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1. Reoentl;r two-dimensional nonl1near si~a-models have 

been the s~~jeot of renewed 1nterest. and the ultraviolet 

behaviour of these theories has been studied [l-J]. ~s is due 

to their relevanoe in superstr1ng theor1es and, in particular, 

in the oompaotification of extra dimensions (4). It has been 

argued that the superstr1ng consisteno;r requires the (]" -model 

to be ca:Jfomall;r :1nTariant. In a curved-.spaoe one must require 

that generalized p:. -functions of the CT -model vanish, that 

is, the model is finite. tne oorresponding~uations are inter

preted as the ~quations of motion of the massless fields of 

supers~ring [5,6]. ~e graTiton equation then defines the metric 

possible choice of a oompaot six-dimensional manifold. 

At the one-loop level it is known that in both supersymmet

o and nonsupers;ymmetr1c .oases the generalized ~ -function 

the graviton field is proportional to the lliooi tensor of the 

sooiated manifold. tnerefore the theor;r is oonsistent if the 

,tter is Riooi-fiat. In higher loops the metrio of the consis
I it 

nt theoZ7 aoquires oorreotions proportional to cl "" IT, where 

is_& string tension. tnus, the phenomenologioall;r favored 

mpaotification on the llioci-fiat Kihler manifold with SU(j) 

,lonom;y (the Calabi-Yau manifold) beoomes onl;r appro~te and 

~ be oonsidered as a starting point. 

In the present note we propose an alternative approach to 

e finiteness of nonlinear or -models. We show that the theor,r 

Ii be ma4e finite and confomall;r invariant b;r a proper choioe 
l!> (Ie) - I: 

the background bare metrio in the fom nc' (~):..L. <a"J'{I¥)£'
'ij \J 1(.).0 .

here E.. is the parameter of dimensional regularization. The 

initeness is aohieved b;r the meohanism proposed in ref. [7]. 
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( 0) 
~e classical metric ~':j' corresponds to E =0 and must be 

llicci-fiat. 

2. We brie~;r reTiew the renomalization properties of 

nonlinear (j' -models. tne countertems are the looal expressions 

of dimension two and result in the renormalization of the bare 

metric 
100 

(1)e. R +L ..L T,:"'\ q Po")
@~J' = ~~' Eo " \} \I

,,=i 

The generalized f-> -function is detemined b;r the coefficient 

of a simple pole l J ] 

(1') \ (2)
~':J l ~ Po J = 0- ::>- - i ") T"f ()..~ R) AS" i. 

If one reconstructs the cl..' dependence of the counterterms 

<."'., "'\ L lLl~)
T,,, ( ~R ) == L Cd. \J I" ' ( q. ,. ) (J) 

1 /..... J '" 

then the r- -function appears to be 
f"') (1')

lO,,} ( ca It ) = rid' T;J' ( d(t ) 
(4) 

c<) RIn the one-loop order T,), "" R,·S • where ~'iS the Ricci 

tensor of the assooiated manifold. In higher loops the oontribu

tions to the ~ -function are proport:1,onal to the Riemann 

curvature tensor and do not vanish when restricted to the Ricci

-fiat manifolds. 1'b.e;r 1I0dif;r the metrio whioh can be found 

iterativel;r in the fom 

to) 1 (0 \ 2 12.)It (5)~'r -+- 0/ ~'J' + Cd.) ~"( T .,.~CJ' == 

(0)
with ~(' beeing llicci-flat. Just the appearance of the 

J 3 
oorrection to the metrio "" C!:ll) in supersymmetrio fJ -models 

3 
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.",' '.',Vl'- r~~"1,:-' " ,.:. }.to \ 

":/.;T~ I;.~. -,~ . 
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has driven to the oonolusion that the Calabi-Yau oompaotifioation 

of superstring theory should be mOdified l S]. 

It is sometimes said [6] that oonformal. invar1anoe, i. e. 

va.n:1.shing of f->"J' is not the same as finiteness, :I.. e. vanishing 
(~) 	 ~L (~)

of all T.'j • This is because the condition /~cI. I I,'j' == a 
,n '''~ does not lead to T, i' = 0 and further (In to II"j:::: a • The 

disorepanoy Qomes from inacourate formulation of the renormali

zation prooedure in 2 -2.~. l1imensions. 'l.'he problem is solved 

by introduoi~ the f -dependenoe into sq. (5) in the following 

way [9,7] 

("I) 	 1 (1I,1e') It
"'\ "I (II'> 

~~ 	 j 
J 

(6)L., (rJ. \ ') ~ I'l' (f.) cal' . (1.)= '- <aI" . E 
k~ 

"'''",0 

This leads to a simultaneous vanish1.ng of the ~ -funotion and 

the oounterterms. 

J. An alternative way to oonstruot a finite (j -model is 

to reformulate eq. (6) for the bare metrio. In full analogy with 

finite supersymmetrio gauge theories [7J it appears to be more 

simple. The following theorem holds: 

l'h....!.2.t!!!! 	 A two-dimensional nonlinear <:r -model can be made 

finite by ohoosing the bare.metrio to be 

a. '" Q !o)lc) k (7)~'\' = 	 1-. Q'" . t 
J Ir~O J 

1& 0)
where ~ \'1' J is Rioci-nat. 

The proof 

Consider a singular regularized (but not renormalized) 

expression. (We do not oare about the infrared singUlarities, 

4 

supposing that they are removed somehow). It has the fom: 

'" c. ... ,,,) ....... C"J"'~) - (Io J 1) 

Ld..I)~ \" I·' If' 
(8)_'J + ..:...:J. -to- +~. 1 

"H L £" £."'1. 'i.. J. 

"'" c.~.k')
Co effioients T," are uniquely oonneoted with IIS-oounter-

J 
terms of eq. (J). Acoord1ng to the generalized pole equations [lJ 

h1gher-order poles are not independent but governed by a simple . 
...... ("'. i) 

pole "'j' • 

We ar~ looking for fin1teness, i.e. vanishing of all poles. 

Consider them order by order in d I 

.L!.2s.:e 
i. T..... (i,1)=. _ T (i,'I}...... R " R",I' ( ~co, 0 ') j = 0~S' ...,( "i 'J 

2 loop~ 

.i.. -- (2,:1)( (0,0)\
Ell: It} ~ ) =0 beoause it is totally determined 


-rCi,I) 0
by I"j' • therwise, there would be a nonlocal divergenoe which 

oannot be removed by local oounterterms. This is forbidden by 

the general struoture of R-operation, as far as one-loop oounter

terms are absent. 
L With acoount of eq. (7) we gete 
~(:l.~)( 	~(DJC)\ -to- .J. -T(1.,:z.)(~((1."') *(0)'1)\( ::: O. (9) 

I ," )J It " . oj- ., )
\ c;r.( j C l:=o 


( 0
"" (2 I) ') oan aohieve finitenessHenoe even if .,- "/ (~O,~.::; one 
- (2.,!)

properly choosing ~,,~"'O proT1ded -,- ,. has a fir st order 
(O,o) J 'J 

zero at ~.~':: ~Iy • 

n loops 	 k-i. 
I!. "') tl (0," ~ Ie 

AJ..1 higher-order poles have to vanish when Q,,:: L.. q'J" '1-
<I'J lC"t> 


for the same reaso~ as above. It i8 a consequence of the state
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ment that all the :1.n:f:1.n:1t:1.es oan be removed by local counter

terms w:1.th:1.n R-operat:1.on and of the absence of lower order 

oounterterms. The appearance of e -dependence :1.n eq. (6) does 

not ohange the s:1.tuat:1.on and results only :1.n a mod:1.f:1.oat:1.on ~f 

the renormal:1.zat:1.on scheme. In case o~ a f:1.n:1te theory eqs. 

(1),(6) correspond to a f:1.n:1te renormal:1.zat1on. 

For a s:1.mple pole we have 

T,~~d')( ,\(.,0) +- • " ' +,L TI:~'''~( ~Q,)o; (~(O)"'))l= 0,(10) 

~ 0 ~ J . ~ 
,....,. ("',"" 	 (0 6) 

Thus again:1.f T"j' possesses a s:1.mple zero at ~"J' = ~Ij') 
one can aoh:1.eve f1n:1teness. To show th:1.s, we note that 

"'- (""VI" '" C"."'>
T.. ::~) I,,' 

t l J 

(.. ~ ... ) (".1 )


and \" :1.s governed by \'.. and can be oalculated us:1.ng the 
, 1 ' J 

pole equations. The result is 

(\1\ ,,' ~....<T 	 ' "V e:--).... ~..) R.. + terms w:1. th a
") -'i,} 

Note that for the variation of the metr:1.c ~= 

follow:1.ng var:1.at1on of the R1cc:1. tensor 

~ 

h:1.gher-order zero. 

(O~ 

~T1)~We have the 

2 	 ...... "')
"b R"l = 2:l~ b~cJ + "ii, "lJ b~ .. - V/J b~,:... - ~~~ b~'''',(ll) 

"bR = '\]2.b~/ "1""lJ')@'J' 

This 	completes our proof. 

4. 	 As examples illustrating our theorem we consider t - 0 

and N-2 nonl:1.near supersymmetr1c s:1.~a-models. 

x-o 	 RLSY 

c A (1 J (12) 1 
.::> = i./1r~ I J c:l r ~,{ (<f)'0,.. If 

L' 

'Or If ~,j:: ~,2), •. ):2' 

1 
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The counterterms are [6] 

T(~I~}-
," -l 

.,..U,to. \ _ 
I '\ -

-
-

1'1.' 

""~ • 2. Ie. 

.i l '" R., - 2 Rt'". RI , 

Lj 'I 'I. 

,,( 

+ 2 ROodl ' R 1
...\ , 

(13) 

u,~)
1,,( 

(!' oJ 

~ , R ,'1tc. 
::: - 'Ii 'R.,,'e,) • 

d. \ ... 'c=  R"j' - i' R,·....Ac RJ ' • 

Subst:1.tut:1.ng eq. (6) :1.nto eqs. (1), (lJ) and reqU:1.r:1.ng the 

van:1.s:1.ng of all poles and the (! _fUllCt1on, we get 

R"f ( %(0)0')) =: 

c.. 0)
bR,~ ('a J ') 

0, 
i ro D\) R ...tee 

1 2.. R,·"t(J~' J' 
(0,0)) 0 
~ ::, 

(14) 

v2.'l) R,,~ ( ~Io,.d) 4- 2. R;... t . (~Colo"5R...t( ~(o.n):: R.:o,Cc. (f'·)) ~,...t({",C)).
J 

The regular:1.zed express:1.ons (6) in this oase are 

.::::;:. t~,~') _ R. ' 
\ '\ ,,~-


(15 ) 
,.,. (... ,.... " ,( r II. Q. II. 41 
1,\ 	 ': - i:i L q R,.{- 2R,.... i 1"- 2R ....d J•R ) 

T(~:·) - .i R R o..le 
'j - 4 ,·o.le j' 

. 	 (0,>0) (0, f) 

Subst:1.tutlng into eq. (15) eq. (7) with ~')' and ~'r defi

ned as :1.n eq. (14) we oonf1rm ourselves that all the poles 

:1.dent:1.cally van:1sh, 

X-2 	 NLSY. 
(16 )~ sol~ ",1.8 ol. ....eK (c?~ :>+ii).s= 	4 '1T'cI , 

"?>'tK 
Here 	 j:(" (~)~) :1.s a Kahler potential and <& r y == '1>'4>1" '()~;-
:1.s a 	X&hler metric. 

The oounterterms of N-2 NLSII are oalculated up to five 

loops 	l6,10). The ~ -funot:1.on is 
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2""l1:('!) 3. 11~) I'" 2

(t-rv = - f<rv - ~ @') ~rov A l< - ~~ )'?:l,...'O" ~ ~ \e,(l7) 

where 
l,... R.'" "I: (C\P II'" R."». R.)." 1"\1>-., '\A-,... =- ",. I'\,.."t:" \' 0" + "'I: tI" 1"1. ! r) , 

It does not v~sh on Rioo1-flat manifolds thus leading to the 

oorreot1ons to the reIiormal1zed metrio ",@1)3and (:!.IJIf • No1;e, 

however, that Col.',) If term is renormal1zat1on-soheme-dependent. 

n:t.e regularized expressions are 

"" ,.,.()

K = tr·t",. ~rv 


k t'1,'1) = .!R2. ) 


'" el,'!» _ .i. t. -Rl"vR.-J

\<: - .3. I, "1 '1.R r (18)J 

,... (~,lf)
Ie =- ~ \J...'q'1.~l.R ... 2 RtfRtRcrf _~(~~fr<,p)-~Rt~Vr~fR1, 
K(lt,,,) ; 11.P I. t:.k:

Jj'," , 

-,~,S'') v (5" 'a.'> "\eDt 1. ,"'2.1:. Ie +... 1"')--,~ oJ

k = ..1. [ (~f·)3. R t- "'J r-. - S! 
5'~ 

,... C~,O 


K - \ <.~) l ' rq'- I:. k:: + .,. j , 

5'1 

where the dots mean the terms that vanish on RiCCi-nat 

manifOlds. 

Substituting eq. (7) into eq. (18) and requiring the Vanishing 

of all poles we get correotions to the metrio. Up to five loops 

the results are 

e. (0) [ 3. "'1 (() (19)a _ + 41,0) 'i" +- 6,!l't)£. Q-gt'y -= <:Sr" qrv ~ 

where 

R,..;; ( ~ (0) ) = 0) 
(20) 

~2.'bR (~'~)) + A K ( ~ (0))= 0 
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Note that the E3 oorreot1on automat1oally oanoels the ~E~ 
term in eq. (18) aooording to the general theorem. 

In n loops 

""" (11,"'" ~ [r~ 1..,"'~2 1I< -= ;;:- ,-'\J..> . R +- ' • , j 

and eq. (7) becomes 
k (1-1)

& 
}te, = K 

(0") 

+-, ... -t- E Ie (21) 

where ~CI1) obeys the equation 

C"J~)I-\-'2.'bR (~Cl-\)) = F("")\"'I\=.I\:,..\ ..... t"·11/ .. ··~ (2V 

Hence H-2 NLSI4 oan be made finite in aU orde~s in eX. I choosing 

the bare Kahler potential as in eq. (21) with correot1ons pro

portional to the powers of e found from eq. (22). 

5. We conclude that nonlinear s1gma-models can be made finite 

by a proper choice of the bare metric. The physical meaning 

appears to be attached only to the claSsical metric which is 

Rioc1-flat. This means that despite the appearanoe of nonzero 

f.> -functions in the standard approach one can construct a 

oonformally invariant ~-model with a Ricci-flat metric. fhust 

the superstr1ng compact~1cat1on on Calab1-Iau man1101ds beoomes 

possible. 
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Ka3aKoB n.M. 	 E2-87-16 
KOHetlHOCTb HeJ1HHeHHblx CHI'Ma-Mop;eneH 
Ha 	 PHtltlH-nnOCKHx MHorooopa3HRx 

IIoKa3aHo, tlTO HeJ1HHeHHble cHPMa-Mo,o;enH MorYT OblTb cp;ena-l" 
Hbl KOHe'iHbIMH B 2-2( H3MepeHHRx, ec.nH 3aTpaBOtlHaH MeTpHKa 
BblopaHa B BHp;e giJ"(¢) I g(~) (\{ , npHtleM, g(~) - PHtl. 

k:;::o IJ 	 IJ 
tlH-nnOCKaR. 3TO 03HatlaeT, 'iTO HeCMOTpR Ha nOHBneHHe HeHy
neBblX f3 -<PYHKQHH B CTaH,o;apTHOM no,o,xop;e, MOlKHO nOCTp(')HTb 
KOH<pOPMHO-HHBapHaHTHble CHrMa-Mo~enH C PH'itlH-nnOCKOH MeTPH
KOH. Cne,o;OBaTenbHO KOMnaKTH<pHKaQHR cynepCTPYHbI Ha MHoroop
pa3HRX KanaOH-~O CTaHOBHTCH B03MOJi(HOH. 

Pa50Ta BblnonHeHa B lla50paTopHH TeOpeTHtleCKOH <pH3HKH 
OMM. 

npenpHHT 061.eAHHeHHOrO HHCTHT}'Ta H,IlePHI>IX HCrne,llOBIIHHH, .lly6aa 1987 

Kazakov D.1. E2-87-16 
Finiteness of Nonlinear Sigma-Models 
on Ricci-Flat Manifolds 

It is shown that nonlinear sigma-models can be made fi 
nite in 2-2( dimensions if the background bare metric is 
chosen to be g iJ' (¢) l: g(~) ( k, where g~~) is Ricci

k> a 1) 	 I J 
flat. This means that des~ite the appearance of non-zero 
f3 -functions in the standard approach, we can construct 
conformally invariant sigma-models with Ricci-flat metric. 
Thus the superstring compact ication on Calabi-Yau mani
folds becomes possible. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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