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Application of 't Hooft's Renormalization 
Scheme to Two-Loop Calculations 

The manifest advantages of 't Hooft's scheme for the 
asymptotic calculations are demonstrated. The two-loop 
computations are carried out in three particular models: 
scalar electrodynamics, pseudoscalar Yukawa theory and 
supersymmetric model by Wess and Zumino. 
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!:._~1!:2~"!!£th2!! 

In the previous paperf1/the connection between the different 

renormalization approaches was studied and the conversion .L'or­

mulas were derived. These formulas allow us to reconstruct renor­

malization group i'unctions oi' any reno:nnalization scheme 1rom 

those of 't Hooi't' s scheme with the use of only lower-order ext­

ra information. A special role of 't Hoeft's scheme is based on 

its remarkable features, which are discussed in Sec.II. '£he neces­

sary relations of this scheme are presented in Sec.III, where also 

the most convenient way to perform the R-operation is described. 

Then, in Sec. IV the •t Hoo:t't scheme is used lor two-loop cal­

culations in three renormalizable theories: scalar electrodyna­

mics, pseudo scalar theory with Yukawa-·type coupling and super­

symmetric Ness-Zumino model. 

Note that this paper is a sequel to Rer·. 1 and should be re­

ad in conjuncti.m with it, especially when the properties 01· renor­

malization group equations are concerned. Hereal'ter the prefix I 

will refer to equations of Ref. 1. 

I wish to express my gratitude to D.v.Shirkov ~or interest in 

this work and helpful discussions. 
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ff~ ___ :!_Y~~~!:~-~£~~~~-~f-~~~~~~!!~2!!2~ 

'.rhe dimensional regularization method I 21 has .generally been 

recognized mainly because of its remarkable property to maintain 

the initial symmetry of the Lagrangian in the regularized expres­

sions. The proof of this property, though not for the most gene­

ral case, can be found in 12 ,31, The different kinds of subtracti-

on procedure can be used to obtain the finite results. Probably 

the most natural and convenient scheme was proposed by 't Hooft/4/, 

It is manifestly gauge invariant and leads to a new form of renor­

malization group equations /5, 6 •7/. Some interesting properties of 

these equations will be considered later. 

The proof of Bogoliubov-Parasiuk's theorem /S/ for 't Hoeft's 

scheme is given in /3,9/, where also the following important fact 

(which is the necessary condition of renormalizability) is estab­

lished: all R-operation counterterme have only the polynomial de­

pendence on the external momenta. Consequently, the renormalizati­

on constants do not depend on the ratios of external momenta at 

all 1
6
1, and we can simplify the calculations by setting some of 

the external momenta to be zero /lO/ • It is shown in paper/ 111 

that the counterterms are also polynomials in masses if there is no 

normal ordering in the theory. It results in the mass-inde~endence 

of all renormalization constants, all the masses being renormali-

zed multiplicatively. However in the present paper only the asymp­

totic 1orm of renormalization group equations is studied so that 

all masses can be put equal to zero from the very beginning. 

fff~-~~~2~~!!~~!!2~-g~2~E-~g~~i!2~-!~_:i_ti2~fi:~-~£g~!~· 

It is necessary now to write down the basic l·ormulas or' 

't Hom't's approach to clarify the delinitions which will ue ur;eri 

in the following section. Consider the two-ci,arc;e theory wi tn 

a gauge field. 'l'he renormalizations look as i'ollows: 

hs = {!t 2f (h + Z 0~(1, §} f 
J=.:t Ev j ' 

88 = 0tf (3 + 2 #y (J..;) J 
.J-.1 £~ J 

ols = of (.:t + f: d-.~(!,,?~"') I 
-.1=.1 E.l / _) 

z = 1 + i: c.,(J.,zl~) 
ll=d E·' ' ( 1) 

where subscript "B" reJ.'ers to unrenormalize<l qualltit. es, o( is 

the gauc;e parameter, E = lt-n and n is the "dimension of space-
2 

-time". The functions r:J,and#,are independent of o< /l 2/. iiote 

that the renormalization constants or the propa;_;ators are, ac usu­
-.1 

al, denoted by 2 . l'he renormalized Green function is 

t; tz21 ~,;' p{) = f::O i?r (1.11 .f, £) rs ~~ h8 1 ~8 1 o/8 1 E / (2) 

One can obtain the Ovsiannikov equation o1· the type (I.l4) oy 

dirTerentiatin;:; ( 2) with respect to )12. , 

{Jtz~~2 +/J. (J.,j)}: +f;(J..;A! +J'!£.;1 .r} ,(?: -t;fJ.'/~"')};;(!z2,J,,,.t.}=o, 
where ~ 

fh(I..,J == b 'Jrc>~ 2 = (h ·~ -f c1 ~ --)e& (;I;,)) 
f;fl.;)== /~ Q~l/. = (h ;L. +J?~ -J)~fj.J,)) 
M.;. ")~ ~:;..~ ~ (t. ,9• + J ,~ )d" (!..;, .t), 

J;. ~, '1, of)=- 'd '-~~ Zr = - ~ 2_ +!J 2-)c.1 1/, q .;) 
q t)~· ("''?I. r;d (~'()' ~ (3) 
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where all dil'f'erentiations are carried out with J.s, ~8 and .Js 

(es well as K£and £ ) l'ixedo The I'unctions a) 8, c. and d can be 

determined uniquely ..:·rom (2) order by order in h and 3 o However 

we shall evaluate the renormalization group functions (3) using 

R-operation 01' /3 '';;/, because it is completely equivalent to 

't Hom.'t' s prescription. The functions ( 3) do not depend on the 

ratios or' external momenta. Therefore,only a certain part of' each 

diacram which is independent of external momenta can contribute 

to the renormalizations (l).Given any diagram G, we denote this 
I 

part by /( R ~ , 
R. r;,. = (t- /( )t<' '-

where R is a symbol of R-operation in the sense ot· /3,9/ and the 

operator K keeps only the pole terms in the Laurent series in E • 

In other words, the operation R
1 

performs subtraction of all the 

suberaphs of~ but does not subtract the diagram ~as a whole. 
I 

The KR ~ is the polynomial in the external momenta, so that in 

the case of logarithmically divergent diagram it does not depend 

on them at all. This is valid also in the case of linear divergence 

il' we introduce the trivial momentum f'actor prescribed by the 

corresponding Feynman rule into the dei'init:ion of K.R', i'or examp-

le, R 7 ={i -k} J/ ~I G • lie can rnpresent I< b- in the fol-

lowinG 1·orm: 

RG-{f)= t-ft)-Z'/- e-'ft)-Z:t =~'t(;J-Z:/t J 

(4) 
1/' 

where G-rp} is the diagram G- with some of' its subgraphs contracted 

'r I into a point o Let R. be the result o:f acting or /1. upon each 
I 

diagram of the Green I'unction r <I( acts upon tree diagrams and one-

-loop diagrams as the unity operator). Comparing (4) with (2) yields 

tne required formula to calculate the renormalizations: 

I . 

Zr =.-1- KR
1r . 

This relationship all.ows us to choose the external momenta in the 

most convenient manner, for instance, setting some of them equal 

to zero. 

!Y~-~~:!~~E-£~!£~!~!!2~~-!~-~!-tl22f!~~-~£h~~~~-

In this section the results of two-loop calculations oi' the 

renormalizations (1) and renormalization group j.'unctions (3) are 

presented. 

~~--2£~!~r-~!~£!r2~~~i£~ 

Consider the interaction of photon t and of a scalar iso­

doublet y:'.:t: , ft'L by the Lagrangian 

£;~ = ejkfttz-t!/}rd)+ ;f1fr/+y/)-f~lr/+r:/)~ 
The calculations have been performed in a general gauge with the 

photon propagator chosen in the I·orm 

~ :2 (J;-r +(d-~) ~~') , 
where d is the gauge parameter. We use the followinc notation .!.'or 

the Green functions and their renormalization constants 

~ 2 -~ 

~.( = z.() 98 

!!!__~ L1 -1 L1 .L1 R. = ZA 8 

..:t:)\2 r; r;~_ = Zr3 t;B 

.:t:x r; ;;,f = zfi. ;;s 
x~ D~ =Z0 0 8 0 

:I. :1. 
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Hence I'or the couplin,s constants we :t'ind 

:2. 1 E. 2. 2 -2"'7-:L 
eB =frY e Zr

1 
ZLJ r..:lJ h8 ={ltV£ h Za ~.d- 2 . 

Takint:; into account the i'lard identities 

Zr~; = 2r3 = ZL1 
we obtain 

:2. _j._2j'E. 2 -1 
e 8 -y·/ e Z:..a • 

Thus we need only the renormalizations o:f 2J, A and D 
·~'o simplii'y the calculations the momentum arguments of the Green 

~·unction 0 are chosen in the l'ollowing way ovl( 
~</'\o 

so that we obtain the propagator-type integral 

J dp dr -r(p, 9, ~<) 
P 2 9 2 f;;-rJz.(~-~J%{K-rf 

where F(f, 9, k) = aJ< 2 + !p!1 + c(z. + d(;c-p}tJ.. + e{K-rf+ ffl-r.f 
with a, $ ... being the numerical constants. The integral associated 

with the first term in -F(p, 9, K} is convergent and has to be omit­

ted while the others can easily / 10/ be evaluated. The results of 

two-loop calculations are given below 

2. 2 E :2. e + e _ . y (i f:t 
eB =0J (e +3e{tor)'l (y~Jir 9£ 2 +:j 

" es /!1.} .:i e +y-. 
fe leI = T {~;;-f (fNJY 

• 2. 2 ~ ) 
ds = d (.:t - 5:(?;;-f - E {;~<)'~ ' 

! I .:f. e!l.. ~(d1 e~ = -3 {f;;-)2 
e~' 

-l;(f.~r)l; 

8 
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:1 

These functions get contributions only I'rom diagrams Ol the 

photon propagator. The cancellation o:f the corrections to its 

longitudinal part was directly confirmed. Note that the second 

term in fte has the same sign as the l'irst, like in the case o~ 

spinor electrodynamics. The remaining results are listed below 

-z-.:t -.:1 _ e'i!-d/ et; /d 2 ·.I-;. .:t /s.- t;. J/ / 
~.4 - E. (h<f' + z:Z(fs;F(T -Sd+~ E('t'J'ij'( (''f'e + .:t.f) ' 

::Zn = _:f + E;~r)z(fl. -2dez+.dJ' :J +E/f~"p(~>j, 2-l.ezAo d +!>}+ 

+ e "(1.d2+:so}-11. {/sd-s-j-E''&N/~ (~;J/- {lr /,e2. -23elt +.10'1 :,.}, 

Jde~·L) (_~~"-(fh z_ Cle
2
+-LKef_/ + (t:;~(--:0j, 1+ .~.r j,~ 2+ .:t:.r ),e "-f'Ofes}. 

Just as it was expected /IO,l2 ' l3/ both the Gell-J,lann-Low 1·unctions 

have appeared to be independent of the sauge parameter. As have 

been mentioned there is no dependence or· the ratios 01· the exter -

nal momenta in the above equations as well. .Ve are now in a posi­

tion to write down the Ovsiannikov equations (in two-loop approxi­

mation) f'or the Green l·unctions and invariant charges o~· scalar 

electrodynamics in 't Hoeft's approach. Using the normalization 

conditions one can represent the solutions to these equations as 

the perturbation series in "the ef'i'ective coupling constants"/5/. 

However the most convenient form of renormalization 6roup equati-

one seems to be the Lie form, so it is attractive to proceed in 

the following way. From the two-loop Ovsiannikov equations and 

one-loop normalization l'unctions (calculated !'or the particular 

momentum dependence of the Green l'unction under consideration) one 

obtains two-loop Lie equations using the conversion formulas of 

Ref.1. The Lie equations oi' the 'form (1.9), (1.15) are valid for 
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an arlli trary renormalization scheme, because the i"unc.tion lfr does 

uot vary l·rom one ncheme to another. Por instance, one can solve 

thece ecuations in the -'-·rame oi~ A -scheme, which is attractive 

uy the trivcality 01 the normalization conditions. However to simp-

lii"y the calculations one can choose to work with the equations in 

the "·arm (I.':)a), (I.l5a). 

It should be noted that foe {t:t) in two-loop approximation coin­

cides with the correspondin£~ function .f'e {ez_} of the Lie equation. 

It is a consequence of' h -independence of ,Be. • lienee the function 

fe {e~has no zeros outside the origin, so there occurs the well­

-known ghost-pole trouble in two-loop scalar electrodynamics. 

~~-f~~~~£~£~1~E-~~!~!~_i£1~E~£!i2£~ 

'l'he interaction Lagran[;ia.n of lermion and pseudoscalar boson 

fields is 

~-~ = qlffcwt;~-A t o s r 't/ fP 
-1 -1 

We use the I'ollowing notation. Z 8 and i!. F are the renormalizations 

of' boson and fermion propagators respectively, Zr and :Z0 are 

the renormalizations of three and !'our-point vertices, so that 
:L .l ... zJE 1 1 -.1 -2 h _;..,~Ei -~ 

f/s =r7 !/ :Zr 2 8 Z F and 8 ;r/ hZ0~are charge renormalizations. 

The two-loop calculations result in the following 

-.s !..2!__ ~ . :t I;/ ~ +) 
~ 8 = ...L + 1:.' rtl£) 2 + £ 2 7rJO/' + E {~r)~ ( ii: - ""i: ~I 

-1 ~ .:f.:tq" ...1'3~~ 
"ifF = .:f + ~z.(hff" + -fE1 ~Tj't - .:f6E<i~rJ+ ~ 

~ 3 g It - __£___ (3 't + :~;, I 
~r =.:f.+£ 'Uw)z + E~t; 2E(?-~J" '3 J '/ 7 

10 
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~ - 3 t, ~ .:f. /_.9 1 2h ~ 
O -_:f +1Z.(hr-J2" -E{f10}2.J, + ER(tF)¥(/fj, +SJ -S 6!J-

_:nf) + E~"J"(-fJ/ -332h +_i1J" +Jc ~e). 
From these, using (3), one can easily obtain the anomalous dimen­

sions. hlultiplication ol· the corresponuing renormalization cons­

tants allows us to ~·ind 

R I 2 t.) _ -fi/, .1 (ilJ... 2 fj, ~'? fl) r3 tg J - (h·P +c~t~J" ..s~ -.2/ - "~i" !I; , 
(5) 

}i. ~~ J.) (f~2(J J.2+'t/J -2fJ1+a~,(-:J/-&iJ.ll+1rl'1.+t,fiY 
Now we can write the Ovsiannikov equation i'or the Green :::·unctions 

and then, according to the above prescriptions, transf'orm it in­

to the two-loop Lie equation oi· (I.15a) -type. 

Firat or all we have to investigate the system 

o ~ll (x 9~ 1./ = PJ (!; (x)(f' J.)) ft. (x,dt' ;,J}' 

f()~h (x)~~ J,) -=fh(~ (x,J~ J,~ r~. (x,J~ I.J}. 
oVi th the use of" the explicit f'orm of p

3 
and fts, it can be shown 

that there ia only one ultraviolet stable t'ixed point on the whole 

phase plane (~3 , !1.J , namely ((;):~ ~~ ~:, (~~p 1;=.:L. . 
The values 'f3 and ?J:' are limits of· 'fa(x,J~ t.} and {,.(x,J~ J.), 
respectively as X tend a to infinity (see .(ig. 1). Hence a 

certain Green l'unction r(x,J~ 1.) , as it i'ollows i'rora 

(I.l5a), in the asymptotic region behaves as x - '11- (~ [, ~ r) . 
To find the asymptotic behaviour oi' the boson and 1·ermion propa­

gators we are to evaluate the one-loop contribution to the corres­

ponding p(3~ J,)and to use (I.lti). The calculations result r·i­

nally in 
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:i. 

( 
-_1_ 

pig. 1. The phase plane of the Yukawa model in two-loop 

approximation. The arrows indicate the direction ot' the 

momentum increase. 
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2af<aJ"" {~<'i-o.' ' Gr/<) "- (K'l- 0'2 . 
The two-loop approximation of the Yukawa theory have already been 

considered in paper /l4/ where the Feynman cut-oi':t' method was 

used and the asymptotic form of a one-parameter seG ol' Green f'unc-

tiona was calculated. The momentum dependence of each member of 

the family was characterized by a parameter 0 . The number ol' 

fixed points was found to change with changing a . One can see 

i'rom the conversion formulas that in the non-perturbative approach 

the number of zeros of the Gall-Mann-Low function cannot change, 

but in any given order it can, as was directly observed by the 

authors of paper /
141. The conversion formulas may be used to com­

pare the results of the calculations in 114/ with those o:t· the 

present paper. We only notice that the expression (5) must not 

depend on the renormalisation scheme used so that the conversion 

formulas cannot explain the discrepancy between (5) and the ana­

logous equation in 1141. 

It has been mentioned, that the equations jt~2=J1fiJ~J,/and 
j1 2~~ =Jt,&~i/ctescribe the change o:t' #1

and h as/' 2 varies, all ob­

servable quantities remaining constant. It is interesting that 

in the Yukawa theory (in contrast with scalar electrodynamics, for 

instance ) there are two solutions of these equations which pass 
through the origin of the phase plane of the charges :J. h . a~ 
Hence suggesting that the quartic meson interaction is generated 

by the Yukawa :t'ermion-meson coupling, we can consider h to be 

dependent on cr2 
• This dependence is actually given by the solu­

tion, passing through the origin. The f'irst two terms in the expan­

sion of h in powers of 3~can be obtained from (5) and (6): 

13 



h (tzJ = ,1 J 2 + f d 't + 0 (g '} ' 

ol= 'f= 
:;..<~+.2.1::!- .di3o( -96 

3 7.,1-2) 

9..:._:!:.'h~-~~~!:!-~L~!¥.!E!:~~-~~!!!!! 

The Lagrangian ol' this supersymmetric model is 115/ 

VJ - - a1 I 1 1 ) 2 
o<i,.-l =!JI.f'~-8~-jY.A'f"-~(A +B/ , 

where lf' is a !Jinjorana spinor1 A and 8 are scalar and pseudoscalar 

boson 1·ields respectively. The notation of renormalizations is the 

same as oi· the previous example. The calculation yields 

Zr = ::f 
? 
~ 
~ (f'll)lt 

It :z. 3-Zgr 
-.1 -..:f - + + ~-28 = "Z.r = :Zo -..:1 £~~t/:l '£2(?i<f 

{- ti 

If!~= _:12 W~f- - 96 -fr,.;~ 
},irst ol· all, we see that the Nard identities 1161 have proved to 

be valid at the two-loop level. Besides that there is an ultravio-

let stable fixed point in this theory due to the existence of ze­

ro in Jq'lat the point (f~• j! = : • The above expression for 

J(gLJ is applicable to an arbitrary scheme ol· renormalizations. 

Therel·ore the r{ess and Zumino model analyzed in the two-loop app-

roximation exhibits the finite asymptotjc behaviour. ·rne invari-

ant charge is a product of the propagators. Hence one can find, 

using the r(ard identity <:Js(Kv = f),.(<:) ' that the asymptotic 
-2 ::to 

behaviour of the Green lunctions is also finite. Indeed, fJ .-...,01" ilJB-

=[J; -c:J: _.L 2 
, so that Ql- const as 8 _., $- , and similarl)' 

for the 1·unction Q . In other words the corresponding Green func­

tion obeys the equality~QP!)bo. In both the Yukawa-type models 

considered above, by analogy with the scalar electrodynamics, we 

14 

put some external momenta equal to zero to simplify the calcula­

tions oi' the diagrams. The only requirement on the choice o~ the 

momentum dependence of the given diagram is to prevent the appe­

arance o1· the spurious infra-red diver~;ences. It is easily achi-

eved, I' or instance, 

.;:. 
in the :t'ollowing way 

'P ,'1( 

~ 
1(/ ',0 

It should be noted that it is only 't Hooft's scheme that 

enables us to make such a simplification without changing the 

results. 
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