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1.Introduction 

The spontaneous production or electron-positron pairs 
by a strong field of a superheavy nucleus has been of a current. 
interest in the heavy ion physics since 1945, when Pomer~nchu~ and 
Smorodins~ /1/ 'studied the problem of a relativistic electron 
mov~ng in an electric field of a uniform~ charged spherical shell. 
The numerical solution of the corresponding Dirac equation showed 
that the 181/2 state reaches the lower continuum once the charge 
Z of t~e shell becomes greater than ~ 170 /2/,/3/. The physical 
interpretation of this phenomenon was given in a pioneering work 
of Zeldovich and Popov /4/. They showed that when such an eigen
value approaches the lower continuum and the corresponding eigen 
state i8 vacant , a spontaneous (i.e., without energy input) 
production of two positrons at infinity occurs, while the region 
surrounding the nucleus carries the charge of two electrons. (In 
the quantum field theol~ one profers to choracterize this proces 
a~ a spontaneous decay of the neutral electrodynamical vacuum /5/ 
/6/.) Recently, after the experimental discovery of 'these sponta
neous~ produced positrons in uranium nuclei collisions /7/, /8/ 

the theoretical study of such phenomena has become even more 
important (cf. also /9/,/10/,/11/ and references given therein)~ 

In order to calculate the corresponding cross sections 
one has to study in great details the behaviour of the eigen
value (resp. of the corresponding resononce, when the eigen
value is already absorbed) near the lower continuum /12/,/13/. 
Herewith it is worthwhile to stress, that this is just the 
behaviour of the eigenvalue/ resononce of the corresponding 
Dirac Hamiltonian which has to be studied, since the rield 
corrections like for instance the vacuum polarization .remain 
small/14/. Also an approach based on the Bethe-Salpeter equation 
i8 not necessary /15/. So the spontaneous positron creation· 
by a strong external field is easi~ reducible to a c-number ~ 

problem, which requfres calculations involving the relativistic 
quantum mec~anics on~ /16/ (cf. also the review article /17/). 

A different motivatio~ for the study of the Dirac's 
eigenvalues near the continuous spectrum comes from the atomic phy
Bics. Due to the continued rerinement of the experimental techniques 

t 'I eg~!6HebH~a KHC~ 
) , 
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the atomic bindine energies with relutivistic effects }19ve to be 
ca LcuLa t ed with high ac cur-acy /18/,/19/. Hereby the threshold 

behav our j Le., the absorbtion of an eigenvalue by theí	 ~ 

continuum ) i13 of ~ particular interest. 

There is a lot oi' octivi ty in both the above directions, 
where the beho.viour of the Diro.c's eigenvalues nGar the upper/lower 

continua is investif~ted by various (more or less appropriate) 
numor í.cu L techniques (cf. /20/ - /27/ and references given there). 
On the other hand we know only i'ew work13 concerning the discrete 
spectrum of the Dirac Hatrí.Ltonian in a me t.hema t caL'ly rigorousí 

manner /28/-/32/.' 

The aim of the present paper ~s to give e rigorous mathe
rnatical approach to the eigenvalue absorbtion based on the Birman

Schwinger principle. Such an approach was already succesfully used 
by Klaus, Simon and other authors /33/-/37/, who studied the thres
hold behaviour in the nonrelativistic Schroedinger case. Since 
the ~chroedinger operator is nothing but a nonrelativistic li~it 

of the Dirac one, it is not surprizing that the same method works 
also in the relativistic case. 

The paper is organized as follows: The three-dimensional 

Dirac operator is discussed in full detail in Sections 2 and 3. 
In Section 4 we treat briei'ly the one-dimensional case, while the 

concluding remarks are contained in Section 5. 

2.	 Dirac operator in three dimensions - the upper continuum case 

L2(R3) ® C4Consider on	 the operator 

(1)HCt) = H + ~ V fO 

where HO denotes the free Dirac Harniltonian 

2 (2)
HO = -ie o( i~": +(> mc

Here 0('1' 0<2' 0(3' (!:> are the usual 4x4 Dirac matrices satisfYing 

,. the ,relations 

oi i ol j + o( j o(i = 2 S ij , o/.. i~ + ~ o( i = O , i, j = 1,2,3 

(we use the standard representation with 

X , O )
ft ( 

O • -X 

2' 

for concrete computations) , m I- O is the parlicle mas and c 
denotes the light veloci ty., In order to ignore inessential techni 
calities we suppose V ~ O, . V G c;o (R3) ,À. > O troughout the 
paper, though the exponential falloff will be sufficient. 

It is well known that tr(H ) = (J- (HO) = R'\. (_mc2,mc 2) •
O a.c. 

Since the potential V is relo.tively compact with respect to HO . 
V38/ ch , V, § 5.4) we get immedio.tely for the continuous spectrum 
of HCU' 

O- t Het) = e: H ()..) = cr-(H O)con . a.c O)
 
for 0.11 À • The discrete eigenvalues E i O.) of HO.) are contained
 

2
in the spectral gap (_mc 2 ,mc ) . Fix i and consider t.he À. depen
2dence of Ei(À) • In the region IEi(~)1 < mc (i.e., E i being 

an isolated eigenvalue) the problem is well studied wi th rigorous 
results going back at least to Rellich, Prosser and Kato /38/ - /40/: 
Ei C.t) is an anaIy tic function of).. • 

Our task here is to study the situation where as Â~i~> 
(;:1..1').':') some eigenvalue E is abs or-bed by the upper (lower) ...i
 
continuum
 

lim E. CU mc2	 (40.)
)..... ).: ~ 

2lim E..CU -mc .	 .(4b)
.1 .... x; .1

Since we have taken V~ O we cal1 the first case the coupling 
constant threshold, while to the second case we refer as to a "cri 

!icol" coupling behaviour. 
As is already mention~fr in the introduction the coupling 

constant threshold is well studied in the nonrelativistic case. 

But, although the critical behaviour of the eigenvalue near the 
lower continuum is decisive for the spontaneous positron creation 
in strong external f'Le Lda, there are not similar results for the 
Dirac equation. Due to	 the nonrelativistic limit one can believe 
that the coupling constant threshold for the Dirac equation wil1 
be similar to this of the Schroeding~r equation. In any case we 
must obtain the r-esuLts of Kl.aus and Simon /34/ taking the c-,)oo 

limito But things become complicBted for the critical behaviQur, 

while this phenomenon is of apure relativistic nature and has 

no nonrelativistic counterpart. 
Le't us begin with the	 relativistic coupling constant 

threshold c~aracterized by (4a) • Our main tool will be the 

Birmon-3chwinger prin~iple'41/,/42/. This principle says: 
"HCt) has an eigenvalue E().) with mu1tiplicity n if and
 

only if the operator KE = lVI 1/2 ( HO - E')-1 Ivi 1/2 has an eigenva 
lue 1/).. with multiplicity n ."
 

:l . 



The operator KE is usually called the Birman-Schwinger kernel. In 
our case ~ is a' compact integral operator on L2 (R3) ® C4• Let 
cfUi(E) denotes the i-th eigenvalue of KE 

KEf i =~i (E) fi • (5) 

Using the Birman-Schwinger principle we find that Ei(~) i8 deter 
mined by the equAtion 

À. 'Pi (E) = 1 • (6) 

Since as a rule KE defines an analytic family of operators for alI 
E~ C, oUi (E) is an analytie function of E. So in order to get 
Ei (Ã.) we have only to inverte the equation (6) 

_ -1 . 
E

i 
(;t ) '-#i (l/À), (7) 

Moreover the eigenvectors fi corresponding to óÚí. (E) are defined 
by the eigenvectors corresponding to Ei(~) 

fi = IV1 1/ 2 <fi' (8) 

where
 

Hc;U 'li = <fi
Ei().) 
(cf. /43/ ~or details). Thus using the Birman-Schwinger principle 
the investigation of Ei ().) is reduced to the invest1gation of 
~1(E) • 

Lemma 1: Any nonzero eigenvalue of KE is a str1etly monotone in

ereasing function of E.
 

~: cf. /42/ dA IdE - Cf IV\1/2(H - E)-2 Iv r1/2 f )1 - l' O i 

= (C H - E)-1 Iv11/2f (U - E)-1 Iv 11/2 f) O ,sineeO i' O i > 
KE fi =~i(E) fi ' ~i(E) :J O 

WlIlA 

Lemma 1 and the equation (7) imply 
li 

( 

dEiCU /dÃ = ~,À~11C1/.À)1 = - 1/;t 2 ( ~E dÚ iCE) / E=l/;t) 
-1 

~ O~ 
So the eigenvalue Ei (,~.) onee "b1rth" by the upper eontinuum deer.a
ses monotonieally wi th inoreasing;t and never r-eturns , Moreover 

~ ..Ei (J.'0.=x. is fini te and henee the eigenvalue eanno't rise from 
the eontinuum with an infinite slope. 

4 

In order to proeeed further we investigate now the Birman~3chwinger 

kernel in some more detail • Sinee we are interested in the behaviour 
2of K for E near me , it i5 eonvenient to introduee a new opera-

E +tor L~ defined as follows 
.~ (9) 
~ K~(m2c2 _ 'l(..2)fl,f. 

(We denote the eigenvalues of L~ as v:{~»): So to investigate 
2 1. +KE with E near me meana to investigate Ln wi th se near O. 

temIDa 2: L+~ forms a holomorphie family of eompaet operators for 
1'Je.1 < me. Consequently the eigenvalues Y~ (')c..) are analytie f'un

etions of ~ in this domain. 

2e 2
Proof: Using the faet that Hg = e 2 (- A + m ) we find /44/ 

2e2 2 2)
(H - E)-l = (l/e2) (H + E) (-Ó + m - E / e -1. (10)

O
 
So
 

o 

IVfl/'2(H _ e{m2e2 _~ 2') -1 \V\1/2
 
X o
L+ 

1/2(1/c2)IVI1/2 (R oYm2e2 _X21)( _~ + ~2) -1IVI (11)
O+ 

. ( 2) -1
depends analytiea1 ly on ~ for I~'.( me ,s1.nee - A + ~ 

1s a well-known integral operator with kernel 

(_ A + ~ 2) -1 (x ,y) =(, /41r ) ( exp (-;l: 'x - YI) ) / Ix - Y' • 

The compaetness of L+x follows d1reetly from the formula (11) and 

trom the assumption V 6 C~(R3) • wa 

+ -,+l/v i ,whera i are all nonzero eigenvaluesYÀ~ 

2
fLQ.Qll. sance 'V~ =Pi(mo'2) we ge t ).~. ~i (me ) == 1 • For
 

;l >).~ ,;l near ~ we .Iind

'" 1·P i ( E ) = 1 

ror 801118 E<: mo ,sinoe (Lemma 1) ~ i ( E ) ~s an inereasing funetion 
of E. Henee H(~) heI! an e1genvalue Ei(~)near mo

2 ror;l>;~ , for 

..hieh holds lim EiC).) = mo
2
• 

• 
D

J...., ).~ 

Conseguencoe: 
1/ Hel.) has no bound states for il amall enough (in eontrery to the 

5' 



one-dimensional case) • This follows immediatelly from the bounded 
+ 

ness of L~ =0. 
2/ For c~oo one must (due to the nonrelativistic limit) obtain the 

same "critical" coupling constants ~ as in the Schroedinger case. 
Using Lemma 3 it is simple to investigate the c dependence of ~~ • 

lnspecting the c dependence of L~=o we find 

\I~ (c) = "Y~ (Oc:> ) + Cf( , / c 2 ) • 

Thus
 
).+ (c) = ): (00 ) + rr (1 /c2 ) ,


i ~ 

with ~~(O() being the Schroedinger "critical" coupling constant. 
2So the first relativistic correction is of the order l/c , (cf. /45/). 

Decomposing L+ we find for small 't: 
~ 

L+ 
~ = L+ ;;te: L+

1 
~2L+	 (12)+ + + •••O 2
 

with
 
L+ = (1/4..". e2) tv!' 12 (HO + mc2) To \vt 1/2 (138)
O 

L+
1 = - (m/21Jr) I Y +><v+ t	 (13b) 

2)Tr; = (l/S'Jr e 2)1v 11 /2KH + mc - Ú Im)TOJ lv\ 1 /2, (13e)o 1
 

where TO' T1 are integral operators with kernels
 

TO <.x,y) = 1/ l x - yl 

T = Ix-YI1(x,y)

respectively ,and ty+) <y+t denotes a rank-one operator ae t í.ng as
 

• + +	 +( +
Iv ><v I ~ f ~ v t,v)
 

.. ith v+ given by y+ =. (Iv1 1/2, tV1 1/2 ,0 ,0 )
 

,The 8tandard perturbation theory impliea now
 

+ + + + 2 3)
~emma 4: V i (~) = Y i + ~ + + eTc... ~ ,where8 i	 bi K ,. 
;1/ aI:lE -(m/2'1r~({~~,1(X) V(x) d3x ) 2+(s.'(t , 2(x )V(x ) d3x ) 21I U IvI1/~'f:tr 
.." (14) , 

with Cf+i =('ft l' ~ 2' r~ 3' rt 4) -be1ng the sólution of tà. , , , , 
"eritical" Dirac equation 

2	 2 
, ( -ico( i~X": + ~ me + ,A. ~ v(XV~ = mc crI
 

L2( 4
(n. " is the ordinary RJ) @ c norm ) 

6 

iil lf a~ = O , then b~ = CIVI 112 r~ ,r; 'V\ 1 12 <f:) I" IVI 112lf ~'I\ 2 

iiil lf y I is degenera te of mul tiplicity n then for se near O L:' 

has exactly n eigenvalues Y~ 1' ... ' V ~ near V: which are , ,n ~
 

analytic in ,;e • Moreover
 
+
Y:	 .[ól<:.) = -V: + a .. ~ + b: . de? + O(Je.3 ) , 

~,J ~ ~,J ~,J 

where a:	 . are zero for all j but one. 
~,J 

Proof: eonclusion il follows from (12) , (13) and í'rom the first 
order per-t.ur-bat í.on theory. Conclusion iil is' just the second 

order perturbation theory, where one uses the fact that 1,7is of 
rank one. Conclusion iiil í'ollows from the degenerate perturbation 
theory. The numbers a: . are eigenvalues of Pi L+ ,where P. 

~,J + 1P;.L • ~ 

is the eigenprojector which corresponds to v i. The operator 
L7 is of	 rank one and this implies the resulto bD 

The Lemma 4 represents a starting point for the further inve

e t í.ga t.í.on of' E i(;{ ) near À.~ • Knowing the ~ dependence of V~(Je.) 
we can solve the equation 

-Y~(~)	 = 1/;t (15) 

obtaining	 in such a way 

zei LU	 = (\/: ) -1 (1 I À ) • (1!)().,) 

The ). dependenee of Ei (). ) is then fiven by 

E. (). ) = c Vm 2 e 2 - ~ (À. ) \	 (16) 
~	 ~ 

Theorem 1: Let À ~ is the coupling constant at which a unique 
and nondegenerate eigenvalue Ei(~) approaches the upper continuum 

Um E. O .. ) = me? 
, ~ 

Let further ~: represents the corresponding solution of the 

"critical" Dirac equation 
2 2~"	 C-ie.( i ~Â + ~ me + )...~ V(x »)lf;. = me lf ~ 

and a~ is given by the expression (14). ~hen either 
2case AI	 a~ ;. O in whieh case r~ f. L ( R3 ) @ C,4 , Ei{~ )i8' 

analytie at ;l: and 
~ 

(~ _ ..l~ ) 2 
E (J. ) = mc2 _ + 0(0. -;.: )3) <. 17)i	 2m a~ )..2)..: 2 

~ 

7 



or 

case B a: :: O , in which case Cf: b L?CR3 )0 c4 , E. ().) s notã 

~ .
~ + ~ 

ana Iy tic at ).. and 
~ 

+ __ ).  ;Z:
2E ().) mc + ~_).: )3/2) , (18)
i ,.., b+l 1+ 

~ m ( ',Ai 

where b: < O i8 given in conclusion iil of Lemma 4 • 
If n eigenvalues (counting multiplicity )Bppro~ch simultaneouslJ.' 

the upper continuum for ~-7): then at most one oí thero is in the 
~ 

case A. 

Proof: Case AI Since ~~ y:{~.i:o :: a: 1= O (Lemma 4) we 

find that :.t:./,l) given by (1 5a) is analytic a t ~~. Hence Ei (;l) 

is anal;) tic at ).: and the relation (17) follows dirrectlJ.' from 
2 4

(15) and (16). Thu~ i t remains to prove that 'f ~ 4:- L ( R3 ) G9 C • 

Using the beautiful result of Klaus and Simon (see Lemma 5 below ) 

we have only to show that 

lim 
;l...., ).1 

EiC.l) 

).

- mc 
2 

).: 
~ 

:: O 

which 1s trivial. 

Case BI Lemma 4 yields now 

Ei 
2 

- mc 
lim 

Â. ~;l: J.  ).: 
~ 

::. (1 12mb~ J. ~ ) ~ O 

So (Lemma 5) <f ~ E- L2CR3) ® C4 and the relation (l8 ) follows 

again fro.m (15) and (16) • Thus we have to show that b~ < O and 

that Ei(;t) is not anaIy t í,c at ):. b: cannot be. zero simultane
+ + + ~ + + + 3 

ously wi th ai. If ai = b i :: O then V i (x..) :: )) i + c i se. +. • 

which implies .
?;: _). \3/2 

Ei CU :: rnc + •••2 
112m ( ):c:':l ~ ) 

, But this 1s not possible, s ince Ei ()..) rises from the upper continuum 

with a' finite slope (Consequence of Lemma 1) So b~ r o • Solving 

the equation (15) we find 

! (1O-~) ~~ -.J. )'/2 + (19 ) 

Since H(;t) has an eigenvalue for). > )..~ t ~i{)..) must obey 1461 

Zi l;t) 

H 

'é/e .t;t) >. O for;t > .:::t: , which impUes the negu t i.v i ty of b: • 
~ ~ ~ 

It remains to show that Ei{;l) is not ana Ly tic at J..:. Since E/~) 
is g í.veri by (15) Vle have to show that ~f (À) is not aneIy t c atí 

.tZ ~ • Due to (19) we have: x.~ (;t) .i s anaL; tic at;t: ~ ) 
'X.;O.) :: (;t- ).:)1 /2f L t ) w~ere fel) is a functio~ anaIyt c atA:. 

... ~ + 
í 

~ 

Since Je. mus t be real for;t >1. (ll ()..) has an eigenvalue for these 
~ ~~. 

A ) f (;t) Ls an analytie function wi th r-ea L coefficients. Hence 

~ /)..) is pure imaginary for )..<;t: and corresponds in such a 
way to an eigenvalue imbeded in the upper con t í.nuum , Dut i tis, kno. n 

that HO.. ) has no imbeded eige-nvalues for VG:-CÕ(R
3 ) / 47 / . 

The degenerat~ case follows from the conclusion iiil of Lemma 4. 
l7l/lA 

Lemma 5: (Klaus and Simon) Let i\. and 13 are tv-o s e Lf'<ad.jo ârrt opera

tors and B is relatively A-compaet, G ~ ''0. Suppase t.ha t A has B 

gap in the spectrum, i.e., there are numbers a and b , B < b , such 

that a,b IS- tí'-(A); (a,b)cfO(A).Let further Ef;t) be an eigenvalue 

o f the operator A +;L B Lí.e í.ng in 'the spectral [:Clp (a,b) ,El)..)é-(n,b) 

and suppo s e that for ;t:: .::tO the eicenvalue E (;t) apor-oache s the 

gap enàpoint b 

Um E{).) :: b 
).~).." 

E{).) - bThen b is not an eigenvalue of A + ÀOS .( ~ lim O. 
,l.~;le. J. - ).0 

Proaf: 'Ihe Lemma was first proven by Simon 14'01 for semibounded 

aperators A. In the peneral case the proof was done by Klaus 14?1 •.. 
Of course there i8 nothing speeis! about the Iloint b and we could 

have taken a as well. 

Remarks: 

li Taking the nonrelativistic limit·we [et for b~ 
"'" . ""'+-' "" + ~ 

d 3x d 3b~ :: Um b: :: (m/41rX( [V(X) r· l(x) .Ix - y\ 'f. l(y) V(y) y . + 
... c~oo ~ i~;) ~, ~"
 ( /lJ "'f.. '\..t + 2 ]
 

+ i< 1 V(x)l.f. 2lX)\x-Yll(i2(Y)V{Y) dxd3 y 
1\..... íl,) ~~ ~~ f\, '. 

wi th Cf ~:: n Um Cf: = ( lf: l' 'f -: 2' O, O) ,which is jus t the ') 
... (:~- ~ ~, ~l 

result obtained by Klaus and S~mon for the caupling canstant thres 

hold in the nonrelativistic case. 

?I The Theorem 1 can be reformulated in the ter~inolo~' usually used 

in the. scattering theo~ 1~9/. In the case A a single nondegenerete 

9 



~ ,
 
Klaus I?BI has shown, that the eigenvalue Ei(~) moves throu~h the:eigenvalue approaches the upper continuurn as ~ ~ ). ~ and t ur-ns into 2)speetral gap C-me? ,me ~n an orderly fashion with inereasinc À endan antibound (virtual) state for ;l < ).~ , while in the case B 

1 ' do not stuek. In faet he showed the following:an bound and antibound s t at e eollide for). ~). -: produeing a resonan
+ 1 

ce pair for /1.. < ). i. 
" Let E O.) be an eigenvalue of H().). 'I'he n there is a eou

pl.rng eonstant 
i 

). -: , ).. -:< C"'O such that E. Llo) ~ 
2)

-me? as
Thin~s become more simple for a spherically symmetric potential. 1 1 1
 

;1.-7 .J.; (1.e., the case lim E.O,)= a E-(-me? ,me is prohibi 
1Using the SPheri(cal co;;~\nns. :ne geta for 'fJ~ 1511 ... ',00

ted)." »< 

+ ;], ,m f'.- l~,

'fi =,.., '. 1 = 2 j - 1, (2 O )
 50 any eigenvalue of" H (;t) will be (sooner or La t er J absorbed by

(_1)(1+1-1)/2 g(r) D . ~ 
J,l,m the lower continuum. 

Following the upper eontinuum case we introdueeJ
where n· 1 are the two component spherieal harmonies
;], ,m 

ai = (m/?1r {(rr~, 3(x) V(x)d 3x )2 -C (3r~ ,-4(x) V(x)d 3x)2J II/Iv,1 I?Cfi 11 2

(~ y 1,m-1/2 ) ~~ 1J.: (21)
j 1 + 1/2Dj,l,m 13 _,m i b~ = (I V,1 12Cf i ' r.; I V,1 12Cf i ) I /I Ivi 112Cf i 11 

2
1 (>: ) 

2J Yl,m+1/2 

where 'f-: = (Lf-: l' r-: 2' r-: 3,·r-: 4) solves the "criticaI" Dirac
1 1, 1, 1, 1, _,r3 - -m +--1' equation ~ 

2
~' ;:'J + 2 Yl,m-1/2 ) ( -ieo( i'Ox' + .;Sme? +).1 V(x»)Cfi(X) = -me l.f i (x)

j 1 - 1/2 •...oj,l:m ( 1 and ~ 
v~+ 1 2?J +~ Y l,m+1/2 L; = l1/B'íTe2)lv}1/2[CHO - me ) T1 +(1/m)To] IVI1/2. (23) 

The Birman-5chwinger principIe yieldsInserting (20) into (14) we find 
O , 1 = O
 

+
 
ai mL[ 

o.., 

V(r) f(r) r 2 dr1 2 
_ " 1 O, 

- t2 2 r 2 dr 1heorem 2: Let a unique nondepenerate eifenvalue Ei(~) approachesf- 2'iTJ V(r) (lf (rH + Ig (r)l )
 
<J the lower continuum as )..1' ). -:
 

2 180 s-waves are ~n the case A while 1~1 waves are in the case B. lim E. ( )..) = -me 
;l~)..7 1As we will see in the next section, the situation changes for the Then either ~
 

lower continuum.
 case AI ai f. O , in whieh case Ei ( ), ) is ana Iy t í,c at ).~ 
cf i 4:- L?(R3) ®c4 and 

(). - ).~f 
E -me? + ~( (~ -)i) 3 ) 

i 2m(a~)tli/ ;l?
3. Dirae operator in three dimensions - the lower continuum 

or
Let us now investigote the situation when an eigenvalue Ei(~) 

case BI a~ = O, in which case bi > O , Ei ().) is not analytie at 
,.reaches the lower eontinuum as .J. /'1 J. i \. L2(R3) ® c4;(-: Cf ~ E andj , :;lr

• lim E. = - me ~- "li2 1 

2 + (C). - ).i ) 3/2).,;t~).~ 1 = _me ~ EiAs already mentioned in the introduction, once such an eigenvalue 2mb~;(~ • .1
 
reaches the lower continuum, the system beeomes unstable and a spon
 Ir n eigenvalues (eounting multiplicity) approach the lower conti 
taneQus positron creation occurs. The lifetime of tQe supercritical

2• nuum for À~)Li ' than at most one OI them is in the case A. 
system is closely related to the behaviour of Ei (;t) near -me 

)0 I ) 



11 
" 

Before provinr the theorem ? we derive an analogue of the Lemma 4.
 
Starting with the Dirman-Schwinger kernel Kt we define a new elass
 
of operutors
 

L~ = K _e(mce2 _ ~2)1/2 

'I'he same argument as in the upper eontinuum case imp~ that L~ 

form 8 holomorphic f'arn í.Iy 0r operators for l~l.( me. Consequently 
t,he eif,envalues V ~(Jc:.) of LJc. are anaIy t i c functions of ~ • 
Decotnpos í ng L~ V/e find for ClC sme I L J

~fj 
I 

r.- - - 2 L K = LO + iJe.L1 + se. ~ + ••• 

v:here LÕ' L~, Sare Hilbert-8chmidt operators defined as foilows 

LÕ = (1/41re2)IVI 1/ ? (lIa - m(/)To/VI 
1/ ? 

J. 
L~ = (Q1/?7r)Iv-><v-' 

with v- = L.o,0,IVI 
1/?, 

/VI 1/2). (L; is defined b;y (~3)) The pertur
bation theory ;yields 

y -) y- - '. 2Lemma 6: i {~= i + ai »« + b (}e. +...i 
where ai is fiven by (~1). If ai = ° then bi is [iven b~1 (22). 

'rr Y i is a degenerate e í r-enva Lue of L~=O with multiplieit;y n 
then L~ has exac t Iy n eigenvalues (eountinr, mul tipliei t;y ) 
Y:- ,(K-) , j = 1,2, ••• ,n near V"': for de small. All these1,J 1 

eigenvelues are analJtie at ° and 

'v"": .(~) = V-i + a"': . Je + •••
J.,;) J.,J 

with.at most one eoeffieient nonzero.a i j 

Proof: See the proof of the Lernrna 4. The on Iy modifieation needed 
-,-- '+ 
is to r-epLace L~ by LJC. 

Using Lemma 5 and Lemma 6 the reader ean prove the theorem ? 
in the same manner as lhe Theorem 1. Again:there are no eigenva
lues imbeded in the lower continuum. 

..' VIl, Inserting the deeomposi tion (20) into C? 1 ) we find for a I . spherically syrnmetric potential 

{: for lot>= 0,2,3, ••• and for 1 = 1, j = 3/2 
ai = m f.. Ver) g(r) 1'2 dr

for 1=1,
2~ fer)6ffr)12 +\g(r)12) r? dr

j=1/2o 

12 

80 only the P1/? states are in the case A wh~le all the other sta
tes belong to the case B. The fact that the P1/? states cease to 
be quadratie integrable when approaehinf, the lower continuum was 
already asserted in /51/, but it was not reallJr proven there. The 
behaviour of the eigenvalues in the spherieally s;ymmetrie case is 
sehematieally shown on Fig. 1. 
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Paraphrazing the theorem ? in physieel terms we get the 
following image: For ai 1 O case A the e~genvalue epproe
ching the lower continuum tur~s into an anbound virtual state. 
For ai = a case B the eigenvalue eollides with en antibound 
state et -me 2, produeing in such a wa;y a resonanee pair or more 
resonanee pairs in the degenerate case in the supereritieal 

regime. 

4. The one-dimensionel case 
Let us now briefly diseuss the ona-d ârnensLonaL Dirac 

equation. We show that the only possible behaviour is this of the 
type A for the upper as well as for the lower eontinuum. 

The one-dimensional Dirae Hamiltonian is defined on the 

Hilbert spaee ~ = L2 (R)<íD C2 by 

H(;l) = H +). V
O 

,la 



where
 
H = -ic o- d/dx + mc2 O'-O x z
 

(o-,tr are the standard Pauli matrices) • We suppose again
x z
 

VE: C;'{R) and V~O for simplicit;y.
 

The Girman-Schwinp,er kernel reads now
 

K IV/ 1/2 ( H - E)-1IvI 1/ ? =(1/c2)IVI 1/2( H + E)·
E O O
 

(_ d2/dx2 2c2
 . + m _ E2 / c2 ") -1 I Vil /2 , 

where (_d2 /dx2 +;;e2) -1 is the well-known one-dimensional
 

Schroedinger resolvent defined b;y the kernel
 

(_d2/ dx 2 + :K-
2) - 1( x ,y ) = Q/?~)exp(-~Ix _ Y\). 

(The one-dimensional Dirac resolvent t s ca LcuLa te d in full details 

in /52/,/?J/.) Introducinr, the operators L~ 
1:: 
L~ = K.t c(m2 c2 _ s« 2)1 /2 

we .get the following natural decomposition 
+ 1- +

L- = L - + r.:
;c. 1,~ c,~
 

1
where L1,~ is a rank-one operator familJ1 wi th a pole at ~ = O 

.... + t
L- =(m/~) 1v - Xv I
 

+

with v l'ê1vI 1 / 2 , O ) ; v =( O, IvI 1/2 )
 
and
 
+ 

(1/c2) \VI 1/ ?( lI t c(m2c2 _~2)1/2)K(iIC.~vll/2 +S,k o
 
( 2 2 2)1/2
+ m c - ~ - me \ + - >-} + - \2c;>c v + v <.....,.V + v • 

Here K(~) is an integral operator on )( wi th k;rnel 

K{ ~,x,y) = Ce~,p0 ~Ix - yl) - 1') / 2~. + 
The operator L~ decomposes in such a way into a part L; ~ 

which i5 holomorphic for ~ near O and a part L~)c whi~h is 
singular at O. As we will see later, this sineula~ part is 

r-es pons i.b Le for the coupling constant thresholf, at ~ = O. 

Lnve s td ga t nr the eigenvalues yt(~) 01' L~we ge tí 

( 

Lemma 7: There i5 exactly one nondegenerote "gr8at" eir,envalue 
v~·{ac.) which behaves like 

, Y1±(~) =:+ C.m/~) fv(y)~ + 0(1) 
il. . 

for~ small. All the others elgenvalues ar~ analytic at ~= O. 

..
 

Proof: Since L1: x: is bounded forl:.c.l< J ( L -~ ;K. - z)-1 exist for2 2
 
Iz I > R = 2 max /1 ~ ,:lC." . So '
 

±. )-1 ( f:t:. )-1 t: )-1(:f:. -z )-1( L)t:.. - z =. 1 + l...L2 a:.. - z :;1::... ~ ~ (24), L1 , , 
l:' -1 (and we find that all the poles of ( L~ - z) and hence the eigen

:to
values of r.;~) are determined by the term 

t: -1 t )-1( 1 + (L2, ~ - z) L,,'Jc. 
for those z , Since L~ 1(: Le 01' . rank-one we have
 

, 4- - 1
,:1 (1 + (~ '- - z )-1 ) ::: -1~ <lC
,~ I 

1 
( r.~ z)-l Li:.;.. c,~ - 1.~ 

1(m/4)C.)(CG"'Z±.1) Iv/ / 2;(ri ,x.. - zy' (O"z 1: 1)IVl 1/2 ) + 1 

t t
and the eigenvalues of L for which hold Iv. (~)~>R are determi 

~ 1 . 
ned by 

f1:(z) =t(m./4~)(\VI'/2~z1.1),(~tl~- z)-1(Ô" z1t)lVI 
1/2) = -1.(25) 

... 
Since f-(Z) ia a monotonic function 01' z 

f!(Z)' =~(m/4)(:.~V/ 1/2(6'- ~t. 1), (~~~ - z)-2r...Qvz t. 1)lv\1 /:?) -2 O 

we find t~at (25)has at most one solution. Hence there is at most 

one eigenvalue V i (le) I Iv: (te)) >R for hoC I <. J . 
Decomposing (~+ ~ - z)-l into a geometrical serie 

(Lil')c. - z)-l = -(l/Z)( 1 -(l/Z)r;,~)-l := -l/z + (1/z2)r.;,~ + •• 

we tlnd 

f:t(z) =±(m/ók.z)f~(Y)~ 1:: (m/4~z2)(lV1l/2c!z i l),S,~~t. 1) Iv} 1/2 ) -1: •• 

and :troa (25) flft81~ . 

z ='!(J:Il/~){V(;Y)dy + 0[-1) , 
which proTe. th. tlr.t pert of th. lemma. 

I t r~ins to ehOW that th-e relllaining e igenvaluee are analy 

tic at O. From ~h. aboi. analy81. it 10110w5 immediatelly, that 

they are '~l.rithanRt"I:}yi(~)t<R. I i)l, 1t<1 (. S. 
So we ean iptroduce tbe op.rator proje~ting on the elg.nBp~ceBt .. 
eorrespond1ng to ~1 C~) , 1 > 1 'b1 /34/,/38/ 

p:t("1~ :11' Ü /21)" i) c6r L~ _ ;)-1 dz • 
i: Jl.t"'· 

The operator K. P (-.) L~ P (.c.) 18 ana13tic fOl' ~ ln ther"' ""':I:'
punctur,d ne1ihbourhood of O aDCl ll!l bounded tor 1:.. ::a O. .So L..c. 

11S analytle at JC:: O.Slnce the eigenvalues vt ()C) , ~ >1 of L~ 
are e:xaetly the same 815 those cf.!~ , thelr a.nalyt:'oity at O ia 

proven•.I I 
15 
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'fi , 2 :: e

Let now E ().. ) denotes the i-th eigenvalue of H()..) • The 
i for \xl--~ 00 (e,b,c ora some constants). So r~ is n~verBirman-Schwinger principIe tells us, that the À dependence of 

norroalizable and th0 IQeus-Simon lemma imply E (.4 ) ia managed by the se: dependence of -V i (éK.) (cf. (, 5)
i Ei O.) - me 2 

and (1'6). We obtain in such a way lim o (26))....,).! J. - .1~ 
Theorem 3; Let the eigenvalue E{À) appr~achea the upper (lower) 

continuum for /1 ~ ,1 ~ (;t fi ? i ), ).i f. O 
2lim Eil)..) = tmc •
 

)., )..±

.oi + 2 "" ( + '\2 i. 3 'j

Then EilÀ)is analytic at).1 ' Ei().) =t mc +" Ai ).-.:ri ) + 0o.-Ji) 
w1th li > O and ~ mc2 is not an eigenvalua of H().i)· Moreover 1 

there is exactly one nondegenerate eigenvalue E,(Á) approaching 

the upper continuum as ;t. --3> O 
2 

~
 

E ( ;l) :: mc - ~ (~ V(x)dx)2 + "•••
,

E, ().) la analy tic at O. 

Express1ng the Theorem 3 schematically we get the Fig. 2 

_me2 
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~We prove the upper cont1nuum case only. Solving the "criticaI" r' 
\ 

Dã r-ac equation Hr).~)'ft :: mc2lf~ we find tf t ::( r~" ' r~,2 ) 
with 

a + bxf~" 

16 

for alI i • In order to prove the analycity of' E.()..) at;z.~ 
1. 1. 

we apply the Birman-Schwinger principIe. Using the relations (15) 

and (16) we s ee that 

E. (,:U = c~m2c2 - ae~ C~) 4 
1. .1. 

where ~. solves 
1. 

)..·Y~(~) 
1. 

So e: f)o.)= (-V:) -, (, /).. ) wi th v" being an ana~'tic f'unction
1. 1. ' 1. 

a t O (Lemma 7) 
)) + (~) :: Y: + ai

+ 
a:::: + b+ Cle2 + • • •i 1. i 

Moreover regarding (26) we have 'C. O, )~ C (.Á - ;t :) wi th C f O 
+ d ... 1 + ~/ + 1.which imp;1.y ai =t O. Thus d3C. y i ~)/K= O· = ai f O which y í.eLds 

the analyticity ofôCi Cl) at "'~ and hence th~ analyticity or Ei <íU 
The second part of the lemma is an easy consequence of' the first 
part of the Lemma 7 

5. Conclusions 
As we can see from Theorems 1,2 and 3 the behaviour of' the 

t;ype A is generic. It is the only possible "threshold" behaviour 
in the one-dimensional case and it occurs also in the three
dimensional case unless a c~rt8in integràl involving the solution 
of" the "criticaI" Dira~ equation vani~hes. This has some dirrect 
consequences f'or the spontaneous positron creation in supercri
tical fields. It means that in the generic case the spontaneous 
positron production occurs alread;y for the criticaI coupling 
~ = ;;: (The corresponding wavefunction de localizes f'or 

;1 = ~i It was sometimes conjectured in the literature /17/, 
/54/ that such a delocalization takes place only f'or,Á '> ).i 
while the solution of' the "criticaI" Dirac equation remains 
quadratic integrable. As we can see, this conjecture is true only 
for ap?erically symmertic potentials (but not f'or P,!2 states), 

17 



where B non-generic behaviour of the type B occurs. ~oreover in 

·the f,eneric cose the bound state turns into a virtual state for 

). > ).. ':" (E. C~.) is anaIy tic at ).,':") • So there is not a non
1. 1.	 1. 

zero resonant peak for spontaneous positron production in the case 

A for). >). i and). -;ti srnall e nough , On the other hand such 

a peak exists in the case B as observed for instance for the sl/2 

absorption in a s pher-Lca LIy syrnmetric square well potential /17,p.?591. 

Unfortunately, the Birrnan-Schwinger principle is not 

applicable for CouloIDQ potentials. The reason is that the continu

ous spectrum of K is not amp ty in this c as e see /55/ and soE 
the above ana Iy sis breaks down. (The quantum electrod;ynsmics is also 

not applicable in this case since the Bogolubov transform does not 

exist in a rigorous mathernatical sense /55/,/56~) Similar difficul

ties are present also for peneral long-range pot~ntials, where some 

new phenomena , like for ins tance the accumulation of eigenvalues 

near the	 upper contlnuum , arrear. The difficulties connected with 

the long-range forces (which are cumbersorne for the rigorous mathe 

ma t c aL treatrnent) were recently reduced by replacing these potenà 

tials	 by a surn of separable potentials /57/,/58/. It wes shown 

that this approach is able to reproduce many aspects of heav.y ion 

collisions. Therefore it seems that the restriction to short~range 

potenttals, which is crucial for the Birman-Sclwinger approach, is 

not very essential from the phys LcaL po í n t of view. Using these 

potentials one can describe the spontaneous positron production 

as well as b;y lon[,-rance ones. (The Bí r-man-Schw í.nger- principIe works/ 

of cOQrse, also for separable potentials.) 
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me6a n. 
~paKOBCXHe COOCTBeHH~e 3HaqeHHR BOnH3H 
BepXHero H HKEHerO KOHTHHYYMOB 

E2-86-808 

COBpeMeHHOe Hccne,o;OBaHHe 38Aaq BO BJremHHX nonRX DpHBeno 
K HSyqeHHm nose,o;eHHR c06CTBeHHWX 3HaqeHHH onepaTopa ~aKa 
BdnH3H BepXHero H HUXHero KOHTHHYYMa. Ooc~aeTCR TaKKe CBRSb 
SToro nOBe,o;eHHR C npooneMoA pOEAeHHR n03HTpOHOB B HHTeHCHBHWX 
BHemHHX noma:. 

PaOOTa BMnOnHeHa B na60paTopHH TeOpeTHQeCKOA ~3HXH, OHRH. 

Coo6weHHe ()fiJ.~oro HHClHtyTa JI,IlepH~x HCcne,o;OBaHHH• .Qy6Ha 1986 

Seba P. 
The Dirac Eigenvalues near Upper and Lower 
Continuum 

E2-86-808 

Recent interest in external fie14 problem led us to investi
gate the behaviour of eigenvalues of the Dirac -operator near 
the upper and lower continuum. The connection with the sponta
neous positron production in superstrong external fields is 
also discussed. 

The investigation has been performed at_the Laboratory 
of Theoretical Physics, JINR. 
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