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I. Introduction 

The study of electrodynamio bound states such as positronium 
( e+eJ ando muonium ( ~+~-) is of great importance in recent years 
for experiments /1/ on quantum electrodynamics (QED). The probability 
for producing a bound e+ e- p,ir in the ']I () -+ '( (e. "" e-)S::1de oay was 
experimentally measured to be 2/ (spin S =,1 ) 

f [11""0..,. r (e+e-)s.,] ~ r [Tr°~ rCe+fT).."J/r(Tro.. ro) 
(1) 

=: (o. 3 5 -7- o. "1'1 ) cf. « , 

where 0· is the width of the relevant decay. 

The estimates of fi /for the 1í~ 2a~ r(e+eJsstand 2°~ o(JA+,r-)sst 
decays were made in ref. J • In this case, a nonrelativistic wave 
function of a hydrogen atom at the coordinate orígin was used that 
has been summed over alI principal quantum numbers. The radiative 
corrections O(et:.) to the width of the ::;r 0,+ ô ( e ""e-) $" 1 decay, 
calculated in ref. /4~, are mainly due to the polarization operator 
contribution and the one-photon exchange in the (e+e -) paire A gene
ral contribution of radiative corrections amounts to ~ 6 cC /(g7i). 

The most consistent representation of lepton bound'states is 
possible in terms of three-dimens'1onal wave function (w.f.) satisfy
ing a relativistic two-body equation, for instance, the Bethe-Salpe
ter equation (B-S). 

In this paper we use th~ method~ developed i~ ref./5/, that 
allows one to obtain a relativistic wave function in the "lowest 
approx1mation" in the systematic perturbation approach to the B-S 

theory in QED. The "exact" w.f. is composed of the one mentioned 
above and a series of decre~sing correction terms. The calculations 
of pi»: 2° ->- r (1e)S=f]were made in the model of quark triangular 
loop taking accotint of the mass of constituent quarks and using a 
relativistic wave function of l~pton bound states. Th~ obtained 

1'-, , 

resul ts are compared w1th the experimental data on the 7i e.. r (e e )o$a1' 

deca,y /2/. 

2. Green Function. Wave lunction 

The whole information on lepton bound states with masses ml'\,. 
is provided by the two-particle propagator C; ( P; f~, P1 ) with 
the poles at the energies 
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p 0:; WI'1, = f~~ + p:1.-- P = (p O P)
-' -'. and multiplying (8) from the l €ft by ~~j ,taking 1nto account (7),(2) 

we get the following normalisation condition: 

has the following form /6/
Near these p ol e s G(p; p" p.)", p, . (p.) 'Y,,-j (1") l' "-i f .. ;:po G-1 (P')]j p. p...o/nj = :<. w,,- J::j ) (9) 

. ~. n.J 

G( p.; p.:l, f1)P~11. ; w~ . ( _ W vt + i ê. ) (J)J p o where" 
G-1( PIl.) =. S-1( Pn.) - /{ (Prz.) ~ (10) 

where 1'1 and p:l. are rJ31ativ~momenta.of incoming and outcoming 
S - t 

is the inverse operator of the product Of two total single-pairs of particles, 0/11. (p) ('1'Yl. ( n) is the B-S wave funo t Lon 
(its conjugat e ), -~article propagators and r( is the kernel o~ the B_S equation/7/ 

If the kernel K is independent of energy, we get the normalisationThe normalization condition for the B-S w.f. is derived from 
the basic equation condi tion for 1J!1'1. in the form
 

G-1 ( P) G ( P) =: 1 . (4)
 Jd!.l . J?if tTl- ( ....) 2' -2. s-t( P~ 'f (f):: .2 W1'1. (11) 
(.27Ti caIr)!' I Yl. P ~ po I fi :> 

Having rewritten (4) taking accnunt its expansion over·the degrees p"PI1. 
of the bound state energy 

where ?~ and ~ are the particle momenta of the initial and[ c': p~) i- (po_ WI'l),.,.Ôno C-f(pO){ + ",] )( final states in the c.m.s. 
V ~ I p= Pilo 

(5) Note that the normalisation condition (11) can also be applied 
to the three-dimensional w.f. satisfying the nonrelativisticL. '±'nj ~Yl.j ~ ][ ( i/2Wyt') 1" l-l- ... 1J Schroedinger equat í.on,


( p o _ W l1. -t i é. )
 Representing -S -1 in the form 

c -1( ..........) . 3 0(?l)/,~ .)/ t:l.(n'fi+m.II.)] (12)
,,:) P~'f'? ~Z(:J..,,) o ~1-1 1?'l,+m.2,-,po+where P = (Do, p), Ptt.. =. (W tt , p), comparing the right-hand side(5) .:l m i , 111. ....  ,wi th the 1eft-hand side and using the linear independence of '1:'rt (p), 
we get two equations we get the normalisation condition in the usual form 

G-1 CP I'l ) '±'rtJ' (p) :::: O , (lJ)(6) :J. YnI'1.JÜ Prt(f) o/n(r)
C~:ft)~ 

l' ttj (f) G-1 ( P n.) = O . 
(7) 

J •. Deca,y probablli ty of (fr) ~ '6 ( f € ) s" 1 

Calculating the coefficients for (pO-W~)in (5) Expression for the quarkonium decay matrix element (f?) ~ r clt)"., 
(soe the figure) in the zero perturbation order in ·the coupling oons
tant oCShas the following form (for definiteness, consider a quarkoG-t( P rL ) P+ ::0 0 G-r PO)I ' 2~ ~ v; o/rtJ =:; f, (8) nium consiating ofU.- and tI- quarks):o p:::. Pio\. n J 
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M [( f~) -? r (l l)s=-J =- Ne z ({J.t' e:)C "Fel. /I.r., ~s (Q~-, p~,. 
t=1A,tl 

J...f~J • J (14) 
~ ê ( L)ot Qper ( kL) ÓJ ~ ~ ~ (.,) + (1 ~.:2)

k, ~']I'/' rt, > 

where ~ is the 
number of colours, 

- k2 , e(k 2 ) e:f are quark 
charges of the f-th 
fla.vour,kl-- k2

(ilq) 
A:t:.').u,(J)=1(-1) , 

p 
g:s( Q'\ poa) is the 

function of a 
·strong" part of aFigure 
quark triangle, 
WY\, (1)) is the 

normalised ~S w.f. 

of the lepton bound state, and ~ i8 the principal q~antum number. 
The function 'Fs (Q'\ p.1) is the transitional form factor 

and its explicit form depends on calc~lation of the "quark" triangle 

integral 

2 p'a;, )-)6- 1I ( Q:> ) Wl. -. • a a 15)
~ (E'Jf)" [1~- mtt-\t:] [(1+L.Y- Wl.j+t'e][(1 tQ)-m/:t'if, 

where wt'lJ, k are quark masses. 
Consider1ng the case with equal quark masses 

the follow~ng express10n for T s ( Q~, P"; m,): 
~1' we find 

1. (Q\ p', rfl,) =1T;(~~ ~,) !OJt~S'Yi.YfrJ ll,mitt' (~,~, (16) 

where ~ is the pseudoscalar~quark-antiquarkcoupling constant. 
The result (16) is valid at VQ.~ <. a rY/., , Í. e. m? is large at 

physical values of meson masses Vf.f! · 
, At small values of the lepton bound state mass ~ , from 

(16) we get 

ti' 

:f!ô (<t~ p) rr'l.,) f: - LtJ m, 11 

1i:J, Q:l. 

"lo /(11 P/Q0lUt~~LI'2. "(/W) - L'4' [1 + p"( ~R + 
~ t'l'1t (Q..,-1,) ~ 

To compare , we give an expression for T s (Q),) P~ 
massless Q~= O limit for small ~ 

p':l..-9
'~s(o)p; rYl f) ;; ( 1'+ -- + .. , ).

'Ji~' m.9 1:1' mi 

(17 ) 

1~m;)]. .J
 
m,)in the 

(18) 

It is exped1ent to compare the above formulae for ~s with the 
result obtained with1n the vector dominance model (VDM) 

(VDM) ~ ) ... (VI>-M) 1 (19}D,-._ -t , ••3=' Cp) My,w.rJ' == ' 1+ ~ ]â rr m ~IW,4' . , 

[V1>~ 
where 8 r ~ 15 the na:rmalisat1on cons tant , m. f, us, tp are the 
masses af vectar ( p- ) C-<:) -, cp - ) me sons , T.he numerical 
estimates /8/, performed w1th1n the quantum chromodynam1cs, 1ndicate 
that the contr1but1on af h1gher states to the trans1tional form 
factor for the Dalitz decays of pseudoscalars ... '(' I e does nat 
exceed 5-l~; Therefare, the VDM can describe the Da11t z decays 
and the decays with production of leptan bound pa1rs with gaad 
accuracy. 

It 1s seen from the compar1san of formulae (18) and (19) that 
ow1ng to the Q~ -dual1ty we should use 1~ numer1cal oalculat1ons 
not current quark masses but masses af const1tuent quarks 
( Yl't, .. J00-400 MeV) rather than current masses of quarks , ÂS8um1ng 
in (16) pa.:::: O we immidiatelY get the normal1satian oonstant af 

( f f) -'> 
.r r de cay 

9/
: , 

( ( (t) =:: - LI$ m, ,CVt.e~('n.:t( v'Q:l J ) (20) 

J rr ']7'L ~.t Q wt, J 

which in the massless lim1t Qa.::; O transforms 1nto 

(21). fd'c1(O)~ 
-

r;rr2, 

9 
rn , 
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Formula (21) 15 a well·known relat10n ~or the Wtr1angle anomalyw. 

Certa1nly, one should take 1nto account S quarks for an exact 
~ (p; 1) p) = (:") '}o (r) ttr)(-l')V[(l-ir] rrf) 7:(f){- y-~) T(? (26)calculat10n of the produ~t1on probab1l1ty of p081tronium and muon1um 

1n the 't. o -+o r{ l~\"1 - decay 2 o -meson be1ng represented as a 
quark superpos1t1on 2. o..., {1/f3J[ Üu..1 JtL- ss]. In what follow8 we 
shall us e the value of the 2. - 2' meson m1x1ng angle 6J =-19 () /101 

The matr1x element 2. o ... r (l-t.)s. .. t 18 of the following forro 

_ Ct, rrol..)?JI~ ,9
 
M [ ~ o ~ y- (,fe) ] 

c. (J "''"1 - fi ~~ (m~ _ M'')' M:l 
1C 

1 
z " ] (22) 

y; ~Cf a/,l tJd>(IfetJs f)+- $,'n B) lau + I ss>(-Ii'cose To S,'YZ @) ':F~s 

lC é d.~~J (ict)o Qa er ( tI.) rJ (t!..f. 'Prz (p) .,., (1. ~:() , 
r J (Etr)~ 

where 

g: f1 : YY2,' !a.AeSt'vz.-(1i.. ) - Q.lt.cs/n~( ~ )17 (23):zm, ;l. 111, j J 

9~: ÜLl., SS ; M.~ 1s the mass of 2° -meson, M Ls the 
mass of lepton bound state and e 18 the angle of ~ - 2 I m1x1ng~ 

4. Relat1v1st1c wave funct10n of the lepton bound state 

For concrete calculat10ns by formula (14) and (22) one should 

approximate the B-S w.f. ]7~ (f) by the Barb1er1-Rem1dd1 (B-R) 
wave·funct1on ~~ (r) 151 wh1ch though less complex 1s a n07tr1
v1al funct10n of a phys1cal charge e . In the B-S equat10n 71 

G=S+SKG- (24) 

we choose propagator S and kernel J< correspond1ng to a wea.k;ly 
bound system of leptons: S 1s chosen as a product of two free 

ferm10n propagators ( S ( p, 1, f) =(?:Jr)" ~ ( f -1) , S ( .Q; r)) 
. )(1) ( . )TC1)

S (Pj f) = ( -!P :f-m · -1 p"f -»l. (25) 

and for K the follow1ng expr-e as í.on 1s used (p= (h'1. p,Ô) :- (2w, õ)): 

where 
J(f} J T{") 

~~ j\ ct)= (€~~:) ["Jf)}("{')J . [f (,- p)-AJfJj , 

T 
"'> (:Zê )[ It J

[ 17 ( 1.) t'(,) = el 1"" · f(.'(')AJtJ)' AJi'J} ('-r')J, . 

ê p -= v'fa.+l"I1..a..', ê 1 = v';J. + JIK;i ; , 

1("') = (~)f/~ 7("):: ( ~) fI;. r ê f f W ' 1j ê1 + '<J J 

A~(F)= .2~ .[ép~(~-f'f)ro] 
f 

11. i (f) = _1 • [ê 1 .! (W1 - f''') 0°]
;l. é', ' 

-;-47TcJ..v [(f-1lJ = (l'- r)). , 

In the lim1t, when I ri, f'fl «s: m. (WL 1s a lepton mas s}, the 
kernel (26) can be. transformed 1n the follow1ng s1mple form: 

J.. ( )(f) 1 ( .1 T{).) t.r!fá.. I'
 

~ 1 + ro i 1 - ~6 o) (27)

{(5'_f)1 

InlThe solut1on of eq. (24) 1~ represented as a sum of three terms 

G ( P; r, p) ::: S ( p ) 1, r) + 
(28) 

Tel) {1} 

(- (o) ~(r) rCF) [I"tJfd/(p"'·{j ~ W(p~ r)] ~ (f) '[(i) (r,,)
+ . 

ao ~:t' :l. 
[ fo - (éf - W-l'E)]' [ 70 - (l?- (.<J- /i) ] 

) 

\~ 
6 7 



where 

1 _~ . 

.--' (29)w(f,f)ó(,' IrFot').h>l e.Jd:C[4x:(r-i}ê: + (,_,,;(f" <e;)(f"· ,,;)] 
O .
 

êo':: -(2.m w.'l {) ::;' yVl.'á. /(:J.·€'o).
- , 

Us1ng the term "potent1al" we should like to note that the function 
(28) contains: a) the zero potential term which i5 a fr~e two-particle 
propagator, b) the ~one-pQtential" term ~rresponding to the one
-photon e~change and c) the multipotent1al term correspond1ng to tha 
two- and more photon exchanges. The Green function has poles at the 
energy values 

;l. )0/1 ). ) ~ co ; = wz. ('1-..Eb- ~ wz.. (17'.EL- -t- O(e{ ) (JO)
4r'l.a. d'n.~ ) 

n = 1~). J ." 

The wave function f(r) is determined in a usual way (in the rest 
~rame of a bound state) 

~' P3 (f) Tj (r) 
G [(p ~ õ) ;7, f] -+. ~ Wo 

(Jl) 

C po_ !)Wo t1't.)p.: .:2'óo 

and satisfies the following homogeneous equation 

(J2)i(f):i ~(Pj r)j;·lt;: IUoj p,r)' cf (r'), 

whereas its oonjugate function satisfies the equation 

(JJ)l (1) ~ t' JtL f (?) k (Pj 1) 7'). S( Pi 1) .
~Ji)lt 

For the states in whioh the orbital quantum number f *0, the 
'fI.f. tends to zero at the values n., r -');o o ( n. i8 the principal 

quantum number, r:: I f I t.s momentum of a particle in a bound 

state) • 
In what follows we shall consider lepton bound pairs produced 

in th~ ground state Yl.. "" 1., e= o and the wave functions will 
be used for these quantum numbers. In calculating the integrals 

1 
~ ! 
'i 
" in the matrix elements (14) and (22) we use instead of the B-S 

wave funct10n the ~ 11"f (f) w.f. of the forro (see ref.!5! ) 

i (f) ~ :;2~' A(p)'(êf - mo)' (p), (J4)=1 !PV1:1 

C 
n 

satisfying eq. (J2) with the kernel (26). In formula (J4)
L. ).. 1. -1 

fi ( p).= [fo - (tP- mo - l' é) J (J5)
J 

»ta sz: m., V1- d.~/~iE = Vf""J.+11It1 ' . f ~ (J6) 

J' 'j1' f2J (:)7)Cfrt: 1 ( f) = v'~YI1 ]O!>/ Jr ' • 
-#< ~)~ 

( f.J:-f-j3 , 

r : 1"1. á/:l . (J8) 

The normalisation condit1on for the three-d1mensionAl wave function 
(J7) i5 

J tI':I" / Cf. (p") / 
.2 

= .2 wt, (J9)~~
 n"1 I
 

5. The results 

Using the wave function (J4) we get the following formulae for 
the production probab1lity of (e+-e-)S"1 and C jA+,ft-)t.-1 in 
the "'0) 20'" rfl i )S"'f decays in a weak coupling l1mit of a lepton 
bound state 

I «" I L/~a) [ M~siYl.:l( ~) ]f [ ~o:..,. ({e+e-)S"1] ~ -'11-~ . 1- mUI~ (40) 
,) :2. Wt,.. • /lIt~ ~l·tt. ~ ( ~'-) 

fJwt.IJ,' s , f 
I~' 
\ 
1 where Jl'vt e , 1'\.ol.'JI' and W'l..l..l,d. are the masses of an electron, 'JT"0_
\,. meson and Li-( d-) quarks, respectively: 

8 
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(41)f [2'~ [(le)•.,] = ~. (,- 'I::l).. 
.2 

" [(11iu>t1JJ»((i;i:cosB'" ~,'~ e)'lau. + Iss) {-fi'e()se+- $,')1 @) ':Fss 

{ (J,;u>~/id>Xv'W~~e+Ç.Ú1.fJ):fuu- + Js~>{-Ii' Ct9s.$ +-S"11.8) f.:s] ~ 
where 

(42)5_ =	 rrt. ,' Me~,.vt.2 (W/. 2 /:2 m,)) 
11 

4"1: !Iu., 5S j W11: YI1u 
J 
~s; YI1.e is the lepton mas s and 

Wl..s is the S quark mas s , 
Using the values of mas se s of constituent U-, d.-', s

quarks typical of the mO?el of quark triangle loops (cf. with the 
results obtained in ref. 12/ ) 

wz.~)J ~ f Wlp,w ==..3 eo J.lfev)	 (43) 

510 Mel! )rn «,« + t mIA,(/. 9: 'Ms ~ 1 m cp 

õ' WL u,'	 / m:u, ti ~ 1/3, 

we	 get the following numeri~al values for f 

f [1r~(o-> rCe+e-)S'=1] = ollf/a.	 
(44) 

f?J= _190 

(45)f [~t) ~ '(' (r+r-)~=i] = O, 34g d- 4; 

(9= o' 
(46)f [2. ~ r ( r + rJ~::1] 7= (J, ::, ':>2. cL 'I.(I 

,. .	 It is seen from (45) and (46) that the result for the 2 o - r-{,tt +.t'Ji " , 

decay depends weakly on a chosen value of the mixing angle of 2- 2 ' 
mesons. At the sarne time, the inolusion of S quarks (with their 
conc're t e masses) inereases p by ll~ ineomparison with a naive 
quark modeL disregarding in 2. o meson the differenees between the i 

masses of nonstrange and strange quarks. 
The probability of produeing a (~+r-)~.,bound state in eomparison ~ 

with (e+e-)~.l state in deea.,y of 2 o meson amounts to about 6296. 
The transitional form factor with the inelusion of masses of :jconstituent quarks in formula (41) gives a 23~ eontribution to the 

totà.l Y'ield of C,tA+- ,r-) So_1bound states. t 

6. Conclusion 

..
 

We have cat out.át ed the probabilities for produeing ( €+ e-)S"1 
and (.r +- r -) "'''1 bound states in the deca.,y of ;rro and 2 o me
sons with the use of the relativistic w.f. of the lepton bound 
state ~ 1'l.=1 (f) (34). A "st.rong " p ar t of the deca.,y has been caleula
ted within the model of quark triangle loop With.the po~nt-like a(5 interaetion between a meson and constituent quarks entering 
into this mason. As the quark triangle loop was a suecess in the 
ealculations ofthe deca.,y widths of mesons + (] '(' /9,13,12/ , we had 

no doubts that the use of these loops may lead to admissible 
results for other eleetrom~gnetie deeays. The results of the caleu
lations of p [T") '2. o~ r( .ll.)So1]may be treated as a test in 
expedieney of using the above described quark model in calculating 
the basie eharaeterist1es of the deeays of light mesons with the 
production of electradynamie eomposite systems described by the t 

relativistie wave funetions. T:he numerical value of p['3r"'- r(ei~f)J=~ 
is in good agreement with the experimental data /2/. This model is 
almost insensitive to the effeet of transitional form faetors in 
the "" I 2o -')- r( e+e-) ""1 de oays , For eomparison we should like to 
note that in the veetor dominance model the effeet of the form 
faetor on the speetrum of effeetive masses of e+e- paã r s in the 

Ji"" ..... O- e+-e- decay amounts to 2%. Radiative eorrections in the 
:Jr~ 2"...... rCe+e-)S.=1 deeá.y.sare smak L in comparison with analogous 
eorreetions of the Dalitz Tt'0 2°.... re+e- - deeays proportional 
to ó...,. -t-z..2 (s/YVt..'~), Ltm.).<'S<m;,t( S is the square of the in

variantmass of e+e-- pair). 
New predietions .bave been made for P[2.0 - r (jAtr-)S::f] (45), 

(46) taking aeoou.n.t of the masses of constituent U. - (ti -) and ~

quarks. A. weak dependence of the values cr f [2. "-- «(r :.r-) !>-1 J 
on the value of the angle ~ has been reported. 
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K03JIOB	 r. A. E2-87-557 
K aonpocy o pO)K,D;eHHH CBH3aHHblX peJIHTHBHCTCKHX 
JIenTOHHbm COCTORHH:H B pacnaAax JIerKHX Me30HOB 

PaCCMaTpHBaIDTCH H BWqHCJIHIDTCH BepOHTHOCTH oGpa30BaHHH 
CBH3aHHbIX nenTOH-aHTHJIenTOHHbIX OPTOCOCTOHHHlf B pacnanax 
JIerKHX nceBAoCKaJIHpHbIX Me30HOB B MOAeJIH, yqHTbIBalOm;elf Mac
CbI KOHcTHTyeHTHbIX KBapKoB. B BbJqHCJIeHHHX HCnOJIb3yeTcH pe
JIHTHBHCTCKaH BonHOBaH ~YHK~HH CBH3aHHoro JIenTOHHoro COCTOH
HHH. ITpoBoAHTCH cpaBHeHHe c 3KcnepHMeHTaJIbHb~H AaHHb~H. 

PaGoTa BbITIOJIHeHa B ITaGopaTopHH TeOpeTHqeCKOlf ~H3HKH 

OIDIM. 
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On the Problem of Froduction of Relativistic 
Lepton Bound States in the Decays of Light Mesons 

The probabilities for the production of lepton-antilep
ton bound orthostates in the decays of light pseudoscalar 
mesons are calculated in the model allowing for the mass 
of constituent quarks. The relativistic wave function of 
a lepton bouhd state is used in the calculations. The 
results are compared with the experimental data. 
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tory of Theoretical Physics, JINR. 
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