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The behaviour of the conductivity for various systems of very thin
metBllic leads such as rings forming 2 loop on & lesd, or the Cayley
tree has attracted recently & lot of attention/1'4/. For description
of such processes, behavior of the electron wavefunction at the bran-
ching point is crucial, In this letter, we sre going to enalyze this
problem in the simplest case when the conriguration manifold consists
of three semiinfinite “"wires™.

Shapiro/1/ suggested to @ssociate an ideal device - a "splitter®-
with @& brenching point which medigtes transmission of the entering
electrons to the vutgoing branches, The device is described by a mat-
rix S which is momentum~independent and chosen in such & way that
the incoming electrons are never reflected beck. A similar approach hms
been sdopted in Refs. 2,3 and 5 ,though the term "device™ is not used ex-~
plicitly there.

The role that the ideal device should play is not clear. Two pos-
sibilities arime : either it is messuring instrument or en intrinsic
part of the system. The first possibility is, however, excluded. Accor-
ding to general principles of quentum mechanics 6/, state of an elec-
tron after passing suchadevice would be a mixture of states referring
to the first and the second outgoeing lead, In that case, however, ne
interference is possible when we join the loose ends of the cutgolng
"wirea®™, and this contradicts to experimentsl evidence 7 '

The other possibhility means that the electron motion i governed
by 8 Hamiltonian. Our goal is to show that such Hamiltonians exist.

We shall restrict ourselves to the simplest situstion when the elec-
tron is supposed %o be free everywhere except at the junction ; modi-
fications with additton of a potentisl interaction are straightforward
as far as the potential remsins bounded. The method of constructing
the Hamiltonians is based on the theory of self-adjoint extensions ;
it has been applied recently to another type of conductivity prob-
lem/s—‘o/. We shall explain the main idea ;| @ more detsiled exposition
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and proofs together with application to metellic rings will be given
in a forthcoming paper.

Since we deal with three semiinfinite "wires", the state space
is L2(8+) [ LZ(R+) & Lz(ﬁ‘) . The construction of Hamiltonien starts
from the operator

£,00) = ... = In(O) £ £(0) (5a)

selects among them just the one-parameter family obeying

3 t'(0)<+... +fh(0) = Cf(0) . (5b)
HO’ 9 HOJ ] (‘) V '
I=1 ' We remark 8lso thet the requirement (5a) implies full symmetry with
where esch H, acts as H, jfj” —fj' and its domain consiste of respect to interchanges of the"wirest

all t cIF(R*s with absolutély contlnuous derivetives and fjé L2(B*) . One can etart therefore with & weaker assumption, namely thet the

such that wavefunction is continuous when passing from the ®wire" 1! to "wire” 2,

but the junction of the third “wire”™ may be "tuned®. This assumption
(2) seems reasonable if one takes in;o account the way, e.g., in which the
rings with leads sre fabricated . In such a case, the starting con-
dition (2) corresponding to fully disconnected "wires® should be re-
placed by

rj(O) = fj(O) =0 , J=t1,2,3 ,

where the values 8t O sre understood es the limits from the right.
The operator HO is not self-pdjoint |} one must find therefore its
self-ad joint extensions snd choose the Hemiltonien emong them. The ex-
te??%ypg are constructed in « standerd way using von Neumsnn's theo-
ry In our particular case, HO a6s well as its adjoint sre diffe-
rential oporators. Then eny extension HU acts as

£,{0) = £,(0)=0 , £(0)=-1,(0) , f5(0)=14(0)=0 ,  (6)

in which the first two "wires" remain partislly connected via the
first derivative of the corresponding wevefunction. The deficiency
indices are now (2,2) so there is a four-parameter family of self-
adjoint extensions. It can be shown that they are specified by the
boundary conditions

ALty t5d = {2t -1, -2} 3

various extensions are distinguished by their domains which are sub-
gpaces in D(HB) specified by suiteble boundary conditionms.

The deficiency indices of K, are (3,3)80 there ia a nine-para- 7,(0) = £,(0) (78)
meter family of its self-adjoint extensions.This set is very wide and , ,
we may‘try to restrict the freedom in the cholce of Hemiltonien by 13(0) ¥ ‘11(0)4'B(f1(0)*'!2(0)) ! (7b)
additional assumptions. One possibility is to require the wavefunction , R ,
to be comtinuous at the junction, i.e., £3(0) = Cf,(0) + D(£,(0) + £,(0)) , (7¢)

ft(o) - fz(o) - fa(O) £ £(0). (48) where A,B,C,D sare complex numbers fulfilling

In that case we are left with the one-parameter family of extensions BC-4D = 1, Im(AC) = Im(ED) = 0 j (8)

specified by the boundary condition
for A=-Dx=1 and B=0 , we recover the conditions (4).

f{(o)*‘fé(o)"fs(o) = Cr(0) , (4D) Let us turn to scattering on the branching point. We set

o lkxX ikx

rj(x) = advi +ajv0ut. v 3=1,2,3 » (9

where C is a reel number. In fact, the continuity regquirement is n
very strong. If we consider the cese of n semiinfinite*wiree” connec-
ted at one point, we have a nz-paraleter family of s&dmiasible Hamil-

tonians, but the condition

and desand this wavefumctions to belong locally to the domain of a
particular extension, It yields a system of linear eguations that

mokes it possible to expreus the column vector of ajvouév by means
"
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A=Y, B=0, C=4, D=-1

A=1, B=0, C=1, D=-1 A=2,B=05, C=2, D=
A=-05, B=01,C=5, D=1 A=0 . B=0., C=10, D=0

Fig.1

The shape of the transmitted wavefunction corresponding
to the incoming one that is rectangular in p-represen-
tetion for u few extensions

of the column vector made of aj in After solving the system of
¥
equations, we get

2out *

where

Sg .

=in (108} I

1

S = - X (10b)
C+1ik(2D-4) + 2k°B
-C+ ikA 2ik(D-ikB) -2ik
21%(D-ikB) ~-C + 1ikA 21k
21k(AD-BC)  2ik(AD-BC)  -C - ik(2D+A) + 2k°B

Botice that the conditions (BY imply |[AD~BCl=1 .

The most important feature of this result is thet the S~matrix
is, in general, momentum-dependent. Hence one must be concerned not
only with the frsction of electrons in different chennels, but also
with the shape of the transmitted wavefunction. This is illustreted
on Fig.1 . In some ceses, the S-matrix is k-independent. Using the
conditions (B), one finds easily that such meirices form the two-pa-
rameter family

1 -2 2 2k
§= — 2 -2 2 (118)
2+ (4l 24 2o [Af%- 2
with A complex, D==~§" and B=C=0 , These gre just the matri-

ces uped in Ref.2, apart from the fact thet the authors have imposed
there the ad hoc assumption that § must be real. Notice that most
of the fully symmetric solutions (4) do not fall intoc this class 3
the only exception is represented by the case zwlz~t , B2 (=0 .
As for the the "reflectionless®™ OS-matrices considered by Shapirc/‘/
and others, there is one-peremeter family of them given by (1te) with

A =2 % (11b)

where @ is 8 reasl number. None of the corresponding extensions is
fully symmetric.
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Axcuep I1., lleba I1. E2-87-18
KBasToBOMexaHHYeCKHe *’CIUIUTTEPHI” : KaK UX OHHUMATh?

C uenbi0 ONMHCAHHA KBAHTOBBIX OCIMWUIAIMA HA METAUIMYECKHX
xonsuax ¥ nopobHoro poma 3¢d¢eKTOB HEKOTOphIe aBTOPHI BBEJH
HEXAaBHO MJAealbHOE YCTPOMCTBO, ’’CIUIMTTEDP’’, KOTOpOE paclielvifeT
BOJIHOBYI0 (DYyHKUMIO 3]IEKTPOHAa B TOUKE COelHHEHHA Tpex ’ImpoBoO-
noB”. IIpaBunbHOe KBaHTOBOMEXaHHYECKOe TOIKOBaHMe Tpebyer,
OJHAKO, 4TO6BI NMpoUeNypa pacileruleHnsa ObU1a OriMcaHa NMpH MOMOLIK
HeKOTOpOro raMWIbTOHHaHAa. B 3ToH ’aMeTke MBI MOKa3bIBAEM, KaK
9TO MOXKHO CHEJaTh B pPaMKaX TE€OPHH CAMOCOMNpPFXEHHBIX DPaCuiH-

pexmii.

Pabora BbmmonHeHa B JlabGoparopum Teopernueckoit (pH3NKH

‘OUAN.

Coobmesine O6nemmieHHOr0 HHCTHTYTA AfiepHBIX HecnenoBanmit. lyGea 1987
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Quantum-Mechanical Splitters:
How One Should Understand Them?

To describe quantum oscillations on metallic rings and similar
effects, some authors introduced recently an ideal device which "’splits”
the electron wavefunction at the junction of three wires”.. A proper
quantum-mechanical treatment requires, however, that the splitting
procedure is described by a Hamiltonian. In this letter, we show
how this can be achieved in the framework of the selfadjoint-exten-
sions theory.

The investigation has been performed at the Laboratory of Theo-
retical Physics, JINR.
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