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1. INTRODUCTION

The absence of anomalies in gauge theories represents one of the fruit-
ful principles for constructing physical theories /1,287

At the same time there ‘is an opinion’ ’4/ that the gauge theories with
anomalies can be considered as physical ones. However, up to now despite
numerous attempts %5:6.7/ there is no consistent quantization of the theo-

' ries with anomalies.

In the present paper, we shall study the possibility of Hamiltonian quan-
tization 79— 11/ of such gauge theories with anomalies.

[
2. THE FORMULATION OF THE THEORY

Let us consider the classical theory of massless free fermions in a four-
dimensional space-time.

4 = A ~ .
=[d' 28 (x), £ (x) =¥id¥; (J = 0, ¥ =¥y, 1)

We demand that the theory (1) should be invariant with respect to the
axial gauge transformation

‘l’(x)B - o' 7sPm ¥Y(x). (2)

According to the classical principle of the local gauge invariance the invari-
ance of the theory (1) is achieved by introducing the fermion interaction
with an axial-vector field

S = fa*x¥idD¥ = ra*x(VigV + JfA”). (3)
N . 5 _ w
iD = y#(16#+y5Au). J#—‘l’yﬂ ys‘l’,

whose transformations

A, - Af(x) = A (x) + 9 B(x), )

compensate the transformations (2).
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However, if the fermion fields are quantum and satisfy the commuta-
tion relation

+ - ] - , 2 -
L (. 6), g (v, 01 = 8,4 8% (X - y),
so that their axial transformations are made by the generator
WBixy - vwxu-L, (5)

U = exp{iQ (B)},

Q. (B) - 1a%s% (x)B(x),

then the classical’” principle of the local gauge invariance is broken.

What is the physical cause of this breaking?

The quantum fermions differ from classical ones by the Dirac Sea (con-
tinuum) that arises from the reguirement for the quantum Hamiltonian being
positive. In the external (classical) axial-vector field (3) the Dirac sea is re-
arranged so that the current commutators become amonalous 12-16/

) 5,2 5, _ 1 aJ 3, 3 -

iI2(x, ), 32(y.0)] = —677281{(37)—*—axk 8°(x - y),

5 - 5 - 1 N g .8, =

o b 9 5 _ ’

1[J1 (x, t), I, (y, t)] 5,,2(1'}{? A(y) axﬂ (x - y) (6)

' J
Bl{(Y) =Ek~~ a} AJ(y)l A]{(Y) :?;Ak(Y)'

1]

Solving by these commutators the Heisenberg equation for

d . :
S (0 = alH I ), (7)

where H is the Hamiltonian of the theory (3)

Ho= [®(Wiy, 0,9 - I°a 1,

we get the anomalous divergence of the axial current
{ -

5 -
a# Ju S 4872 Fuv Fuv

’

i (8)

Fur = €uap Fop

2

Formula (8) is consistent with the calculation of the anomalous triangle
diagrams /12~ 16/

From eq. (8) we see that the action (3) for the quantum fermions is
noninvariant under the axial gauge transformation (5) and acquires the extra
term

1
fd4x,8(x)——48ﬂ2F“U Flp - (9)

il

AS = [d%xB(x)9, I (%)

3. QUANTIZATION OF AXIAL-VECTOR FIELD

We consider the interaction of massless quantum fermions with an ex-
ternal axial-vector field

1 2 ~
Sz(x) = = ?Fu.u + ‘py“(iaﬂ + A“ys)q’. (10)

As it is pointed above, this lagrangian is not invariant with respect to
the transformations (4), (5), (see eq. (9)).

We can restore the symmetry of the theory (3) by introducing into
the Lagrangian an extra term whose transformation compensates the ano- |
malous reaction (9) of the initial action (3).

For example, we choose the following extra term oy

% [% @ 2 1 . A F::,B F‘{IB

mod.(x) = (X) - A (X), A (X) = *?(()H ‘L)aw s (11)
or a classical equivalent

FoF

: ufB Taf

AR(x) =d,x(3, + A - o Qi (12)
RS 1

a#__ =0 = ¢ :‘—D%Au'
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For quantization of the axial-vector field we choose transverse variables which
are fixed by transformations’




T T
Ay = A, +3,07(a)

©w
.nT
T ol0 Ay . (13)
‘ 0T(A) = ——(3.A).
$'=¢ - 07(a) oz ity
xT = x

The transverse physical fields (13) are nonlocal (gauge invariant) functionals
of the initial fields A , W, ¢ 11/
" The transverse variables are convenient for the Hamiltonian guantiza-
tion and are only variables consistent with the classical equation N1/ for
the time component of the field (A,).
Due to the nonlocality (13) the gauge of the variables is not fixed and
follows the time-axis rotation in the course of relativistic transformations’ 1%/
Upon passing to the transverse variables we have only one nondynamic
variable Ag and the constraint equation

T, T
' 9. ¢ B
2, T 5T T ! !
=0 |= 9, A, =[-J," +9d,x +6—21' (14)
m
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The Hamiltonian of the theory (11),(12) has the form

H= d%%T,, |
«T T T T T T +T T T
T00=AkEk+¢’ "¢+X rrx+‘lJ "¢_£mod.= . (15)
1,:T2 T, 2 T2 T T ,T._5T
:—2[Ak +(akAo) + By ']+ﬂ¢nX—AiJi +

ar T : T T T
+ ¥ 1)/181‘1I +81_x 8i¢ ,

where the canonical! conjugate momenta El’f , n; ,77; ’"Tl// are given by the

following formulae

. TRT

T T i 1 .
Ek = Ak + Ty ( 2 )9 ("ki= Bkl_ 51{ _a P} al )’ (16)

T T LT T T T T
17).< =0, ¢ + Ao' T = dy X 7y = iv -, (17)
I S L 7478 )

= —A- + 7y  —).

0 81% 0 e 62 ‘ (18)
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For the boson operators we choose the usual commutation relations
i T 2 T > 1. 3 - -
l[Ek(X,t),Aj(y,t)] =(8kj —ak ?81 )8 (X — y),
. T > T > . T 5 T 5 3 5 > ’
g (£,6), 6 (7,0] = iln (], 1), x (7.0)]= 8 (£ - ¥), (19)

[32 (X, 1), AT (¥, )} =0.

Then we check the divergence of the axial current with the help of the Hei-
senberg equation

%J:E’(x) ~ i[H, 175 (x)], (20)

We get an expression of the type (8) with a new term

-~

T5 1 3 1T
Gl () =g g Fap + [0y =154y

2 - 5T
: (). 7. (0], 1)
487

that appears owing to the axial field quantization. This term can easily be
calculated

falyi+A %y), 10°w] - g d® y 3 lhg (LAY (30, 175 (0] +

(22)

T T
I (A B,

- T5 . 1
LA T IR )= o

Thus, insted of eq. (8) we get

0 T5 1
___[J X -
ot ° (x) 1272

(A (BN =0, 11 () + = F g Fup . (23)

The usual choice of the commutators (19) leads also to nonzero Jacobi
brackets

SCAT(x),H, 3.0 (y) = {AL (x), [H, 3 ()] +



+ LI()LAT (), HI) + [HUITS (y), AT ()11} =

1 - - .
= —— Bp(x)83(x - y).
6= k
Violation the Jacobi-identities for the very currents is noted in refs 811
Thus, the ordinary quantum theory with axial anomalies is not consistent
for the quantum gauge fields. In any case the application of the ordinary
part integral is problematic 5/

CONCLUSION

We have attempted to construct the Hamiltonian operator formalism
for the Abelian axial gauge theory. It is show that the ordinary commuta-
tion relation for the gauge fields breaks the Jacobi identity for operators
of the Hamiltonian, the time component of the current and the very field.
These operators do not satisfy the associativity law with respect to their
multiplications and cannot be represented by linear operators in the Hilbert
space.
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Hryen Cyau XaH, [Tepsywnu B.H. E2-87-279

KBaHnToBaHHe aKCHAJIBHOH 3J1eKTPOAHMHAMHKH

B pa6oTe u3yuaeTci BO3MOXXHOCTh IOCTPOE€HHMA T'aMHIIBTOHO-
Ba KBAHTOBAHUA il aKCHAIBHOH 3IeKTPOAHHAMHKH C aHOMATHAMH
B 4-MepHOM mNpocTpaHcTBe. [loka3aHO, 4TO INPH KaHOHUYECKOM
KBaHTOBaHMHM JTOH TEOPHH Hapyliaerca ToxaecTBo flkobu mna
onepaTopoB FaMWIBTOHMaHa, TOKa M CaMOro MOnA, U KBaHTOBaA
Teopus CaMOCOrJjlacoBaHa JIMUIb B Cllyyae HYJeBOro MarHUTHOro
MoJIAL. »

Pabora BbimosHeHa B JlaGopaTopnu TeopeTHueCcKOH GHIUKH
OHAN.
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Quantization of Axial Electrodynamics

The possibility of constructing the Hamiltonian quantization for
axial electrodynamics with anomalies in a four-dimensional space is
studied. It is shown that in this theory the Jacobi identity for opera-
tors of the Hamiltonian, of a time component of the current and of
the very field is broken. The usual quantum theory is consistent only
for a zero magnetic field. '

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR.
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