 11. 3.1, the situationis now more diffi ­
cult~ because we are looking for inverse of an infinite-dimensional 

operator. Fortunately, the problem ia aolvable. The curly-bracke~ ope­

rator ln (3.1" which we denote by A for a moment, aeta asz 
"lo ... " " 

" .. (~)"" 2 v(p)(v"Y'd)
(Az"fd)(P)	 = 2m--z Y'd(P) -g '. (3.3)

E-z 

It differe therefore from the projection of HO- z to ~ by a r-ank­

one operator. Then one has to employ the corollary of the second-resol­

vent identity which ia known as Krein formula!6! ; according to it, 

the difference of the corresponding resolvent9 ia again of rank one. 

It Buggeste the followtng guess, 

A;... -1 "" ... (p2 )-1...1 ... -t" ..
(Ed(Hg-Z)	 Edfd)(P) = 2m- Z Y'd(P) +tX.(z,g}("2Z'~d}~1z(P) , <3.4) 

where the	 vectors cp. are given by 0.1b) (recall that ~E L 2 (1R3 »
JZ 

and ~(z,g) ie an unknown complex number. Then we express 
"" -1 "'"(Ed(Hg-Z)	 RdAz'Vu)(p) using the rela1;ions (3.3) and (3.4), the 

expreeslon 

12 

... 

fi:! 

ji	 " (') - ~(P) 
~t Z P- - ...2 •
 

. L - Z
n	 2m 
~I.! and the analogous one " for ~2Z '" (with Z replaced by -z). In view of 

( 

'l
(3.2b), it must be équal to' 1õ(p) . This rBquirement leads to a condi­

tion which yields'I	 
g2I 

/X.(z,g}	 <3. 5à)
2 '" .1\

E - Z - g ('1'2Z ' v } 

The same argument a~plied to (AzEd(Hg-Z)-'Ed4d)(P) gives1I 

g2 
----., 2" "') <3. 5b)

o(z,g) - t - Z -g (v,V1 z 

'" " ",.'I'he condi tíons (3'. 5) are, however., consistent because (~2z'v) = .(v, ''f1z)= 

-G(z) • Combining the relatians (3.5) with (11.3.4), we get «(z~g) 

= g2 r u(Z,Hg) , Le., the desired resulto	 11 

Remar!L..:h1: With t-he help of the relations lIs..ed in the. proof' one 
-,	 

can easily write down also the "non-diagonal blocks" of the resolvent. 

For any 1d ~ ~ , we have~ I 
" - t ..1 .1' ..,Eu(Hg-Z} = -gru(z,Hg)(Y'2z'~d)	 0.6a)Ed rd 

The result is, of course, a complex number, i.e., an elemént of ~ 
. }greI 2 3 . u(recall tha t we work Wl. th ffl •. = IV @ L (IR ) ). On the other hand , fO:F 

any 1f f;.:lf we have u u 

Ed(H" -z)- 1E '11. = -gtl :r (i,H )lit'"	 <3. 6b)
g U ru "'u u g"1Z 

The relations (3.6) together with (3.1) and (II.3.~) describe th~ re ­
solvent dI _z)-1 completely ; after a short calculation, we obtain 

~g (11- )
for any 1J' = .,,: the expression 

,." -11(i~(Hg-Z) - li) ( '}td' (H O- Z ) fá ~ + 
0.7-} 

[ "' ..... :1[- "" '" 1+ ru(z,Hg}~u -g(\P2z,1(d)J ~u - g(1fét'lz) • 

New we are ready to deal with tne problem left fróm the preceding, 
~ec~ion : 

~ 

13 
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Proof of the asymptotic completeness - Theorem 2,1 J Fir~t o~ alI, we('lf -)-!I 1\ -1 "I "I ~ must estimate Im(~, (H -z) ~) for 1f =.(,'u of adense set in <n • 
"I 'O 3 g l"'d 

We take 1'd.~ Co (iR ) ~ Further we choose a finite interval [a, bJ C : I 

C J2., ('I< 0,00) (c f , Theorem 11. 3.6) and consider z = ..A+i2. wi th ~~[a,bJ 

and f.>0. For the fre-e resolvent, we have 

1\ .. ,2 
1\ Ao -1"" J el"'d(ph ..,

Im ("I-d,(HO-Z) "fd) = (2) dp. 0.8) ;'1
3:!f- 2 2

IR ..l:!:..-J. +E
2m 

If we denot-e ~= ~/e , the rhs of (3.8) may be estimated as follows 

2dk 
3/ i 1~(J2;ik)12 / ".2 f00 k 

(2m) 21i ~2 2 dk ~ 4t;-(2m)3 2/i. sup l1fd (p)1 . 2 2 •
 
IR3 (k - «) + 1 P€ IR3 ° {k _·tlC) 4- 1
 

In the last integral, we substitute 1l=k2 - oc. and e s t í.ma.te it as 

00 
oo .juH( ./ J Jiüi +,/õ(

.......;....--du·:--.
J 2+1) 2+1) du = ~ + ~~ 
-o( 2(u "' -00 2(u

Together we .g e t 

3/2°~ (~d,dio-z)-1~d)~' sup 11I'd(P)j2(1i +A) 0.9)Im SJfm

p€1R 3
 

80 the imaginary part (3.8) is a bounded function of z in 

[a, b] X [O, fol for any E. :> ° . We shall set eO = 1 in the following.O 
The relations (3.7) and (3.9) then give 

(tIm r~, (H
g
-z )-1~) I~ S~m3/2 ( 1 + ~) sup lV,d(p)1 2 + 

pd~3 

I
 
v(p)1M (p) v(p)1I-. (p)
~"'" I 1 -t~ I]1\ 

+ jru(z.Hgll [Ihl + /gl J ~ a dP] ['fui + ls / J ... 2 ti dp 
JR3 -z JR3 .P-_-z

2m 2m 

Under the assumptions (a)-(-c), the function r (.,H) is continuous 
u g
 

for a sufficiently small g, and therefore bounded in [a,b] X[0,1) •
 

Suppose that th-e function ~, has a bounded derivative in [a,b]. 
. " 00 dSince 1f E C ) , the same argument as in the proofs of Lemmas II. 3. 3

d O(IR 
and 11. 3.4 shows that the function defined on [a~ b] X (0,1 J by )

~,,,, -t :I 
J v(P)'V-d(P) ..
 

z ~ g ...2 dp
 · ;
.. R3 .n..::. _ z I> 

2m 

and extended continuously to Imz=O is continuouB within [a,b1 x[0,11. I 
· I 

arid t rie r e f.o r e b ound ed ; the same l.s. true for t h e ot h e r function that
 

':I.ppears in the last estim.ate., Co L'Le c t ng t h e s e, r e s u Lt s , "'1e. s e e that
í 

b r ' 

sup f I Im ~i, (H- ....; t~)~)f q dv\ ~ so D.'O)" gü<E.<" a 

for any q.'>' • The well-known cri 't-e r í on (cf. Re f. l , 27, 'I'h e or em XLI r. 1'9) 

t he n 'í mpLí es E" ((a,b) )Q.c~ (H ) • Since ~o([R3) i s d e n s e in L2 (1R 3 ) , 
, Hg ac g Au 

it follows that Ran EH «(a,b))C ~ '(H) '. 
. g ac g . + 

Now we would llke to exten~ this reBult to th~ whole IR • Accor­

ding to the assumption (e) and Lemma II.3.4, r (.,H) may be continued 
+' U g

analytically accrOBS ~ ,with a possible ~xception of tMB points 

».e 111+ in wh í ch ..A:.: E + g2G.n.(J,) . These p o i.n t s c o r r es pond to eigenvalues 

of Hg • However, the analyticity a s s.ump t on s (b) anel (e) imply thatí 

such points are isolated with no accumulation points except infinity. 

If nane of them is contained in [a,b] , the above described p~ocedure 

may be carried o~t. 

'fie have required "v, to hav e a continuous -de r-í va t ve wi thiní 

~.[a,b] . By as s ump t í on , v, í s piecewise o on t i nu ou s , Le., t s discon­í 

tinuity points are i s o La t ed and have no a(:cumul8.ti.on points 'e x c e p t
 

i nf n í ty , Together we have 3, oLo s e d f3U1;>S.et M=fJ..Je: IR+ suc-h that
í 

•. j 

-in its po í n t s either r (.';H) s n ot b ourid e d ar ~,' is d í.e c on t í.nu cus , , u g í
 

L-et .À , .Aj + 1 be any twu ne í ghb our í ng points of M. 'I'h e n EiI ((a, b») C
j 
g ...

C J(. {H) for any ~ < a < b < ~j +, ,
 
I t .means that F~"'[ (.IR+' M) c » (H ) , and t h e r-e J'o r.e ~. (H) s
 

ac g L-€., EHg«""'j,..Aj+')~ ~c.{Hg) 

r g ac g Slng f!,
í
 

v o í d ,
 -. 
Hemark 3.3: (a) The resul t h o Ld s: wi thout any Lí m í t atí on on g. If 

/gi iss:nall enough, -t h e n 'í'heo r em t Ll v S.. 6 ensures that r (.,H) has 
. u g 

no real-axis poles around E. Such a pole can appear in the strong-

coupling case, however., it is aIways an isolated PQint which does not 

contribute to ~sing(Hg) • 

(b) In some ~ases, H has no eigenvalues - cf.Lemma 111.2.4 • Th~ g 
eigenvalue problem will be further di6cus~ed in SeQ~ion 5. 
{c) The smoothness requirement on ~, does not follow from the as-sump­

tions III.2.', since the latter concern the modulus df ~, 'only~ 

4. Spectral concentration 

We have seen that ~he e~bedded eigenvalue E correspon~ing to the 

ini tial particle disappears once the interaction La turned on. NeVE!'r­

theless, the system "remembers" the dissolved eigenvalue : if the 

coupling is ~ufficiently weak, the states whose energy support does not 

140, 15 IJ 
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1: 

con,tain a 6maIl interv~l around R are nearli orthogonal to the ~ri­ lim 16b:7fm 3/2 
suP. IVd(P)~2 j~(F~-+O(lg'I,G) ~gl,lt'::; O 

glnal ,~lgenstEtt:e; the weake-r ia tue coupIing, the smaller ia this g~ ~ti3 0 

interval. T-h-is effect ia. known, as spee.tl"al c-oncentratian ;- w:e are 
L~., the c on t r bu t on of the first t.errn s zero. We s haI L Use onc e n,(J­í í	 í 

going "to ,formulate it n;ow for tne model under copsideratian. 
~i P' the proof of the p r e c ed i ng s e c t i on ; i t. s ho ws t.ha t tt.n s s e c ond t e ru. 

Theorem 4.1 :. Let «, fi be posft~vê n,umbers, 1<2 l- and den.ote	 in the curly b r ac k e t in (4.3) I s oo und e o , 'l'h cn \'W m~y Lrrt erchang e t h e 

limit E.~ O.. wi t h the"fnl,egrl:Jl ob t a í n í n.; -in thjo"way
Ag. = (E -«.t~íP ,E+ ocrgl~F . ~	 l4. ta} ;( 

~ 

SU~pQ6e the asaumptions ta)-(~) are valid and v, ia continuously " 1 im (i, EH' (A g ri) g..,o g 
differentiabl~in some ne-ighbourhoo~ o~ E ~ then ; I 

(4.4)'lim
s-l:1m EH (A.- ~ (4,1b) ;. 

~

~ 

~ 

f	 - 1 [ 1m r~(J"Hg) ['tu - g Jim f TIPi,vp) dp1xEU	 -:Jr g~ü e	 [""tO-t '3 12'g-to- g e: 
~,,~ fu-""-i!-

Proor:. In. view af The.orem lI..}. 6, we can, chooae a pos t í.ve go. such X ~u - g 1im J 1d-(P)-v(p) --J
í 

.~, -	 [ E--tO-t 3""2 d p
that- the functions r u(.' ,HgT and ~t are continuous in A fór alI	 [R L 

I	 . fi, g ,	 2,_"'-H,
g auch that O < fg ~ <- go • The proof presénted in the preví oue section 

provided the limits in the square brackets ~xist. It cen be Ye~ified,then shows that Ran"F.:.~ fÃ } c:H dI ! . Then we have
-H- , g acg .	 , 1\ •• 

g	 h owe ver , in the same wa'y é.:.S in vn.. p r e c ed í ng ae c t í.on ; s í.nce v 1 . ano 

'itER ',\1í) = (~'EH EÃg)i} = 'li~ ~ f Im (j',.(H -vi. -HJ-li> ct"" ,	 vd aré continuuus, lhe Jimits 
gg g. t ..Q+' A
 

g u.~
 'f V. (P)jd(Pt' d:
1im ~2 pwhere the seeond equality f~11ows from the stone formula ­

, ~ ~(, i .. O~ IR3 lL... _ -.A ~U, 
cf", Rei. J; .27, Theorem VII. " • Now-we choose. Y'd E. Co IR ) and calculate 2m 
the limit o-f (4.·2} as g ~ O • In v:iew of (3.7.), 1IIe have 

e x i s t , Moreover, t h ey are c on t nucus an d bounc cd f'un c t i on s c í' ..J.. • 'I'he 

e ame Ls th"en true fo r t h e l>roduct o f tht: 't'hU s.qua r e b r a ek e t s í.n (4.4), 
1im t'~"EH{Ag)~) = 1 lim 1i.m f I tJ i[lf-d(p)lZ~p 

í 

which we denote for a moment as S(~,r) . Kext one has to expressg-.o-. a ' 3{ m , <:> g~ ~..Oi: A ("'2 \2 
. g lrt

3- ,~ ~.}() +~2 +	 
yJ!~-À,H 1 from 01.3.1) and 01.3.1'::,), <.rod, cu l cu La t e the limitu g	 , 

+ r C.... +it:,JI l-('IL. - J ~~d(pl ...J (4. ,,)u .' g Tu g"'2 dp X lim J Im y.Il(J.,li }C(.).,g) d...l. z;
 

IR' ~ -",-ie g-.O A u g. a-

g
 

E-tO<.lg/1S- 2 2 I'" rx:: 1 2 rz:»:
- - J ~v<p) "1~	 , J 4-~ g m v I (V 2m,),) \I 2m).(V-u g 3 2 dp, d", 
11m 2 2 ' 5(J.,,,g) d...\ 

IR ~ -.~ - i,f. «..O E-~r;I~ [E --À + 41Tg 1('" ,v)J + }2~4g4m~.A1~, (~)J4 

'.rhe e.stimate 0.9) give's 
One subsxitutes x =g-2(~_E) and ~ses tht dcmlnated-convergence 

I'" '''')t2 
d-' 

l 
theorem, then the limit equals 

O " 11m Um ~d P P d-\ ~J J (
g,.,O 2~0+ A lR3 1.. _ \2 +t2	 I , ,co dx'

2g ~ ~	 , i' ~,,2~ IVI i~) 1 J2mE ~ (E.O) _!-r----4-r,-I-(E-''-V-)';:']~2-+-3-2-7!4Am--::3~E--:I-:v'-,,:-J2;;E;;2=m:;E-:;}/44 
, f	 x 

~	 1im lím 8r2m3/2 sup {Vd(p)12(Ji. +jE+~~g~). 2c(lgl~
 
g..O f -.0+ pEfR3' \1
 

• = 7f"S( E , O) 
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( l 

~ 

~, (/2mz.') :: O	 (5.3) 
sinçe5<E,O) 1''1'u12 , the relation (4 ...4) Lmp l í.ea 

Moreover, if I~, I belonge to C' (O, DO), then a positive l.. is an­, :2'" ~.
 

1im {~~~ {A jl) t"'ll~ = (~,Eu"tJ {4·'5~ eigenvalue of H 1ff the relations (5.2) and (5.3) hold.
 
'" "JI 

-g..,O g g	 g 

"",. (1t-' . ~ 110 3 
fur alJ,. -!f =-1Ê~ )	 wi tll 1t-d -~ C6{IR) • Dsine the fact tbatthis !3et is 

-dense in L 2<m together wi th the polarizati~n, identity, we _get 
:.13)	 

'.. j 
-w-.llm EA (4 ) = E	 ~ ~ 

-g..., O Hg e u ', i 

At the same tiaE4 (4.5J t~gether with the density ,argument _giv~ 

11m 1lEH _(L\g)~2 = 11 Eu~112
 
g~O g
 

for· alI ~~ 1( • The 1ast two rélations lmply 

a-11m Eg (1& ) -= E 
g~O g:.g .u 

which ia tne p-repres~ntation form ~f !4.1b). Bence the tneorem ia 

proved. • 
5... Bound st-ates 

Let ua t-urn -now t'O theproblem of the existence of bound 'stat,es, i. e.~
 

eígenstates ~~ the HamiltQnian H
 g 

pro;oBition 5.. 1 : 'A bounàstate y! -=t~) wi th energy f. -ext-ats' 

iff ~E. L2(R31. -, 

-A ~ :g«-v4(p)
 
"'f(.p} =--2 ('5.1)
 

E- IL
2m 

and
 
oo.J"" -( ) /2


2 f I_V~ ,p -i 2
E = ~ + 4"g ~ -p dp (5.2)
 

-O l-JL
2m
 

{the -last integral -existe becauee "f-ei.2 (-fR 3 ) ) _.
 

~: The assertion follows immediately from tne Schrl'dinger eg,ua-

ti-On Hg1.Ê =f.f .	 '. 
Propo~itlon 5.-2: A-ssume g ;0. Let /;11(;C{D,~) and E.';;'.Q is an
 

eigenvalu~' of H ~ then
 
. g 

Proof: One has only to use Prcpo e í t on 5.', and to realize that forí 

1~11 ~ c' (0,1lO) , the function (5.') ia equare-integrable iff (5.3) holds..

• 
Proposi tion 5.3:	 Let g ~ O , then E.= O ia eigenvalue of Hg iff
 

-2A 2 + 2
thQ funotion p HP v, (p) € L (IR ,p dp) and 

E = ~g 2m J00 

I"v ( p )1 2 dp1
O 

Proof is an Lmmed í a t e applicati.on of Proposi tion 5.' . • 
Proposition 5.4 : (a) qhere is at most one bpund state with energy 

[<O
 
'" 2 +
(b) Let v, € L (IR ) , then a .bound s ta te wi th energy e. < O exists iff 

ao 
E < 8'1g2m J r~, (p)/2 dp (5.4-} 

Ü 

L2(1R 3)Proof: If f..<0 ,	 then'the function (5.') is in • The lhs of 

(5.2) ia increasing, while the rhs 18 non-increasing with' respect to 

l in (-00,0) so the equation (5.2) has at most one S9Iution.
 

Furthermore, both sides of (5.2) are continuous functiohs Df e in
 

(-00, O) , 

00- t~ (p) /2 ]
 
1im [ E + 4i'g 2 J t 2 p2dp = E> O
 

e -?-tJO O [, _ JL
 
2m
 

'" 2 +
and for v, {; L (IR ) , 

O()I~ (p)[2 ] 00 

l,im [E + 4:Jfg 2 f ' 2 p2dP E - 81lmg2 J Iv, (p)/2 dp
 
t:."'IO- O [_ JL o
 

2m
 

A solution e< O to (5.2) clearly exists iff the last limi t Ls ne­

gative. • 
~1€ L2(R+,p2Corollary 5.5: Let d p) be a function with non-zero 

values whose modulus is continuous in (0,00) and g f o. Then there 

i6 a bound state (just one, and with a negative energy) iff 

E2 2 
g > gcr - J4 2	 (5.~) 

8;rm O 1~1 (p}t dp 

Proof: According	 to Propoeitione 5.2 and 5.3, there ie no non-nega­. ~ 

tive eigenvalue of H under our assumptions. Since Iv,1 i8 conti ­g 
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n12011S, and therefore bound ed in a (right) vicinity of zero, ~1 € L2
(m.+ ) • 

2Then a bound state exí s t s iff .g2> gc due to Proposition 5.4b••r . 

Remark 5.-6: We have seen in Proposition 2.5 that the s-wave phase 

shift changes i ts behaviour at ..A. -.., 0+ for 1g 1= gcr • Since the bound 

state emerges at the e ame value of g , the validi ty of a Levinson-type 

theorem is indicated ~ in this connection cf. Eef.7 . 
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ANTTPMX S" 3KCHSP n. E2:-87-599 
:HepenATHB~cTcKan MOAan~ ADYX48CTH4Horo pacnaAa.
 
CBR3b c TeopHeA pacceRHHR, cneKTpanbHa~ KOH~eHTpa~HA
 

MCBR3a"H~e COCTORHHA
 

B HacToR~eH pa60To, KOTopan npeAcT80nneT COÓOH 4eTBepTYO 4acTb .cepH~., no­
cDR.eHHoH aHan~9y npocToH MOAenH ADyx48CTH4Horo pacnaAa THna MOAenH nH~ oó- " 
C~~TCR rpH np06neMw. nepoaR ~3 H~X KacaeTCA CBR3H MOAenH c, TeobHe~ pac~ 
ceAHHA. BwoeA8HB aCHMnTOTH~eCKaR nonHOT8 AnA ynpyroro paCCeAHH~ ABYX nerKHX 
4aCTH~. AOK83aHO, 4TO Dcny~ae AoCTaT04HO ~na60H CSA3H, CH~TeMa 06naAa~T' 
a T04HOCTM OAH~~ p030HaHCOM, nono*eHHe KOToporo cOBnaAaeT C nono*eHHeM nono­
ca, onpeAenAo~ero' rnaBH~H BKn8A B 38KOH pacnaAa. BTopan npoónBMa KacaeTcA1 

cneKTpanbHO~,KoH~eHTpa~HH; AOK~3aHo, 4TO OHa HMeeT MeCTo AnA CBMe~CTB oTpe3­
KoB BOKpyr E, cTArHBa~~HxcA MeAneHHee 4eM KBaApaTH4Ho no OTHoweHHO K g. 'Rà-' 
KOHeQ" 9ócY*AaoTcA HeoóxoAHM~~ H AOCTaT04H~e ycnoBHA ~y~ecTBoBaHHA C~A3aHH~X 

cdcTOR~HH~ 

Pa60Ta B~nonHe~a Bnaóop~To~HH Teope~4eCKoH ~H3HKH O~~~. 

C006u.tl!llHl!061.e.JumelÍHaro .HIlCl1!TYTll ~eptUolX HCCJleJlÓBamd, ib'6Ha 1987' 

r l:i 

parte o~ t~e 

1.27 M.Reed, 

paper. Here we have referred to: 

B.Simon : Methods of Modern Mathematical Physic8, 
I

• I 

1.Funetional Analysis, 1V.Analys~s ofOperators, Acadaemic Press~ 

New York 1972, 1978. 
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O'itffJch J., Exner P,~ -E2-8]-599 
" A"Hon-Relafivist4;<: Mode-I of Two-Partic1e Decay. 

R~lat'!,9n ,1;0' tbe ·scatter'ing' thedry, -spec tra'l 
I cóncentrat ion , and bound states 

t.he present".pap~~,"w~ic::h, r~pr-esents,the fourtfl' par:'~ O"~ the ser les' devoj.ed ] 
to à'na'lys!s Iof~' s lmp l e Lee-type model of twq~par't,icle decay', déa'l s with 
threeproblems. The first one ~on~~r~s retatioQ of the model to the scatte~ 
,rihg theory. We'prove asymptot l c c;anpleteness'for the eJasti.c scat ter lnq iof 
t;he l:wo I ight par t l c.l es .and shdw th}it .for a sufficientty wea'k coupl l nq, 
this sys tem nas jus t; one r~sonance ,whose position is the same as thatiof 
the pote which yields th.~ ."}ain cont'r l brrt Ion JO the ,decay·~aw. The second 
problem concerns spectr~l c09centration~ we prove its occurren~e for fami~ 
l les of intérvals around E thà't shr lnk sj ower .than quad.r:atícaHy'in g. Fi'nalry, neéessary and sufft c l ent cond l t l'ons for existence õf bound ~t~,~e$ are 

'd i seussed • . • 

lhe investigation has be~n perfon,ned ~t '~he Labo~~tory of Theoretical 
P~ysics, JINR~ • 

on July )0, 1987. t 
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