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1. IHROOOO'!IOB 

As is well known,more or less'theoretically motivated nonrelati 

vistic quarkonia potentials fit flavour inv~iantly eharmonium and 
bottonium data with aurpriaing ~ccuraoy (aee review artioles [1,2J). 
The potential acting between a quark and antiquark ia uaually asaum
ed to be ioeal, ce~tral and velocity independent in the nonrelativisl 
tio limite We oonsider the 01aS8 of potentials obeying the QCD moti

vated limiting eonstraints 

- 'Y'. V(r) r-O 
COl45t 

COk.5.t.	 (1)V(d/ '1' 1"-00 

The more exact amall dist~ce behaviour due to per~urbative loop eor
rections is beyond our discussion. Between the limiting atructure "(1) 

the potentiala V(..,.) are in1tially arbitrary contain1ng one or more 
op en parameters to be fitted to the c.c and bb data in the inter
mediate region 0.1 ;s r ~ 1. O fm. The atatic quark masses me and ~ 

appear as additional fit parameters in the equation ' 

EH. (Ifly) + 2m., = ft{{9) (1::: b,c) (2) 

relating the Schroedinger energy levela t:~ to the quarkonia masses 
MH- • Different potentials reproduce the data optimally if their 

quark masses deviate from one another by energies' up to an order of 

0..1 GeV. 
We prooeed na follows& Pine deviations between data fits of dif 

ferent potentials will be interpreted as "perturbative" effects. Thu8 
ohoosing two arbitrary potent1als ~(.,..) and ~(,..) ,we state.tho 

oimpl'e relation 

't.(.r) \!-(.,..) + W' (If)'	 (J)11:I 
M B ~Br-o·, 
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P i	 g. 1. Correlation between the Cornell fit parameters a and K 
as prescribed byRichardaon'a potential for, three values 
of i ta parameter;\ • Compariáon wi th three Cornell :fi ta 
of Eichten .e t aI. (Dl ,.ó ), Hagiwara et aI. ( [8J , O ) 
and Miller and Olsàon ( ["9] , O ) • 

where ~B appears as perturbative potential. At firat aight suéh 
a aimple additive relation between two potentiala of rather different 
structure is not obvious. We arrive at eq.() uaing a method in whioh 
the aimpleat succesaful potential of the olass, the two-parameter Cor
nell potential fJ] 

v: (-Y-) = a.r - .s:	 
(4)c ,., 

appearing aa a auperposition of the limiting conatrainta (1), plays 
a special role. Considering a po t entLaf ~ (.,..) == 11'1("-)/1'. we extra.ct 
the structure (4) and a constant term by Taylor expansion of ,IA (.y) 

at a noDzero point ~ which ia not fixed initially but ahould be 
restricted to the phyaically relevant region between 0.1 and 1.0 :fm. 
Because of their common dependenge on ~ the extracted terma are 
correlated with one another and with the reat of the series and can 
be tuned to such a degree that for a apecial value of ~ one geta 
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'I 1 g. 2.	 Flavour-invariant correlation between the Cornell fit pa
remeter K and the quark maas difference m.'R)_ m~C} 
from Richardaon's ~otential. Comparison with the Cornell 
fits of refa. [8,9J (The third fit of Fig.1 is elim1
nated here because of its extreme maas me. 1.84 GeV).
Uncertainties of the maas fita are indicated. 

~ = '{ + ~c. Subtracting a aecond arbitrary potential 

\fs ==- 'Ic. + Wsc we obtain ~ = ~ + ~c- ~c::= ~ + ~8 and 

hav~ reproduced eq.(J). 

Because of our combined atudy of two potentiala we get correla
tions between the parame~ers of different potentials. As a sp~cial 

example, we have calculated how the one-parameter Richardson poten
tial[4] prescribea the correlation between the coulombic term and the 
string tension of eq. (4) and between I<. and the quark masa differen
ce m~~)-.· m~C) containing the quark masses of the Rí.chaz-daon and 
the Cornell potential (Figs. 1,2). As a more general application,we 
atudy the relation between the constaqt ter~ extracted by Taylor ex
pansion and m8SS differences m~B)- m~A) from arbitrary potentials. 
C~-bottom flavour invariance of the potentials entails stability 
of m6 - me againat change of the potentials. This confirms indica

tiona by earlier work of other authors [5-7] • 

4 

2. CORRELATIONS 

Coming to the details we start with the ansatz 

V(-r) == "'f(y-)/~ ,	 (5) 

where V(,,) represents some potential obeying eq, (1) and t (--I') ia 
assumed to be regular for 'Y' >-O • Using the decomposi tion 

1(r) = í (r, i"c) + 12, (~ Jé)	 (6) 

(4) (2-1. k N- )2. 

!A{",rrJ = f{~) + 1 r'f'o)(-J-~) +1 (1;)~ (7) 

we obtain by reordering the terms according to powers' of ~ 

V(-r)= ~(;;-r;;) + W(1/~)	 
(8) 

~ ('!í'Y;;) = U. (i;,) 1" -+ 1/(-ç,) + 11'(10) 
-r (9) 

Â }2-)(
U(Íp)::= ""i	 t '1c) (10) 

r f (Jfr) L (2) 

11'(1",;) = l~)- 'fa r;) + 1: 'to 1 r~) 
( 11)1

{1J (z) 

1J'{-ro ) - f (rJ - To f (~)	 (12) 

and 

W(1",'Ç) = 1" ('f-~J ~)I1"', ( 1)) 

Only the t:b.ree-term structure (7) of 1" (i; 1"0) gua.rantees that, ~n 
one hand, the Cornell terms can be extracted and, on the other hand, 

1~ (~ T;; ) - f {-(-1';; I -To)	 ( 14) 

provides aenaí, tivi ty of W as a f'unction of ~ in the region 
0.1 6 '1;"0 ~ 1. O fm which is needed to minimize i ta effect on data 
reproduction. Including the mass shift 2m." 01' eq, (2) in order to 
get the quarkonia maaae s Mie.. as eighlvalues, we .obtain 
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V(-r-) + Zm.'j = U(;;,)-r+ 1T~) + [ItY(~)+.2m1] +W(í';'l'õ) (15)	 
masses rnq and m'l of two arb~trary potentiala VA and ~ 
Instead of eq.(19) now we have two equations 

having extracted the lim1ting structure and a constant term from V(~~ I	 -ir. (r(C») := l(m(C)_ (A)),	 {19a)A A 'Im,These three tenns are correlated by their common dependence on" .\'leo 
remark that inclusion of a constant term into Cornell fits was .discus

"ded ali'eady by Hag1wara et al{8) • It means that a slight variation 1J: (1:~C») = 2- (m cc ', (B»)' 
a 8	 (19b),vn"

of one fit parameter requires a corresponding variation of the other
 
OIWS including the quark maas m ~ (c) -r (c) r:.(C. )
1	 where the points ~ and e correspond to o Subtraction 

leads toIf u: , ?T and 1% are monotone f'unctions of ~ ,elim1nation 
of % yields unique correlations hJ:'- WJ~A) = -te~ (~(C}) _ 1J'B('t~C)]. 

\ 

(20) 

u['Yo(V')] u. [Y;{v-)] v-[1; (1.7')] ( 16) 

This more general equation bas. a relevant consequence. Provide~thewhich are more· suitable for application. Now we compare eq.(15) with
 
potent~als of the class (1) are charm-bottom flavour invariant, the
the Cornell potential (4) including the' corresponding mass shift 
:riglú.-hand side of eq.(20) depending on the shape of the potentiala 

\ / ( ) .(c) k (c} alone appears as a flavour-invariant quantity entailing(4a)vc -r ,+ 2 Yn" = a f -	 .., -+- l Wty • 
(8) (A) (87 (10 

Wrlting, according to eq.(3) n1b - Jnb = me - me (1:& p/c) (21) 

orV{-r) = \{(1") + 'v/(r-, -rc(c))	 • (17) 
(8) (,A) 

(rnb - me) := (mlJ - Jtf )c	 (22)we obtain from e qa, (15), (4a) and (1'7) the condi tions 

u(-y;(C») = Q	 Eq. (22) exhibits the difference m - me as a potential-independent
V(~lc») = - k ( 18)	 h 

quantity. This resuit appears as a consequence of the charm-bottom 

and flavour invariance of the .potentials. It explains the well-known ob
servation that mb - ~ showa much smaller dependen-ce on the choice1Jt{"r;/~» = l ( m~C) - m,) , 
of the potential than the fi t masses mb and rtl themselvea. Table(19 )	 e 
1 containing four examples of potentials clearly indicates th1s ef

. f'e ot , The conjecture of relative stability of - me ls not new.where lã now is fixed at l'õ = -t!C) minimizing the perturbation W. mh
 
As early as in 1980 Bert~mann.and Martin[S] obtained a relatively
If one Cornell fit parameter is given, V(~) provides the other ones
 
amall interval 3.36< trlh - #1 <: ).69 GeV for 1.1 < Y11 < 1.7 GeV by a
via eqs. (10)- (12), (18) and (19). We illustrate th1s in section (4) c c 
more direct evaluation of the data. Also the results of Quigg, Rosnerby a apecial example. 
and Thacker [6] , m:-me ~). 455 GeV, obtained by the inverae scat
tering method and of the J:TEF group [7], tn 

b
- H1 

c 
• 3.4 GeV obtained 

by sum rules from Q2 duali ty, fall into these limita. All these in). TUE STABILITY OI' 'rUE DIJIl'BlUmCB b c
 
vestigations a priori more or less avoid potential model assumptions.
 

~	 ~ On the other hand the above approach correlates different potentialsEq. (19) containing the Cornell fit quark mass m.,	 and the 

m-m	

I;~ which are subjected only to rather general conditions.quark mass fYl, of some other potential can be generalized to quark 
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T a h 1 e 1.	 BxampLe s 01' quark masses mb ' me. and their dif

ferences mb-me from four p~tentials indicating 
the relative stability of f'l1b - m (masses in GeV)c 

P o	 t e n t i a 1 

Cornell [J, 8] 
Richardson [4,8] 
Ha,giwara et alo [11J 
Mil1er, O'Lason [9] 

me mb m«: me 

1.35 4.77 3.42 
1. S"O 4.91 3.41 
1.46 4.87 3.41 
1.3G±0.17 4. 77:!:O.15 3.41:!:0.O2 

-

4. CORRELAT"rONS BBTWEEN THE CORNELL AND THE RlCHARDSON POTENTIAL 

To illustrate the general mechanism 01 section 2 by a special 
exemple, we study the correlations (16) using as Ver) the Richard
son potential [4J which is obtained after Fourier transtormation 
from the momentum space and Wick rotation in the complex p plane 
in the forro 

. 00	 _pt 

V;) '" fel;) '" At (f) = ~; ~ {t~A +Ii-11 [&t~p':4W+1riJ (2) 

where t = Á~ • Its deviation from the considered class (1) by a 
logarithmic factor [t.h.. ;\~J--1 for -r- O ;f.snot relevant' here , 
Using e qs , (10)-( 12) we have calculated the functions u., p- and 
-ur in a region O. 1 ~ "I'c ~ 1. ° fm. The Lnt egr-al.a coming from (23) 
must be evaluated numerically. U, 1/ and 1.Y appear as monoto
ne functions of ~ with V{ro) -c O as required by the coulombic 
termo The first of the relations (16) U(7!');: ~J<) is drawn in Fig.1 
for three values of Richardson's fit parameter 1\ • The 1\ fit of 
the present data requires a value near 0.375 Ge~[8] • Comparison 
with three Comell fits[3,8,9] showa that the curve with 1\. 
= 0.375 GeV goes through the center of the fit region as required by 
the mechaniam of section 2. The th1rd of the correlationa (16) re
lates the Comell fit 'parameter k with the mass difference 
m4R)~ Jn(C) : ü('lJ'):::: k (m~fn_ m~C») • It ia d:rawn in,
Fig. 2 for 1\. 0.375 GeV and again the curve goea through the 

I 
r , 

L
j.
~ I 
ti
$I

dr
II 
r 

" 

I'
 
i}
 

fit region. Its flavour-invariant prediction for a given k clearly 
remains within the limita of error of the mass fits. Taking, for ins
tance the fi t of :Miller and 01sson [9] with K = 0.494, the mass fi ts 

(IV	 (c) . iR" (c) .
yield mil - mil = 0.14 :t 0.02 and m~ - me • 0.13 :!: 0.02. Our fla
vour-invariant prediction is m:l?~ mt> • 0.137 GcV (r = b,c). 

5. strIIIWiY 

Conaidering a class of charm-bottom flavou;--.invariant l1onrelat1
vistic potentials wh1ch obey conditions (1) we have obtained additive 
relations of the typ·e (J) between tw~ arbi trary potentials of the 
class. Thus, small differences between data fita by different poten
tials in principle can be calculated perturbatively. Such a procedu
re ahould be usefUl to iaolate common features of potentials which 
at first sight are rather different in structure. In addition, it can 
help to recognize invariance properties against change of the poten
tial, as ahown by the example of section 3. We have de~cribed analy~ 

tically correlationa between fit parametera of different potentia1s 
but also of the same potentia1, especially between the string tension 
a and the coefficient of the coulombic term k in the Cornell po
tential (Fig. 1). Such relations ahould be of interest alao for po
tentials with more complicated limiting behaviour at amal1 interquark 
distances. 
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neBHH K., Mo~ f.TI. E2-87-5ü6 
KoppenH~HH Me~AY c~aTHCTHqeCKHMH KBapKoBb~H 

MaccaMH 

HepenHTHBHcTcKHe nOTeH~Hanbl T~enwx KBapKoHHeB, orpa
HHqeHHWe KynoHoBcKHM H nHHeHHO paCTY~ nOBeAeHHeM, aA
AHTHBHO CBH3wBaWTCH pa3no~eHHeM TeRrropa, npH 3TOM H3Bne
KaeTCH nOCTOHHHblH qneH H npeAenbHaH CTpYKTypa.ITonyqaWTCH 
COOTHomeHHH Me~AY napaMeTpaMH pa3nHqHblX nOTeH~HanOB,B TO~ 

qHcne Me~y MaccaMH KBapKOB mb H mc~ H3BeCTHaH CTaõHnb
HOCTb pa3HOCTH mb-rnc HBnHeTCH npHMb~ cneACTBHeM He3aBHCH
MOCTH OT KBapKOBhm apOMaTOB.nOTeH~HanOB 

PaõOTa BwnonHeHa B na60paTopHH TeOpeTHqeCKOH ~H3HKH 

OHRH. 

Ilpenpaar 061>e~HHeHHoroHHCTHTyr.a R~epHbIX HCCJIe~OBaHHH. )J.y6Ha 1987 

Lewin K., Motz G.B. E2-87-506 
Correlations Among Static Quark Masses 

Nonrelativistic heavy quarkonia potentials with coulom
bic and lineatly rising limiting behaviour are correlated 
additively by Taylor expansion extracting the limiting 
structure and a constant termo Relations betwéen fit para
meters of different potentials including the quark masses 
m and mc' are obtained. The known stability of the diffeb 
rence mb-mc appears as direct consequence of flavour inva
riance of the potentials. 

The investigation has been p~rformed at the Laboratory 
of Theoretical Phy~ics, JINR. 
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