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1. Finitely many polnt interactions·
 

Let Do denote the one-dimensional free Dirac operator in the Hilbert space
 

L2(1R) ~ a2
 

0 0=0.
 D(Do)=H2.1(IR)~a2. 

. dc2/2 -lCêIX 1 
D=-ic ~x ® 0'1 + (c 2/2) @ 0'3= . d (1.1)

[-lC -c2/ 2 J ' 
dx
 

where
 

0'1= [ ~ 0'3= [1 O) (1.2)~) , O -1 

are Pauli matrlces In a2 , c > O abbreviates the velocity of l lght, and H2,l (IR) 

denotes the standard Sobolev space. The correspondlng free resolvent is then 

given by 

Rk=(Do-z)-l, zEII\{(-co,-c2/2]u[c2/2. co)} (1. 3) 

with integral kernel 

Rk(X-X')=(i/2c) [( sgn(x-X')]'~kIX-X'1 (1.4)sgn (x-x") (-1 e , 

«z)=«k)=[z+(c 2/2) ]/ck(z). ck(z)=[z2-{c4/4)]1/2. Irnk(z»O. (1.5) 

Relativistic polnt interactions concentrated on the set Y= {!I I ..... !lN )elR, NE~ 

can now be constructed as follows. Define in L2 (lR)qg a the closed, symmetric2 

operator 

Dy=D. D(Dy)={gEH2,1{lR)~1I2Ig(Yj)=O, j=l •..• ,N}. (1.6) 

Here g(y)=O abbreviates 111(Y)=112(Y)=O where 

gl (y)] 
g ( y)= E H2 , 1 (IR) ~ II2 . (1. 7)[ 

112 (Y) 

By i~spection ~Y has deficiency indices (2N.2N) and hence a 4N2_parameter 

family of self-adjoint extensions. In this letter we shall study two particular 

N-parameter families of self-adjoint extenslons of Ô{ which wlll turn out tó 

be ciosely related to their nonrelativlstic counterparts, víz. 6- and 

6'-lnteractions. (For recent extensive treatments of the latter cf. [3], [16], 

[18].) The two famllies are defined by 

Da.y=D. 

D(Da,y)=(l1EL2(lR~a2Ig1EACloc(IR), g2EACloc(R'Y); 

g2(Yj+)-g2(Yj-)=-(i a j / C)111(Yj)' j=l, ..•• N). 

a = (a1 •... ,aN), -co<aj"co. j=l, ...• N (1.8) 
and by 

Tp.y=D. 
~...----~-

~ l @b"bf.nhti~~~~il ~HCnnyr \
 
~ mLl'.~.mU~'{ ucur:l1;)uau:a1
 

(... -)2... JH" ;cTEH.A

" .....,._-..._~' .... w ••_ ... 



rr 

As w1ll become clear In the next sections the boundary conditions in (1.8) 
D(Tp, y) = (geL2 (~lStt2Ig1fACloc (IRW), a2eACloc (IR) ) ; and (1.9), in contrast to (1.16), glve rise to a different formulation of Da,Y' 

0'1(Yj+)-gl(Yj-)::i~jcg2(Yj)' j=I, ••• ,N}, Tp,y in terrns of a second order difference operator in C2 (i'1. This connectíon 
P=(Plr ••• ,PN), -·<Pj''', j=I, ••• ,N (1.9) will turn out to be extremely usefult when studying the case N=... In 

where ACloc(O) denotes the set of locally absolutely continuous runctíons on particular it will enable us to carry over all known results on nonrelativistlc 
(l'cR, By Krein's formula [1] their respectlve resolvents expllcitly read random 6- and ó'-interactions to the present case in sect. 3. 

N
 
(Da , y- z ) - I =Rk+ E [Ha,y(k) ]-1 (lk(.-Yj,),.)fk(.-Yj)' zep(Da,y), Imk>O
 

j,j'=l jJ' (1.10)
 We finally end up with a few more remarks in the specí al case N 1. The 

poínt spectra of Da,y and Tp'\l are then glven by
where 

4c 2-a2_{~ , a<O (1.17)Gp(Da,y)- 2 4c Z+a2 
Ka,y(~)=-[(4c2/aj)ójjj+2icçeikIYj-Yj"]~. (1.11) (/), (;I~O, a=",J,J'=l 

-{~ ~;ci-~' p<Ofk(X)=[ (" ]eikIXI, lk(X)=[ -ç ]eiklXI (1.12) ap(Tp,y)- 2 p c +4
 
sgn(x) san(x)
 0, p>o, p=.. (1.18) 

ze(l\«- .. ,-c2/2]u[c2/2" " ) I, Imk>O Moreover, applylng the strategy ot [14], I t õ l one proves that 
and 

(Da,y - (c2l2)' -zr 1 and ('VI,y -(~ /2)-zr 1, zell\R are holomorphlc in normN
 
(Tp,y-z)-l=Rk+ E (Hp,y(k)]-l (àk(.-Yj,),.)ak(.-Yj)' ZEP(Tp,y), Imk>O,
 with respect to c-I around c -60 and that
 

j,j'=l jj' (1.13)
 
n-1im(D -(c2/2)-z)-1=(-4 -z)-~[l O] - ..(a'. (1.19)

~"J. a, Y a" y O O ' , 

n-iim(Tp -(c2/2)-z)-1=(! _z)-l~[1 O) -"<fJ~'"vhere e"J. , IJ p, Y O O ' (1.20) 

Kp,y(k) = [(4/P j) Ó j j '-2icç-leik I yj-uj' 11'" 
where -'\x,y and ~,Y denote the nonrelativistic ó- and ó'-interaction centered , j,j'=l (LU)
 

at yE~ respectively [3], í.e.
 
sgn(x)] sgn(x)}
 d2ak(X)= eiklxl gk(X)= e ik 1x I , (1.15) -4 a , y=- dX7[ {ç-l -ç-1
 

zel \( (-.,-c 2/2]u(c2/ 2 , . ) ), IIlk>O.
 D(-4a,y)=(gEH2,2(R\{y}) I g(y+)=g(y-) ,g' (y+)_gl (y-)=ag(y)), -"<OI'., (1.21) 

Obviously the above result completely determInes all spectral propertles ot 
d2 

Da,Y and Tp,y. E.g. for (;I,peR thelr essentiaI spectra are purely abaolutely "fJ, y=-dXZ ' 

conttnuous and coincide with (- ..,-l? /2]u[~ 12•• ) whereas their bound states D(!p, y)=(gEH2,2(R \(yn 19' (y+)=g' (y-) ,g(y+)-g(y_)=pgl (y)), -"<p,... (1.22) 

in the gap (-~ /2,é2-I2) are determined by the respectiva zeros ot the 

determinants of Ma,Y and Mp,y, These 'resulta ~~d the correapondlng ones for Thus Da,y and Tp,y are natural relativlstic generaltzatlons or -~,y and- ~,y' 

the on-shell scat.tarmg matríx can now be obtalned in complete analogy to In .particular the bound state energies Êa,y ot Da,y' «co and Ep'lJ of Tp.lI' fJ<O 
their nonrelativistic counterparts (I.e. 6- and ó'-lnteractions [3). with the rest energy c2/ 2 subtracted. turn out ' to be holomorpn'1c, with 

respect to c-2 around their respective nonrelativistic lImits 

At this point we would Ilke to emphaaíze that to the best ot our knowledge Ea,y-c2j2=-(a2/4) [1+(a/2c)2]-1. (;1<0, (1.23) 

the above models are new. However,' snother N-pafameter family or Ep,y-c2/2=-(41p2) [1+(2/Pc)2r-1, fJ<O. (1.24) 

relattvlsttc polnt interacttons nas been dlscussed extenslvely In the Trivlally th'e above remarks extend to the case NelN. 

literature. The corresponding boundary condltion reads (cf. e.g. [20). [26]) 

~ Inflni~mal1.LQoint interactlons on a latticeJtl(Yj+)=cos(YjhH(Yj-)-lsin(Yj )~ (Yj -). 
Let' Y={ Yjell1j(7) be a discrete subset of IR satisfying

~2(Yf"'):::cos(yj)g2(Yj-)-isln(Yj )& (Yj -), ~ d~, J=l, ... N. (1.16) 

inf 'Uj - yjll=d>O, 
Moreover we note that the fact that Oy In general has a 4~ -parameter j ri' E:i' 

jjf j' (2.1)
f~mil)' of self-adjoint extensions obviously I, responsible for the puzzles 

Yj<~jt1, je;i, \J [Yj'Yj+a1=IR. 
dlscussed e.g. in [7]. [42], [43]. Je.lif 
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Clearly the analogs of (1.8) and 0.9) are then defined by 

Da,y=D, 

.D(Da, y) =(geL2 (IR) ~ aZlneACloc (IR), neACloc (RW); 
g2(Yj+)-02(Yj-)=-(i a j/C)01(Yj)' je7},
 

a=(aj}je7, -~<aj'ro. jeZ (2.2)
 
and 
TfJ,y=D, 

DlTfJ,y)=(geL2(1R) ® a21neACloc(IRW), 02eACloc(R); 

gl(Yj+)-gl(Yj-)=ifJjcOZ(Yj" je7}, 

fJ={fJj) je:l' ."-"'<(J j''', jd'. (2.3) • 

Self-adjointness of I:\x,Y and TfJ,Y can be shown in analogy to the treatment 

in [17J (in connection with Schrõdinger operators). 

At this point we would Jike to mention that, .the spectra of Da,Y and TfJ,Y are 

closely related since one trivially infers that 

(1~(J'2JDa,y(1~(J'2F1=-Ta/c2,y, a={aj)je:r. -"'<aj'.' jell, (2.41 

where 

O 
(2.5)

<T2= ( i -~} 

Next we turn to the differen,ce equation approach mentioned in Sect. 1. At 

t.he same time we specialize ta the lattice Y = a:.J, a > O. (In principie the 

difference equations to be derived below exist as well for the general 

situation (2.1). However the resulting equatíons in general cannot be 

analyzed In detaiL> 

Assume that ""(k,x) satisfies 

(Da,aP) (k,x)=Et(k,x), xelR\a:r. ""(k'X)=(:~~'::~n, 

""1(k,aj+)=""1(k,aj-)'''''2(k,aj+)-~2(k,aj-)=-(iO:j/C)''''1(k,aj), EeR,Imk)Oje~. 
(2.6) 

and .(k,x) satisfies 
_ _(.l(k,X»)(TfJ,aZ.) (k,x)-E.(k,x), xeR\a7, t(k,x}- +Z(k,x) , 

+2(k,aj+)=+2(k,aj-), +1(k,aj+)-+1(k,aj-)=ifJjc+2(k:aj), jeJ, EeR, Imk)O. 

(2.7) 

Then a completely analogous derivation to the correspondtng nonrelativistic 

situations in connection with -4a,a7' ifJ,a7 [3], (18], (37]' yields the 

dlfference equations 

""j +'1(k)+"" j -l(k)= (2cos(ka)+(a Jc) ~ (k)sin(ka)}"" j(k), 

""j(k)=""l (k.aj), tmk>o, k=tm7T/a, j,me7 (2.8) 

in the case of Da,a7 and 

+j + 1(k)++ j -l(k)=( 2cos(ka)-(J jcHk)-l sin(ka)}. j (k), 

• /k)=+2(k,aj), Irnk eO. k:fm 7T/a, j,me7. (2.9) 

... 

in the case of Tf1,a7' Conversely any solutíon of (2.8) (resp, of (2.9» defines 

a uníque solutron ""(k,x) (resp. +(k,x» of (2.6) (resp. (2.7». In additlon 

..p(k)eLP(IR) (resp. t(k)eLP(IR» Is equivalent to {""j(k)} jeíletP(Z) (resp. 

{+j (k)} jeze ,P(Z» for p='" or p=2 and also exponentlal growth respectively 

decay of ""(k,x) (resp. +(k,x» ís equivalent to that of (""j (k) je:l (resp. 

(+j(k)}jeZ) and at the same rate. 

As a consequence, the difference equations for Da,a:!. TfJ,aZ', -<\:x,a2', itl,aí1 are 

a11 of the identical type, This fact will heavily be- used in the next section. 

Since no linear combination of gl (k.x) and g2 (k.x) wili be continuous at ali 

YjeY if the boundary conditlons (1.16) are considered, no such difference 

equation exists in this case. 

Historically, the üse of a difference equation in connection with --\x,Y seems 

to go back to [29] cf. also (31 I. This approach was rediscovered in (6J and 

considrably simpiified in (37). 

Finally, in the rest of this section, we analyze the energy band spectra of 

Da,a7 and T(J,a7 in the speciai case of pertodlclt.y í.e. where O<j =a 

respectively fJj=f1, Jeíf. By standard methods this case can be tackled by a 

direct integral decomposttton approach (cf. e.g. (30J). We first introduce the 

reduced operators Da (9 ) , TfJ(a) in L2«-a/2, a/z) ~ (j2 by 

Da(a)=D, D(Do:(a) )=(0(9) eHZ,l «-a/2,~/2) \(01>4:a 21 
On(9,-a/2+)=e i 9l1.0

n(8,a/2-), n=1,2; 

01 (9,0+) =01 (8,0-) ,02 (0,0+) -02 (9,0-) =- (ia/c) 01 (e ,0) ), 

- .. (a'-, ge [-n/a, n/a) (2.10) 
and 

Tp(e)=D, D(T{l(9»=(0(llhH2,1«-a/2,a/2) \ (0»e«21 

On(8,-a/2+)=e i 9aOn(a,a/2-), n=1,2; 

02 (9,0+) =02 (8,0-) ,gl (0,0+) -ql (9,0-) =i{lc g2 C9,0) ), 

-"<P'., Oe[-n/a, n/a). (2.11) 
Then 

Da,al lil !.... J deDa(S), Tf1,aJ 1iI!- J d8Tp(8) (2.12) 

2n[_n/a,n/a)
2n [-n/a,n/a) 

wher~ "a. abbrevtates unítary equivalence. 

We first eummarize the spectral properties of Da (9) . 

Theorem 2.1. Let --(a'., 91' ~-n/a,n/a). Then the essential spectrum of !1t (9) ís 

empty And thus the spectrum of Da(O) is purely discrete. In particular its 

eigenvalues EJft(G) , me7\{0) are given by 

q(é)l:lJgn(lI) I [kj(8) J2 c2+(c4/4) 11 / 2 , me:r\{O,l), 

Et(.;)={ [kr(o> ]2 c2+(c4/4) }1/2 (2.13) 
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where for m=1 the branch for the square root to be chosen In (2.13) depends	 Slnce 

on o. and 9 and where k~(9), me2\. (O), ordered with respect to thelr absolute	 [1~u2]Da(9) [l~U2]-1=-T / 2(9), -m<a(m, 9E[-n/a,n/a) (2.22) 
. o. c 

values are solutlons of (cf. (2.4» the correspondlng spectral properties of Tp(9) also follow from 
cos(9a)=co·s(ka)+[aHk)\2c]sin(ka). ReHO, ImHO (2.14) Theorem 2.1. Applying (2.12) we then get 
with 

Hk)=('(E)=(sqn(E) [k2c2+(c 4/4]1/2+(<:2/2) }/ck, 
Theorem~b Let aEIR. Then Da,aí! has purely absolu te ly continuous spectrum 

_{IE2-(C 4/ 4 ) 11 / 2 • IEI)c2/2 u(Da.aa)=uac(Da.a~)= \ , [a~. bg], aM<b~(a~+l' a~m >b~m)a~(m+1), mSN.k(E)- il(c4/4)-EI1/2. IEI(c2/2.	 (2.15) m~{OI 
For aelR\(O), except for a=-ac2, m=I, 9=0, the elgenvalues ~(9) are slmple. 

usc(Da,a?)=up(Da,a7)=~' (2.23) 
-If a=-ac2, then El"ac:l(O) has multiplicity two. Here for 0.)0f.
 
Let 0.)0. For ,E)O we obtaln . 

Gl-{E~(O) • m odd 
am- E~(-n/a), m even,

c2/2<Er(O)<Er(-n/a)=[(n2c2/a2)+(c4/4)]1/2<E~(-n/a)< 
a~) [(m-1)2n2c2a-2+(c4/4) ]1/2. mSN. (2.24)<E2(O)=[(4n2c2/a2)+(c4/4)]1/2(E3(O)< ..• (2.16) 
bGl_{E~(-n/a)=llm2n2c2/a2)+(c4/4)]1/~. m odd 

For E'O we get m- E~(O)=[(mZn2c2/a2)+(<:4/4) ]1/2, m even, m~, 

E~l(O)=-c2/2>E~1(-n/a)E2(-n/a)=-[(n2c2/a2)+(c4/4)	 o. _{E~m(O)=-[(m-1)2n2c2a-2+(c4/4) }1/2, m odd]1/2) 
a-m- E~m(-n/a)=-[(m-1)2n2c2a-2+(c4/4) }1/2, m even, mEfi. 

>E~2(0)E~3(0)=-[(4n2c2/a2)+(c4/4) .•. (2.17)]1/2>E~a(-n/a» 
ba _{E~m~-n/a). m odd In addition -m- E~m(O), m even. (2.25) 

a(Da(9))n{-c2/2~c2j2) = 0. 0.)0. ge[-n/a.n/a). (2.18) 
b~m<-[(m-1)2n2c2a-2+(c4j4)]1/2.maN.' 

Next let 0.<0. For E)-c2/2 we obtain	 For 0.<0 

-c2/2(ar<c2/2, 0.<0, aY=-c2/2. a(-ac 2• aI(2cltanh(ac/4)=0.
Ei(o) <Ei(-n/a) <E2(-n/a)=[(n2c2/a2)+(c4/4)]1/2<E2(O)< 

a ={E~(O)=[(m-1)2n2c2a-2+(c4/4) ]1/2 i ~ oddEj(0)=[(4n2c2/a2)+(c4/4)]1/2<Ej(-n/a)< •.. , ~ E~(-nla)=[(m-1)2n2c2a-2+(c4/4) ]1/2. m even. m = 2,3.4, ••• , 
-c2/2'Er(O)<c~12, aER, (2.19) -c2/2<by<[(n2c2/a2)+(c4/4)]1/2. (6.26) 
Ei(2c)tanh(ac/4J (0)=0. Ei(O)=-c2j2, a(-ac2, bI 4/a=c2/2, bI(2c)coth(ac/4)=O, bY ~ -c2/2, 
-c2/2<Ei(-n/a)<[(n2c2/a2)+(~4/4)]1/2. aeR 

Ei4/a(-n/a)=c2/2, Ei(2c)coth(ac/4) (-n/a)=O. b {E~(-n/a), m odd 
~ EI(O). m even. mBN,2/2Ei(-n/a) ~ -c
b~)[(m-1)2n2c2a-2+(c4/4)]1/2. m = 2,3.4, .. , 

For E(-c2/2 we get =- C2/ 2 . -ac2(a<O 
a~l {<-c 2/2, a<-ac 2• 

Gl -lE~m(O). m odd E~l(O»E~l(-n/a)=-[(n2c2/a2)+(c4/4)]1/2)E~2(-n/a» a-m- E~m(-n/a). m even. (2.27) 

)E~2 (0)=- [(4n2c2/a 2)+(c4/4) ]1/2)E~310) •.•• (2.20) a~~>-[(m2n?c2/a2)+(c4/4)]1/2,mdN.
 
2(a<0
Ea(O) {=-C2/2 •. -ac	 ba _{E~m(-n/a)=-[(m2n2c2/a2)+(c4/4)]1/2. fi odd1 ' <-c2/2, a<-ac 2• 

-m- E~m(O)=-[(m2n2c2/a2)+(c4/~) ]1/2, m even, mSN. 
All non constant eigenvalues EIff(91. 9E[-n/a,n/a), mE?i\(O} are strlctly As [m I-+m, th e' length of the m-th gap respectlvely the wídth of the m-th 
increaslng w.r. to 0.. band asymptotically fulfills , 
For 0.=0 the elgenvalues are given by 

la~+l-b~lm=+. 'b~m-a~(m+1) 'm=+.. (2c/a)arctan( lal/2c)+O(m-1)~ 
E~:1:(9) =t( [9+2sgn(m) I Iml-1Ina-1 ]2c2+ «:4/4) }1/2, mE7\(0}, ge [-n/a, n/a). d' (2.28) 

J (2.21)	 'b~-a~'m=+.'a~m~b~mlm=+.(c/a)[n-2arctan(lal/2c)]+O(m-1).1
 
J

They are only degenerate for 9=-b/2, mea,\o! and fo-r a=o, \m\~2. 
For OlEIR\(O), DOl,a~ has Infinitely many gaps in its spectrum. Except for 

a=-ac2, ali possible gaps do actual ly occur. Only for a=-at2 one gap closesSee [3] for a detailed proof of this theorem. 
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at E=-c2 /2 since D-ac2(0) has -c? /2 as an eigenvalue of multiplicity two. For 

<:<=0, Do.a~ equals the free Dirac operator Do with spectrum 

a(D o) = ( - - , - c2 / 2 ] J [ c 2/ 2 , - ) (2.29) 

and due to the degeneracy of Ert{(O) , ImP2 and Ert{(-7T/a), mE~\{OI ali gaps 

in IR\( -c2/2.c2 /2) close. Furthermore 

a(Do:,a7J)"Cu(Do:' ,a:r), 0'0:' <0:, (2.30) 
a(Do:,aJ) Ju(Do:' ,a7J), -_<o:'<0:'-ac 2 • 

Since (2.4) obviously applies in the present speclal case of períodtctty, the 

spectrum of Tp.a7J immediately foliows from Theorem 2.2. 

Following [8] one easily proves that (D""ar(c2 /2)-zr l and 

(TP,ar(c2/2)-zr l, ze(J:\1R are holomorphic with respect to c-I In norm and 

that 

n-ê~!]l(D""a:l-(c2/2)-z)'-I=(-à""a2-z)-1 ® [õ g] , "'E~, 
(2.31) 

n-~~!]l(Tp,aíl-(c2/2)-z)-I=(:;;p,a1-z)-I~ [~ ~], pel(. 

Moreover. first order relativistic corrections of energy bands wlth respect to 

c-2 can be expllcitly computed since Em!l(O)-(c2/2), &g(9)-(c2/2), 

9E[-7T/a,7T/a). mElN turn out to be holomorphlc In c-2 around their 

nonre lat ív ls ttc límlts. In particular the discrimlnant (2.14) and lts analog for 

Tp(9) 

cos(8a)=cos(ka)- [pc/2t (k)] sin (ka), Rek~O. ImksO (2.32) 

are easily seen to reproduce their nonrelatlvistlc, counterparts [3], [UJ] 

cos(Oa)=cos(ka)+(a/2k)sin(ka). Rek eO, Imkxo (2.33) 

for -I\x (8) and 

cos(9a)=cos(ka)-(Pk/2)sin(ka). Rek~O. lmk so (2.34) 

for Zp(9) as C~D . 

We end up wlth a few more rernarks. Flrst of all, followlng [3], l s l , one caní 

easily extend the above case to more complex perlodlc sítuattons where, e.g., 

1 j +p=1 j for some petN (here 1 denotes o: or fJ)o and compute the densíty of 

• states expllcltly. Also hatr-crvstats (1j =1+, pO, -rJ=-r-, J'-I), surtace states 

and scatterlng off defects' or lmpurlties can be developed In analogy to [2], 

[16], [32J, [33]. [3] (and the extenslve reference llst thereln). In aU of 

these cases one can use the underlylng dlfference equation most efflclently. 

For analogous results for the model with boundary conditions (1.16) (wlth 

Y=a~) we refer to [5]. [7], [9], [lO], [13], [19], [34]-[36], [38]-[43]. 

I 

;!J~J ª-!t '{.I s,U~-.rª-!1~º-!!L.I!oin t in teract ions 

Let 1 r: Je71 be independent, identically distributed (Li.d.) real-valued random 

varlables on the canonical probabrl íty space (O,F,P) where sUPP(P-rj is 

assumed to be compact and 0= [SUPP(P-r ) ]2. Thus any ~EO is gíven. by 
o 

~n~j and ~j=-rj(~), je71 in this representation. In alI the following 
j e:f 

results Da(~).a1 and TP(~).alf with "'(~)={o:j(~) I je~ fJ(~)={P /~) I jE7i and 

'" J'p j' jeif i.i.d. real-valued random variables on (a.F,p) can be treated on 

exactly the same footing. Thus we introduce the followlng unírying notation: 

The operator H~ in L2(I()by definition represents Da(~),a'l or Tp(~),a~ In 
(' 

particular ~ j=-r j(~) now plays the role of o:/~) or Pj(~t. je7i. The associated 

deterministic operators are abbreviated by the symbol Ht •a 2" 

Next let {T j Ije~ be the shift operator in o defined by 

(T'~)j=~j_" ~eO, j,'e7J (;3.1)
 

such that
 

1j(T,~)=-rj-'(~)=~j-' ~EO. J.'E7J. (3.2)
 

Then {T j Ije~ is a family of measure preserving ergodíc transformatlons
 

[23]. Moreover let (U j l j e7J denote the family or unítary translation operators
 

In r;2(1R)
 

(U jg)(x)=g(x-ja), gEL2(IR). jE~. (3.3)
 

Then 

UjH~Ujl=HTj~' ~EO, je~ (3.4) 

and herice we get [22], [23] 

Theorem 3.1. Let (H~I~EO be deflned as above. Then u(H~), uess(H~). uc(H~). 

~ac(Hd, usc(Hd and o-p(H~) a11 equal certain non raridom sets I. Iess. I c• 

Iac, I sc and I p for P-a.e. ~eO. Moreover 

ud(H~)=<í for P-a.e. ~eO. For any ÀelR there exists a subset O>..~O with P(Ü). )=1 

such that À is no eigenvalue of H~. ~E 0À' 

Next we Intrcduce the concept of stochastlc (resp. admísstbte) potanttals: A 

sequence.•(~)={-yj(~)lje1', ~EO w1th -rj, je~ i.i.d. real-valued random variables 

and supp(P')') compact ls ca11ed a 'stochastíc potentlal. The correspondlng. . 
Hamilton1an ís then defined by H(t(~». The class A of admiss1ble potentlals 

then conststs of a11 .={EjesuPp(P-rjljE-2' The' class P or' a11 periodlc 

admissib1e potentla1s is then given by a11 +eA such that the corresponding 

sequence (~j I je:f satisfles 

('
t 

tj+L=t j. jE~ (3.5) 

for some Le~\{O). For .EA, H(+) denotes the Hamiltonian H~ with ')'j(~):'I 
l 

replaced by ~j' jE~ (l.e. H(.)=H~.a~)' Then we have1: 
1
 
f
 

9"'! 

j 



Theorem 3.2. Let ~("') be the stochastic potentialas defined above. Then 

(i) a(H(~»='E. ~EA.	 (3.6) 

(í	 E=U a(H(~) )=U a(H( .. )). (3.7)í ) 

~EA ~EP 

(Lí í ) E= U aOI~ aj}) (3.8)
hsupp (P'>'o) , 

where	 E=a(H(~("')) for P-a.e. "'EO. 

For a proof of the above theorem one can follow [18] (cf. also [3], [4]) step 

by step. The main ideas lnvolved orlglnally appeared in [24], [25]. 

As a	 consequence of the above and of Th~orem 2.2 we get 

?orollar~ Assume the hypotheses of Theorem 3.2 and denote by 

p:=inf[suPp(p,>,o)], lI=suP[suPp(p,>,o)]' Then we have 

(i)	 t= U [am,bm] (3 9) 
mEll\ (O)	 • 

am<bm'a m+l,a-m)b-m)a_(m+l), meN, am,bm ~t;·~ 

Oi)	 a(H",) has lnflnltely many open gaps for P'-a.e. CoIEO unless 

Oesupp(p'Y lf OESUPp(P,>,o) then
o}; 

(-m,-c2/2]u[c2/2,m)='E. (3.10) 

li) If IJ)O then 

t=a(DIJ,aJ') (3.11) 

and if lI'-ac 2 then 

E=a(DlI,aJ) 

in the case where n",=DGJ.a~ representa relatlvistic d-interactlons. 

By (2.4) a similar result holds for Tw,a~ 

On the basis of the resuits in [11], [.12])t ia natural to conjecture that 

expontential locailzation of the spectrum occurs (and hence t c = d) under 

mild assumpttons on; the density of 1'0' For condlttons lmplyíng = d d.Eac 
[21], [28].· 

Finally we show that the well-known Saxon and Hutner conjecture [32] 

concerning gaps In the spectra of (nonrelattvísttc) random 6-interactions 

extends to the relativistic case. We start wlth a deterrnlnlstlc resulto 

Slnco Lho dlrCoronce equatlon for Ii( ,a:b ls of the sarne type as that of -4t,al1 

(or lf,a1') Lhe proof of Theorems 3.3 and 3.6 of [18] apply In the present 

case. 

We aIs o note that In the specíal case where (j+2=(j' jElI the analog of 

Lemma 3.4 for the model with boundary condltions (1.16) (Y = aJ) has been 

derived In [41] by foitowing the ortginal proof in connectlon with the 

SchrOdlnger equatlon in [27]. 

Glven the above lemma, Theorem 3.2 OU) Impltes a proof of the relattvístíc 

saxon and Rutner conjecture 

Theorem 3.6. Assume the hypotheses of Theorem 3.2. Let 

r=. n p(H)",aJ) be open. Then rnt=0.
 
)"EIUPP (P'Y )
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I'ecrecsi <1>., Ille6a Il. E2-87-168 

HOBbIe aHaJIMTMqeCKM ,peII.J;aeMble MO,neJIH 
peJIJITMBHCTCKOrO B3aHMO,neHCTBHH HYJIeBOrO pazmyca 

Ilpenrrarasorca .D;Be aoasre aHaJIHTHqeCKH pemaerasie peJIHTH
BHCTCKHe MO,neJIH B3aHMO,neHCTBHH HYJIeBOrO panayca, Hsysaer
CH MX CneKTpaJIhHOe nonenenae B crrynae KOHetIHorO H 6eCKOHeq
aoro qHCJIa UeHTpOB. 

Pa60Ta asmonaena B JIa6opaTOpHH TeOpeT"qeCKOH cPH3HKH 
OI1HI1. 

Ilpenpanr Ü6'Le,nIDIeHHOrO HHCTHTYTa anepasrx HCCJIe,nOBaHHH. )ly6Ha 1987 

Gesztesy F., Beba P. E2-87-168 
New Analytically Solvable Models 
of Relativistic Point Interactions 

Two new analytically solvable models of relativistic point 
interactions in one dimension (being natural extensions of the 
nonrelativistic o-resp, o' -ínteraction) are considered. Their spectral 
properties in the case of finitely many point interactions as well as 
in the periodic case are fully analyzed. Moreover we explicitly 
determine the spectrum in the case' of independent, identically 
distributed random coupling constants and derive the analog of the 
Saxon and Hutner conjecture concerning gaps in the energy spect
rum of such systems. 

The investigation has beem performed at the Laboratory 
of Theoretical Physics, JINR. 
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