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INTRDDUCTIDN. Koba, Nielsen and ~lesen have formulated the 

statement Df independence Df the mu1tiplicity distribution shape Df 

the energy Df primary particles [1]. This statement was formulated 

for very high energies, i.e. very large multiplicities, when one can 

operate with multiplicity distribution as with continuous function. 

Figure la depicts a possible picture of these functions for various 

primary energies. The area under each curve is equal to unity since 

it is the sum of alI the probabilities. The average multiplicity 

increases with energy. Each curve can be compressed along ~he 

horizontal axis proportionally to any of its horizontal dimensions, 

e.g. <n> as in fig.1b, and stretched along the vertical axis by the 

same factor in order to make the areas equal again (fig.1c). The 

statement Df KND scaling consists in that the curves coincide at 

each point [2]. Figure 1c can be written in the form 

PI'l=l/<n> 'I'(n/<-n», (1) 

where \p( z ) is an energy-independent function normal ized by the 

cànditions 

f 't( z )dz=l, (2) 

which follows from tne equality of the sum of alI probabilities to 
~ 

unity and 

f 21( 2)dz=l, (3) 

because we .compressed the functions P I1 until the average value o f 

each ·function reached unity. Formula (1) puts ~o restraints, except 

(2) and (3), in the shape of the function 'I'"(z), It is m~rely a 

definition of the concept of similarity for continuous functions. 

The multiplicity distributions of alI charged particles are 

commonly studied. However, some problems arise in tnis case the 

consideration of protons and n-mesons together seems to be 

incorrect~ it is unclear whether leading~articles should be included 
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in the distributions; there appears a trivial ~onuniformity in the 

distribution due to the charge conservation:· alI odd probabi 1i ties 

are equal to zero. In arder not to solve these problems, let us 

consider the multiplicity distributions of negative hadrons (in 

- +­
fact, n -mesons) for PP and e e interactions. They are one-to-one 

related to the distributions of charged particles 

nch =2 "!'leg +2 (4) 

+­
fDr PP interactions and nch = 2 n he» for e e interactions. Further 

the multiplicity of negative particles is designated as n. 

Fig .1. Definition of the concept of similarity for continuous 

functions (KNO scaling). The normalized functions (a) are similar if 

after linear compression of each function along the horizontal axis 

in proportion to any of its horizontal dimensions, e.g. <n> tb), and 

linear stretching along the vertical axis by the same factor (cl~ 

they coincide at each point. 
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FiÇl.2. Obtaining of the discrete mul~iplicity distribution 

from the continuous normalized universal function 'f(Z). , 
I

;:) 
(a) - according to the commonly used recipe Pn=l/<n>~I~n/<n», then' 

1 . T 

~Pnll. I (b) - according to the éorrect recipe. 

CONTRADICTI ON. For present-day accelerator energies the 

function P is essentially aiscrete: the condition <n> »1 «nch>n 

»2) is not fulfilled. For example, <n>~2 at Pl~8.=100 GeV/c and 

<n>=5 at 2000 GeV/c. In this case~ irrespective of any physical 

considerations, formula (1} becomes mathematically incorrect because 
(, Itl 

it contradicts the condition ~Pn =1 as shown in fig.2a. To obtain 

some muI tipl ici ty d·istribution having a given v a-Lue of <ri > f r orn the 

continuous universal function 'V(z) in fig.2a, 'the .inverse operation 

to that in fig.1 should be done, i.e. the scale zo=1/<n> should be 

chosen on the z axis. Then the probability Pn is equal to the area 

of the rectangle which touches the curve 'V(z) by its left v~rtex at 

the point z=nzo=n/<n>. The height o f the rectangle s '\f"eri/<n»=<n>Pní 

and its ba5e 1/<n>. For very small values of Zo the sum of the areas 

of the rectangles (total probability) equals the area under the 

curve, i.e. it is equal to unity. However, with increasing Zo these 

areas cannot. remain equal at each value of zo' Our "numerical 

integration" becomes too rough. Figure 2a approximately corresponds 

lo the multiplicity distribution in PP interactions at PLQ~.=100 GeV/c. 

Thus, in order to test the hypothesis of similarity of 

multiplicity distributions, the concept of similarity for discrete 

functions is first to be defined. 

GENERALIZATION. An obvious generaliz~tion of the recipe of 

obtaining alI multiplicity distributions from one universal function 

'V(z) is shown in fig.2b. It is 

always equal to unity, and for 

This can be expressed as [3] 
(n+1)zo 

P = f '0/( z ) d z • 
nzo 

If one introduces a continuous 

seen ~hat the sum of probabilities is 

z~O the figures a and b coincide • 

( 5 ) 

parameter m:z/z o which fills up gaps 

• on the discrete axis n in fig.1a, formula (5) can be rewritten inI,'~< Y 
the form:r ~ 

.1, n+1 
(6)P = f P(m)dm, 

11. n 

~ 2 
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where 

P(m)=l/<m> \(m/<m», (7) 

with 

<m>=Smp(m).dm=1/z 0 • (8) 

Thus, the discrete multiplicity distribution is presented as a 

histogram from the continuous function having KNO-invariant 

properties. One can say that the definition of the concept of 

similarity remained the definition for continuous functions. Only 

the recipe of obtaining the discrete distribution from the 

con~inuous function was changed. Instead of the inconsistent recipe 

actually used in (1): Pn=p(m)1 ,we deal now with the correct 
m=n 

recipe (6). Almost the same method of obtaining multi~licity 

distributions from ~he continuous normalized functions, which was 

not yet KNO-invariant, was used in papers [4]. 

COMPARISON WITH EXPERIMENT. Multiplicity distributions in 

inelas~ic PP interactions at ~Q~=1.5~2000 GeV/c ([5,6] and 

+­references' in [6,7]) and in e e annihilatidn at %s=3~35 GeV ([8] 

and references there) are used for comparison in this pape~. 

A detailed comparison is also made in [7]. 

As seen from ~ig.2b, if we have an ex~erimental muItipIicity 

distribution at some energy, we can obtain a distribution for a 

lower energy corresponding to Zo which is twice as much.In this case 

P~=Po+P., ; p/=P2.+P3 r Pi=P~+P5 and 50 on , The same can be repeated for 

zo=3z o : Pn'=P3n +P311+i+P3n+l and 50 on. A comparison of the points 

obtained by such a method from ISR data with those at lower energies 

15 made in figs.3 and 4. One can see that they coincide down to the 

lowest energies. Figure 4 also shows the lower limits of values of 

D~: Dq is minimum for a given value Qf <n> when only two 

neighbouring probabilities Pn are not equal to zero [9]. 

The data of fig.4 from <n>~l are well described by a linear 
~ 

depertdence Dqcc«n>+0.5). This dependence for alI charged particles 
t ch 

looks like [10] D~ taking (4) into account. It i5 easyoc«nch>-l) 

I j 

n n n n n 
=<n>+0.5; (9)\') and also
 

q n+1 q
 
~q= (m-<m» P(m)dm=~ J (m-<m~ P(m)dm~
I

" n 'n 
q n+1 q q 

~~«n+0.5)-«n>+0.5~ J P(m)dm=~(n-<n') P =Dq • (10)n n n n q q 
Therefore, contrary to the commonly used quantities C~=<n >/<n>, 

the ratios «n>+0.5)/Dland D~ /Dl go fastly to the plateau with 

increasing the collision energy if the multiplicity scaling (5) is 

valid as seen in f1gs.5 and 6. The presented errors are calculated 

Fig.3. Comparison of the experimental multiplicity 

distributions with the multiplicity distributions calculated from 

those obtained for higher energies according to the recipe 

P~=PZn+P2.nH; P,,=P3 n +P 3 V1 ' and so on (see fig.2b).H +P 3t1+2. 

to show that the central moments of the continuous KNO invariant 
l/q q l/q 

function Pim) obey similar rela~ions (~~) =(f~m-<m» P(m)dm) ec~m>. 

And from formula (6), for not too small values of <n>, one can get 

the following approximate equalities [7] 
n+1 n+1 

<m>=fmp(m)dm=~ f mP(m)dm~~(n+0.5) I P(m)dm=~(n+0.5)Pn= 

0
10 3 Oso - cotculated trom ISRdota 
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lÕ1 

IPP+nnegl
2 

lÕ2 -: »03 
~ .o· • 

.7 

.: v.,~~~D, 
lÕJ 

0/ / /
f't! .,/ °2 

'00/ 9"'-:1Õ411 I,. , li' I { 11 I ,• _ ti' d'/ 
(n) 

Fig.4. Do=(~( q 11 ~ij Th 1 n-<n» q
e calcul Pn ) ver as in fiO ;ted -points a sus <n>.~_ 1 ' I. • re obtained' 

-;5 O <n) 2 3I
I 

:\ :4 5 
~ ."\ 



ch 1/q q 1/qFig.5. lhe quantities which should go fastly to the plateau 
Fig..7.. (C q ~ =<nGh> I<nch> versus <nçh>' lhe quantities 

with increasing energy if the accurate multiplicity scaling is valido 11 C~ are raised to the 1/q power 10r stretching the scale at small q. 
lhe curves are obtained by formula (5) with 'fez) presented in the 

lhe Curves are obtained from the scaling for negative particles as 

figure. lhe coefficients a and b calculated from the conditions (2) ) 
in 1ig.5 when passing to alI charged particles according to (4). 

and (3) are equal to 1.251. and 0.618, respectively. 
Using the UA5 data on the ratio between inelastic and nond~ffractive 

interactions [14], we obtain that the Collider points rise approxi­j Ij I li1.6fc ""'.5 _ 
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Fig.6. lhe same for 
+­

e e interactions. For z< 0.17 1'"(z)=o. lhe 

coefficients a and b are equal to 13.16 and 2.565. Calculating the 

curves, Po was assumed to be equal to zero since it was not measured 

experimentally. lhe Poisson distribution is denoted by the dashed 

lines. 

under the assumption of normality and independence of the published 

errors of the cross sections a~ • lhe curves are obtained according 

to formula (5) by using the functions~(z) presented in the figures. 

lhe curves of 1ig.3 are obtained in the same manner. A few different J 
? functions 'V(Z), which describe the data well toa, have been found. 

~ 
However, fll of them contain Z2 in the exponent [11]. lhe presented 

1unctions differ from those [12] only in a shi1t along the z axis. 

:'., 
\' 6 

mately by 1.5 er~ors when passing to inelastic interactions. 
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Fig.8. Percentage 01 events having nch >2<nch> (ar 2.5<n h» c

versus <nch>' The curves are obtained as in 1ig.7. Jumps 01 the 

1unction OCCurs when 2<nch> (2.5<n ch » " becomes equal to an even 

integer. In this case the next probability h does not alreadyPnC
enter into the sumo 

Un10rtunately, 10r the 'present there are no Collider data on 

alI inela~tic interactions. There10re, nondi11ractive Collider data 

[13] are presented in figs.7 and-a 10r comparison. lhese points are 

likely to rise to some extent. as one passes to inelastic 
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interactions. The curves are obtained using the scaling for negative 

particles and formula (4). 

The author is grateful to S.A.Khorozov and R.Szwed for many 

fruitful discussions. 
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rOJIOXBaCTOB A.li. E2-87-484 
TOtlHbIÜ CKeHJIHHr no MHOEeCTBeHHOCTH 

IIoKa3aHo, l.ITO HCnOJIb3yeMaH OÕbIl.IHO 4>o.pMYJIa KNO CKeHJIHHra 
<n>Pn =~(n/<n» npH KOHel.lHb~ <n> npoTHBOpel.lHT YCJIOBHID HOP­
MHpOBKH ~Pn = 1. ITpHBegeHo HenpOTHBOpel.lHBOe oõoõ~eHHe no­
HHTHH nog06HH pacnpegeJIeHHH no MHO)l(eCTBeHHOCTH. AHaJIH3 
~KCnepHMeHTaJIbH~ gaHHb~ no PP-H e+e--B3aHMOge~CTBHHMno­
Ka3bIBaeT, l.ITO pacnpenerrenaa no MHO)l{eCTBeHHOCTH OTpHIJ;aTeJIb­
HbIX tlaCTHIJ; nonoõnsr BO acex 3KCnepHMeHTallbHO HCCJIegoBaHHoM 
HHTepBaJIe 3HeprHÜ. 

PaÕOTa BbInOJIHeHa B Jlaõopaeopaa BbICOKHX 3HeprHH OlUU!. 

Ilpenpaar 06'henHHeHHOrO HHCTHTyTa lI.n.epHi»IX HCCJIe.n.OBSHHH. ;Uy6Ha 1987 

Golokhvastov A.I. E2-87-484 
Accurate Multiplicity Scaling 

The commonly used formula of KNO scaling <n>Pn=~(n/<n» 
at finite <n> is shown to contradict the normalization 
condition LPn ~ 1. A consistent generalization of the con­
cept of similarity for multiplicity distribution is pre­
sented. Ana l ys Ls of the experimental data on PP and e+e­
interactions shows that the multiplicity distributions of 
negative particles are similar over the whole experimen­
tally studied energy range. 

The inyestigation has been performed at the Laboratory 
o f High Energies, JINR •. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1987 


