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1. Introduction 

This is the s econd part of a paper devoted to study of a free quantum 
motion on the simplest branching graph, which consists of three half­

/ 1/lines, or "wires". connected in one point. In the first part , here­
after referred to ae I, we have constructed alI admissible Hamilto­
nians as the self-adjoint extensions of a suitably chosen non-selfad­
joint operator. A particular attention has been paid to the following 
classes 

(a)	 the extensions whose domains contain functions continuous at 
the junction, 

(b)	 the extensions referring to wavefunctions which are continuous 
only when passing frbmthe first wire to the second one, 

(c)	 the extensione invariant under permutations of the wires 

esch of them has been characterized by appropriate boundary conditions. 
Now we are going to use thege results to construct the S-matrix, or 
Bplitter, to each p~rtfcular extension of the classes (a)-(c) ; ·we 
ahall point out the cases when tne splitters are momentUm-independent 
and /or reflectionless. 

Another problem considered here i8 how the resulta modify if some 
of the involved wires is of a finite length. This i8 important b~cause 

such three-legged graphs are used as building elements of more compli­
ca~ed structures appearing in the applications. We ahow that the same 
boundary conditions cen be used as far as we restrict our attention 
to the extensions 'which are local in a sense. 

Throughout this paper, we use the notation introduced in I as 
well as the results of the first part freely. 
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2. Splittere 

Now we want to examine what will happen if we take one of the exten­
eions conatructed in I as the Hamiltonian of a quantum particle 
living on the branching graph. It ia clear that the particle will move 
freely ,except at the junction, and that its behaviour there will de­
pend substantially on the chosen extension. For the eake of brevity, 
the junction corresponding to a particular extension will be referred 
to as a splitter. 

~ To each splitter a Bcattering matrix corresponds, and our aim is 
now to find these matrices. We shall work in the time independent fra­
mework, i.e., we set 

i kx + a f . (x) = a. . e- ei kx 
j = 1,2,3 (1)J J,1n j,out 

and demand the vector J to belong locally to D(H ,f= ff1,f2,f3 U)
where Hu ia the extension under consideration. We are looking for 
the matrix S , which acte as 

a = Sa-out -in (2) 

where ~in' ~out are column vectors made of aj,in and Bj,out' 
respectively. In general, S might depend on the momentum k. 

Consider first the case with partially continuous wavefunctions 
discussed in Sec.I.6 • The stated requirement yieldB the following 
Bet of equations 

a 1,out - &2,out = 8 2 , i n - a 1,in 

(A+ilçE)a1,out + ikBa2,out. - ·."out = ikBa2 ,in - (~-ikB)a1 ,in + a."in 

(C+ikD)a1,óut + ikDa2,ou't - ika"ôut = O) 

ikDa2,in - (C-ikD)a1,in - ika3,in 

Solving it, we get the relation (2) with 

S(k) = [C + ik( 2D-A) + 2k 2B]-1 x 

2ik(D-ikB)( -C+ikA (4)-2ik ) 
21k(~lkB) , -C+ikA -2ik 

2ik~AD-BC) 2ik(AD-BC) -C-ik(2D+A)+2k2B 

2 

provided the denominator ia non-zero. From what we know about phases 

of the coefficients (1. 29), this might happen only if A= 2D and 
2 ' 

C= -2k B , however, such a poesibility contradicts to the condition 
(I.27b). Unitarity of S(k) can be checked by a straightforward way 
with the help of the conditions (1.27) and (I.30a). Notice that in 
view of (1. 30b), the transposed matrix differs from S(k) by phase 
factors only. 

In what follows, we shall'use the term "splitter" for the matrix 
S as well. Though, in general, it depends on the momen;um, some aplit­
tera can be k-independent. It is clear that Buch a situation occurs 

if B = C =°. The condi tion (I. 27a) then reads AD = -1 s o 

2_1:12 
2A ) 

S 2 -IAI 2 2A (5a) 
2 + IAI ( 

2A 2A IA1 2 - 2 

correeponding to the particular form of the boundary conditions (1.24), 

f = ~ Af
3(0) 

Af 1(0) 2(0) 
(5b) 

f1'(O) + f;(O) -Af;( O) 

for any A€ e . Let ua remark that the splitters of this type have 
been used in Ref.I.10 • Another intereating subclas8 consists of re­
flectionlesB splitters, i.e., those which have no outgoing wave in 
the incident "channel". If we choose the wire 1 or 2 ae incident, 
no solution existe within the class epecified by the conditions (1.24). 
There ia, of couree, the reflectionlesB splitter wi th A= ° in (5a), 
but i t iB not .interesting since i t refers to the situation when the 
third wi~e ia disconnected. On the other hand, the requirement 

&3,out =° for 'ªin = (0,0,1) leads to B =C =° and A= -2D • Consequ­
ently, there ia a one-parameter family of reflectionles8 splitters 
in this case (when the third wire is taken as incident), namely 

1 
'2 

_iúl)2-1/2 e 

_1 2-1/2 e-i W S(k) = ( -: (6)'2 

2-1/2l'tJ 2-1/2 icoe ° 
for a real W ; they refer to the boundary conditione (5b) with 

~I. A = J2ei~ • 
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The subclass of extenaions with fully continuous wavefunctions 

considered in Seco 1.3 which is described by A:::: -D:::: 1 , B::: O and S(k) [1- 3ikA+ 3k 2 (B 2-A2 )+ik3(A3_ 3AB2+2B3)] -1 ( ~ a ( 10) 
C€IR, or by the boundary condi'tions (1.6) and (1.12), refers to the b 

b n· 
splitters 

-2ik( -C+ik -2ik ) 

S(k) :::: C-~3ik -2ik -C+ik -2ik (7) 

-2ik -2ik -C+ik 
Ao i~ 

Among them, there is no reflectionless one, and just one which is' 
k-independent, namely that with c:::: O • In the same way, one can treat 

the n~wire splitter characterized by the boundary conditions ~I.14) 

and (1.19). Solving the corresponding system of linear equations, we 
get 

-C+ (n-2)ik -2ik -2ik.. • -2ik ) 

1 -2ik -C+(n-2)ik -2ik •• 0 -2ik 

S(k) = C _ nik o o o o o o • o o o •••••• o •••••• o o •• o ••• o • • • • • • • • .. • • • • (8)
( 

-2ik -2ik -2ik ••• -C+(n-2)ik 

Unitarity of this matrix is checked easily. As in the particular case 

n:::: 3 , there is no reflectionless splitter, and just one k-independent 
one which refera to C:::: O • 

Let us turn now to the permutation-invariant extensions discussed 
in Sec.I.7 • The system of equations (3) ia now replaced by 

(,-ikA)a , ,out ­ ikBa2,out - ikBa3,out :::: 

::: -r ,+ikA)a , . -iÍd3a2· - ikBa':l: i ,1n ,ln ~, n 

-'ikBa +(1-ikA)a2,out -ikBa3,out:::

"out (9)
 

::: -ikBa , ,in - (1+ikA)a2,in -ikBa3,in
 

-ikBa1,out ~ikBa2,out + (1-ikA)a3,out::: 

= -ikBa1, in - ikBa2 ,in - (1+'ikA )a3 ,in 

Solving it, we find I'~~ 

where 

-1 + ikA + k2(B'2_A2) + ik3(A 3_3AB2+2B3)a = 

-2ikB +2k2B(B-A)b :::: 

it is easy to check that the determinant of the system (9) is non-zero 
for any real A,B so S(k) makes sense. Unitarity of this matrix 

verifies directly. Again, there is no reflectionless splitter in the 
class (10). There is also no k-independent one, except for two limi­
ting cases referring to A:::: B or A:::: -2B wi th B~ 00 • However, 
a brief inspection of the ~orresponding boundary conditions shows that 
the first posaibility reprdsents the splitter (7) with C= O , while 

the other one refers t9 thé second exceptional class wi th D:::O 

cf. (12) below. 

Finally, consider the exception~l extensions of Sec.1.8 • By the 
same procedure as above, we obtain for the first class described by 
the boundary conditions ~I.42a) the following splitter 

3i kC- 1 22 ) 
S(k) 

. 3( 1+ikC) ( 
. 2 

2 
3ikC-1 

2 
2 

3ikC-1 

( 11 ) 

which ia well defined and unitary for each real C .There ia no reflec­
tionlesa splitter here ; the only k-independent one referring to 
C = O is identical wi th (52) for C =.O (the two C'sare, of course, 
different). Th~ second class apecified by (I.44a) yields aimilarly 

1-ikD -2_,_ -2 )
S(k) -2 1-ikD -2 ( 12) 

3-ikD ( 
-2 '-2 1-ikD 

There ia again no reflecti?hlesB splitter and one k-independent refer­
ring to D= O as mentioned above. The remaining extension (1.45) is 
easily seen to correspond to S(k) equal to the unlt matrix, and 
therefore k-independent~ Thie case ls, however, not interesting becau­
se it d~scribes the wires which are disconnected, with Neumann condi­

tion at the end of each of them. 
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3. Wires of a finita length 

Description.of real experiments requires the knowledge of the electron 

~ 
- ~ 

• 
Fig.1 Connection of 
three wires - general 
case. 

behaviour on graphs whose lines may be of 
a finita length. In fact the semiinfinite 
wires suit usually only as an idealized 

description of the externaI leads. Tne 
simplest.non-trivial graph of this type ie 

sketched on Fig.1, where each lj is 
either a positive number or inffnity ; it 
can be used, of course, as a building 
element of more complicated graphs. 

In order to describe a free quantum motion on such a graph, one 
L2(R+)has to proceed ae in I. In the relation (1.1), is replaced 

L2(0,lj)now by • The construction starts with the operator HO de­

fined by the'relations (I.2),·where, however, D(HO,j)= C~(O,lj) or 
AC2(0,lj)any oth:~ dense subset ,of containing the functions with 

fj(O) =fj(O) = fJlj) = fj(lj) =o • The deficiency indices of this opera­
~or are (3+f,3+f), where f is the number of finite-length wires, 
and therefore we have many more self-adjoint extensione than in the 
case f= O • Fortunately, not each of them is interesting. We restrict 
our attention to the Hamiltoniane HU obtained by extensions of HO 
which are local in the senee that 

supp HUf C supp f ( 13) 

for alI fe D(H ; the ·support of a vector f€~ ia naturally defined
U) 

as Cartesian product of the supports of the functions f j • 
Such extensions can be conetructed with the help o~ separated 

boundary conditions. We fix the behaviour of wavefunctions on the 1005e 

ends of the ~inite-length wires by standard boundary conditione 

f j (l j) coe LX j + f; (1 j ) sin tXj = O (14) 

for some real «j • On the other hand, for behaviour at the junction 
we can choose óne of the following possibilities : 

(a) the boundary conditions (1.6) and (1.12), 
(b) the conditions (1.24), 
(c) the conditions (1.36), or (I.42a), or (I.44a), or (1.45) . 

In the same way as in Sec.I.7, one can check that together we have 

a eet of 3+f boundary conditions, which are linearly independent 
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and symmetric, and dofina thareforo a eelf-adjolnt extension of HO. 
In the caseo (a) and (b), thoBe extensions are diatinguished in 

the same way ae in I , namely by the full or partial continuity of 
the wavefunot1onD. Tho third oaoe requires a brief explanation. One 
cannot speak now about the pormutation symmetry unless the wirea are 
of the aame lensth and 011 = ~ = <X in (14). Nevertheless, any exten­

3 
sion HU of the olass (o) remaine locally permutation-invariant in 
the following eenae : if f E D(HU) has supp f C [0,11 x [0,1) x [0,1) , 

where 1 S min lj , then Pjkf ~ D(HU) and P 'kHUf = HUPjkf for each 
1",j~3 J • 

j,k= 1,2,3 • One might say, that the particle whose evolution i8 gover­
ned by so~e of the extensions of the claas (c) does not distinguish 
the wires when it is close to the junction. 

The described method based on adaptation of the "semiinfinite" 

resulte has a drawback. One cannot prove that we have obtained alI 

extensions of a given class, e.g., alI locally permutation-invariant 
extensions in the càse (c), without returning to the deficiency func­
tions. The latter are now'more complicated, however, being combinati­
ons of two ~xponential functions with the coefficients depending on 

~j and lj • 

Since the above described extensions are specified by the same 
boundary conditions as in the semiinfinite case, one c~ use the split­
ters found in the preceding section when treating the scattering prob~ 

lem on a branching graph. Of course, not every graph is suitable for 
thie purpose. In the system of three wires, the scattering problem 
can be formulated if two of them are ~emiinfinite. If the third wire 
ie of a finite length, we obtain an interesting situation ; one can 
study how the energy eigenv~lues for the particle living on the inter­
vaI disjoint from the line turn tO,resonances when we "tune" ~he 

junction by changing the parameters specifying the used self-adjoint 
exte~sion. Up to our kn?wledge, such experiments have not been per­
formed but they are fully conceivable with the technology used for 
fabrication of the metallic rings~ 

However, the splitters derived in the preceding section can be. 
used for analyeis 

. 

o~ the seattering problem on a more complicated ' 
graph, if only the.latter is composed of two or more three-legged 
parts. The simplest example is represented by a ring with two aem1in­
finite leade ; in thie case weneed two splitters to describe beheviour 
of the wavefunctions at the junctions. Thie PToblem will be discussed 

in a subsequent paper. 
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3KCHep rr., ille6a IT. 
CBo60AHOe KBaHTOBoe ABHXeHHe Ha pa3BeTBnHID~eMCH 
rpa~HKe. Pac~enHTenH 

E2-87-214 

Mhl paccMaTpHBaeM CB060AHOe KBaHTOBOe AB~eHHe Ha rpa~HKe, 
COCTOH~eM H3 Tpex nonynpHMbJX, KOHW.I KOTOpbiX COeAHHeHbJ, 
,[triH KruttAOrO H3 AOIIyCTHMbiX raMHnbTOHHaHOB 1 IIOCTpOeHHbiX B rrep 
BOH qacTH 3TOH pa60TN, MN B~HcnneM 3AeCb S-MaTpH~Y. KOTo­
pan OIIHCNBaeT pa~CeHHHe Ha KOHTaKTe; Mbl BNAenHeM Te cny­
qau, B KOTOphlX S-MaTpH~a He 3aBHCHT OT HMnynbca H/HnH OIIH­
CNBaeT pacceHHHe 6e3 OTprutteHHH. 06cyxAaeTCH Ta~e cnyqaH, 
KOrAa HeKOTOphle BeTBH rpa~HKa HMeiDT KOHeqHyiD AnHHy. Pe-
3ynbTaTN MoryT 6NTb HCIIOnb30BaHbJ HaiipHMep AnH OIIHCaHHH He­
AaBHHX H3MepeHHH IIpOBOAHMOCTH KpomeqHbJX MeTannHqeCKHX 
Kone~. 

Pa6oTa BNrronueua B lla6opaTOPHH TeopeTHqecKHH ~H3HKH 
omm. 

Coo6I.UeHHe 06'he,nHHeHHoro HHCTH'fYTa R,u;epHNX HcCJie.u;oaaHHii. ,[(y6Ha 1987 

Exner P., Seba P. E2-87-214 
Free Quantum Motion on a Branching Graph. 
The Splitters 

We consider free quantum motion of a quantum particle 
on the graph consisting of three halflines whose ends are 
connected. For each of the admissible Hamiltonians con­
structed in the first part of this paper, we calculate 
here the S-matrix which describes scattering'on the junc­
tion; we point out the cases in which the S-matrix is mo­
mentum-independent and/or reflectionless. We discuss also 
the case when some branches of the graph are of a finite 
length. The results can be used, e.g., for description of 
recent conductivity measurements on tiny metallic rings • 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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