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1. Introduction 

Thi~ is th€ third part of the p~per devoted to ~nalysis of a Lee-type 

decay modelo The preví.ous parts/ 1 ,2 / are referred t o vhereaf t e r as I 

and 11 , respectively. The model Ls d-es or í be d in I , whe r e i t s Galilean 

invariance has been proven. In 11, we have sep2r~ted the centre-of­

mass motion ; then we heve sn0wn that the reducec res01vent of the 

Hamil tonian has just one simple s e c oud c s he e t po I.e z =.À.- - ier for p p p 
srna Lf enough values of the coup L'í ng cons t.an t g. 

~ere we continue the analysis, with the m~in at~ention concentra­

ted on the -r e duc ed evolution o i erator a nd t'he decay La w., It can be 

checked easily that these tv!O functions are ex r.o n e n t í.a.L if one repl"a­

ces the (analytically continued) r-ed uc cd r es o Lv en í, by the pole term 

of its Laurent expansion. 6ur aim ia to estirn&te how accurate suct an 

approximatlon could be. In order to get bn explicit bound on the non­

exponential co r r ec-t í ono , we roust require the function v addi tionally 

to have some mild regularity propertiea. They serve us to prove some 

technical lemma8 collected in Sectior. 2, which are used afterwards to 

derive our rnain reBults, in particular, the e~timate expressed by 

Theorem 3.2 . ~s a consequence of this result, we obtair. in Section 4 

bounds on the deviations of the decay law frorn exponentiality, and on 

the difference between the actual deca~ rate and 2d p . They give no 
~ 

restriction for very small anã very lbrf,t times, but between these 

two extremes, they CDn be used in th~ w88k-coupling limit,. being pro­

p or t ona I to g4 a nd p,6 , re s pe c t ív e Ly . This f'a c t in turn justifiesí 

validity of Fermi golden rule for our modelo In conclusion, we comment 

cn another estimate of the pole-approximation error which could be ob­

tained by adapting the method used by Demuth/3/ for the Friedrichs 

model ; we compare the two cases. 

The next part of the pbper will desl with spectral concentration 

and with the scattering theory for our modelo As earlier, we refer to 

formulae, theorems#ete. of the preceding pRr~s by adding I or 11 to 
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their number. However, a comment should be rn~de. For the printed ver­

sion, due to appear in Czech.J.Phys.B, the material has been reorgani­
zed ; in the original preprint version the part 11 was just a short 
addendum. We make references hure to the	 definitely shaped text ; hen­
ce (11.2.9) means the formula (1.4.9) of	 the preprint version, Theorem 
11.3.6 cor~esponds to 1.5.6 in the preprint version,etc. 

2. A few lemmas 

Before formulating and proving the main result, we need aome technical 
preliminaries. Let us mention first the asaumptions. As we have remar­
ked, we must add new requiroments to those used in 11. In order to 
make thk exposition self-contained, we present the full list ;

I"". t 

Assumptions 2.1 : (a) v is rotationally invariant, v(p) =~l(P) for 
"2+2 :t 3'aome v 1 e L (IR ,p dp ) and alI p s IR ,	 " 

(b) for brevity, let un introduce the functions v " 2 pv2: 2(p) =Iv 1(p)1
a~d : v3(~) = V2(~) . Then we assume that v can be conti ­v 3 3 
nued analytically to a region fl C C whose intersection with. IR 

con~ains the point E, 

(c)	 ~1 (J2IDE) +° , 
'" 2(d ) ~here io,a positive C1 such that IV 1(p)] ~ C1 ' v2(P)~ mC 1 and 

Iv~(p) I ~ C1 for alI p e: (0,00) , 

(e) the region Jl, in (b ) is such that .Q:> (0,00) 

(f) in addition to (d ) , we.have mlv;(p)/=5;C 1 for alI p€(O,oo) 

Noti~e that if (e) is valid, then the assumptions (d) and (f) are in 
fact reBtrictions to the behaviour of ;1 in a neighbourhood of the 
pointe O and 00 only. 

Our main concern ie the function r defined by the relatione u 
(11.3.4) and (11.3.5) which characterizea the reduced resolvent, 

1ru(z,H ) = [E- z ...g2G( z )J -	 ( 2.1)g 

where 
00 v (p) JCO v (..>.) 

G(z) = 4~ J ~ P dp = 4:tm ~ d~ (2.2) 
O z_L O 

2m A 
and ite analytic continll8tion rll(.,H) from the upper halfplane ,,+. 
E tz : Im z> OJ to q:

+ U.n. referring
g 

to the coneí.nuatí.on GJ} of G ­
cf. (11.3.11) and (11.3.15). For siaplicity, we shall drop moetly H g
writlng ru(z) instead of rll(z,H ) • Now we are going to deriveg 
a series of four lemmaB. 
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Lemma 2.2: Assume (H) and (d), then the inequality 

I G(~±i~)1 < C2	 (2.3a) 

holda for alI ! €. IR. and ! ~ O , where 
2+1

2 2/3[ 2 2/3 (2e )4/3 4/3Jl/2C2 = 4.11' Ill. C1 m C1 + 9 ~ 2 2 11 vII (2.3b) 
,,2 e Jt 

Proof: For any z € lI:"IR , we have 

G(z) = G(z)	 (2.4a) 

so it is possible to restrict to the upper sign only. The relation 

(2.2) gives the expression 
00 . J (x+i"l)v3(x+j)

G(J+l.~) = -4Ji'm 2 " dx
 
. _1 x + ~
 

which makes it possible to estimaté the imagin~ry part immediately, 
O() 

2	 221 ~ .'	 (2.5)[Im G(J+i~)1 ~ 4".m C1 2 2 < 431' m C,
-J X + ~ 

The real part is more difficul t to ma na ge , We choose a number a> O 

and distingnish four cases : 
(1) J ~ a ,: then we s pLd t the cxpression for Re G(.f+i1) into thr.ee 
parts, 

Re G(!+i~) -43rm{J<-J,-a) +J(-a,a) + J(a,oo)J	 (2.6a) 

where 
c xv,(x+j)

J(b,c) J 2 2 dx (2.6b) 
b x + ~ 

The first and the third term can be then	 estimated as 

1 00 IIv 11
2
 

\J(-r,-a) ... J(8,4X)1 ~ ã J v 3(x+K) dx = 41ma
 

-J 
Since the function v ia real-vallled, we have v 2 (.J2iil(x+S» =v2 (J2IDj) +2 
+ v~(J2m(j+~»<J2m(x+f) -j2mj) with ~	 between O and x, so 

a x 2mx 
IJ(-a,a)1 s J Iv~(J2m(í+~»I22 J2ID( x+j') + J2mJ dx < 2C1J2ma • 

-a . x + ~ 

Together we get 

IRe G(j+i1)1< illv ll2 + 8JrmC 1J2ma-	 (2.7a) 

3 
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Ui) O~f<' a : in t.h í s oa s e wc r-e p l ace the curLy bracket in (2·.6a~ 

by J(-i,I).JCf,a)~J(a,~). The first and the last integral can be 

estimated as ahov~, 

IJ(-j',j')f< 2C,~ c 2C , J 2ma 

and 00 2 
1"	 J Ilvll

IJ(a,oo)/ ~ ã V 3( X1j ) dx < 4Jl"ma
 
a
 

Fina-Ily" for the mi dd Le term \/e get 

!:I a 

O ~ J(j,!:I) ~ c, J TI ,f2iõ-(x+S>' dx ~ ~ C J x(J'i +/j ) 
1 f x2+~2 dx <

j ~]f" 

<. .J2ID c1 !a ('J':.:f}li}) dx 
J 

The rhs can be e08ily calculated and shown to be bounded by 

2C 1!2IDã (t + e -2) from é> bove ~ i t yieIds 

IRe	 G(f+i~)I< ~/lVIl2. 8J;"mC ,(2+e-
2)j'2i;ã (2.7b) 

(Lí.í ) if -n s f< O , we have "to estimate J{-j,oo)=J(-f,a)+J(a,ct'). 

Since 
a 

dx
O ~	 J~-.~,l:lJ < ~ C, J "JX < 2C1.[2IDH

-J 
we	 get 

Ilie G( j + i ~ ) I< ~ 11 v ,,2 • 6 Ji mC 1 j2;ã <2.7c) 

(Lv ) finally, if J <. -8 , we us e J(-I'oo)~ J(a,oo) obtaining. in 

this way 

I Re G(5. i~ ) I <. ~ II v1l2 (2.7d) 

Putting now the estimates (2.7) together, w€ see that (2.7b) holde 

true for every f E fi • Next one has to optimize its rhi with respect 

to a : it giv\ls 

IRe G(f+i~).l < 3[4.i7rn J2;; C, (2+e-
2)lI v ll] 2/ 3 (2.8) 

and ~ombining this inequ&lity with (2.5), we arrive at (2.3). I 
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Lemma 2.3: Assume (a)-(d), ~len there are positive numbers ~1 and
 
1
~ O such that to each g , O < Ig I <..J(, ' a function ug E L (JR) exists, 

which .fulfi:s -the inequa li ty 

11m ru(J±i"l,Hg)l~ ug(S)	 (2.9) 

for	 alI j6 IR and ~ €(O'~O) • 

Proof; Since 

ru{z~ = ru(z)	 (2.4b) 

holds for a Ll, zE: (j;'\.1R , we may again -consider the uppe r sign only. If 

~ € {O,~O) , where ~O has yet to be speeifi ed , thc rela tion (? 1 ) 

together with the precedtng lemma give 

I ~ - g2 Im G(S+i2)1 

I Im ru(~+i~)J = IE-g _i~-+g2G(-.j+i~)12 ... 
. ') (2.10) 
~O + g~r.2 

< [E--J +g2 Re G(g+i2 'J 2 

Now one employs the analyticelly -continued function Gn ; we are in­

terested in zeros of the f'unc t.í.on f: f(r"z) = -E. z _g2G.Q( Z ) • Accor­

ding to Theorem 11.3.6, there is a complex neighbourhood ~12 = 

= (E-25,E+2J') X (-2~ü,2!{) of the point E and a positive J(2 such 

tha t for each g , Ü < Ig 1<' J( 2 ' there is just one zp (g) fulfilling 

f(g,z (g»= O • Furthe!more~ the assumption (c) together with Theorem p 
11.3.6 imply existence of a positive J(, such that Im zp(g) <O 

for O c Ig 1< Jl3 • We cem a Lway s choose cf
3 

'!!;.J(2 ' and therefore 

f(g,S·i,) f O for 0<lg/<.Jf. J€(E-2cf,E~2d) an d ~E[O,2~0).,3, 
beca use the only zero :ies t hen in the lower part of the rectangle-..Qz.. 

It	 further impliea that 

m mfn{lf(g,S+i~)1 : IE-i'l~i, o~Z~!ol >0g:: 

holds if O <. Igl<'~3 ; c omb í n í.ng this with (2.10), we get 

! • g2c 
IImr(J+i2)!< O	 (2.11a)2,u m 

g 

for ! e (E-f, E+d) a nd 1~ -( O,l o) • Finally, we set dt1 = min tJt'3' 
(a/2c2 ) ' / 21 . This number is positive,and IJ-EI-g2-c 2 > J-~C2>' O 

holds for O < ts I c J(, and J which lies outside the interval 

(E-<f,E+ô) • Under these conditions, the ínequality (2.,10) gives 

5 
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~ + 2C 
IImr(f+i"l)I< o g22 _ {2.. 11b) 

U ( l,f-E I - g C2 ) 

and one can define the function u by the rhs of (2.118) an d (2 ..11b)
g 

in the respective	 intervals. ~he integrability of u is then.obvioUS. 
g 

1emma 2.4: Under the assumptions (a)-(d), there exists a finite 

r~±) (1 ,H ) == 1im r (.f±í"H) for each J€ IR and O < I gl < ~1 • The 
g ~+O+ u	 s 

COOfunctione r(±) are in (-00, O) u (lltn.Q) and bounded in IR 
u	 . (+)

If, in ~ddition, the assumption (e) holds, then r are C~ in u-
IR -, [O1 • 

Froof: In view of (2.4b), we consider r~+) on1y. We have ru(!+i~,Hg)= 
= -f(g'f+i~)-l ; the preceding proof shows that If(g,.)l ia bounded 
from below by li ponitive constant in R X(O,~O) • Hence Ir~+)(!)1 i8 
bounded by a constant Lnd ep end on t of j , if on1y the 1imit exists. 
It is clear that the 1imit exists and defines a Coo-function if the 

+ same is t r ue for	 lim G(j +i'l) • Therefore if J E ..'2.rUR , the asserti ­
~ .. O+ on fol1ows from	 c Lemma 11. 3.4 • If j < O , we b,ave 

v 3 (-\ ) I v 3 (~ )


I(l+ i ? - ...\ )n ~ Ij'ln
 

and 4:lTm j v 3(~) d~ = Ilvll2 < eo so existence of the limit and i ta 
different~abi1ity is implied by the dominated-convergence theorem. 

Let us turn now to checking existence of lim G(S+i~) for the 
remaining ~ • If i =O , we have '2~+ 

00 v (.Á) eo v (4)
 
IG'i~)I' 4-lm J I 3 ,d.,x ~ 4Jrm J ~d~ ~
 

O i~-v\ '0 ~ 

m 2 . 00

v 1(p )1 p dp ~ ~m J I~ 1 (p ) I d P + 8~m"! I'" 2 2 ~ 

'0	 m 

~ 2m-l(4nm3Cl + IIvn2) < 00 

and the limit exists du~ to the dominated-convergence theorem. lf 
there are some positive ! 1eft, i.e., the assumption (e) is not 
valid, it is eufficient to verify tr.at the. function v, haa B bounded 
derivative in a neighbourhood of ! - cf. proofs of Lemmaa 11.3.3 
and 11.'.4 • 1t follows from the sseumption (d), which yielde 

Iv~(J.) I Iv;(J2iil.\) JfJ. \'C 1&	 • 

6 

Lemma 2·5: Assume (a)-(f), then the continued function G~ fulfi1s 
b b 

IG~(.f )I ~ b 1 + 7i + r ' (2. 12a ) 

b 
IIm G' (f )I~ ~ . (2. 12b ) 

for alI ~:> O, where 

b = 81TmC
1 1 

b2 = 2~(~+2)mC1J2ID 

2	 C2. 12c)
b3 = 1211m C

1 

b4 = 2.7r2mC1j2ffi 

Froof: According to Lemmo I!.3.4 and the assumption (e), the func­
tion G~ in defined on sOme comp1ex neighbourhood of the halfline 
(0,00) • The r e La t L'on (2.2) gives 

00. v . (..\) 
G' (z) = -4J[m f --2- d.)"
 

O (z-..À) 
2
 

for z t: a: \. R	 , and therefore 

. f"O .),,2 - 1/ + 2i 1 :..\G~(f) = -4J1'm	 11m 2 2 2 v
3 

( j + ..\. ) d-..\ (2.1:3a)
'~O+ -1 (.A +'2 ) . 

In order to estimate the rhs, we express v,(f+~) by Taylor expanaion. 
Since V2 is twice differentiable and real-valued by assumption, we 
have 

v,(j+JI) v)(f' + v;(.f2íi1)(J2m(!+J.) -]2rr:j) -+ 

+ ~ v2'(J2rn(!+/t)) (J2m(J+.A) _ ~)2 

for some "	 betwecn O and ..A • Aftet a r ea r ra ngémerrt , the Las t "ex­
press10n becomes 

m.A 
v 3 (f +J.) = ' ~)-- +v 5(f)+v2(v<:::mJ J2rnf 

(2.13b)
v' (j2;f)l 2m2.>.2 _. 

+ h(J2m'J',I)) - 'j2rõf J . 
(J2m(!+~) '+ J2IDj)2 

substituting	 it to (2.13a), we obtain exprüRsions for the real and ima­
ginary parts	 of G~(r) .Estimating them, we make use of the following 
relations which can be proved easiTy 
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, JOO ,A2_ ~2 , 
11m 22 2 d,Á ::. -f
 
1-+0+ i (.-\ +·t )
 

i 
~2_,2 2
 

lim J Z 2 2 d~ ::. --i
 
!~O+ - J <~ + l )
 

.'	 J ,).,2_)2
11m 2 2 2 ~ d~ ~ O
 
'2-"0+ _{ (.A +, )
 

i . !.A2 
± 12

211m 2 2 2 ~ d~ ::. 2j
 
'~O+ -1 (.>. +1 )
 

• 00	 O~J\ ,i 1...\ 
11m J 2 2 2 d.), = 11m }- 2 2 ~ d.À 
~~o+ r (..li +, ) , .. O~ - f (...,\ + 7 )
 

1
 t.\2 :Jt 
lim .J - 2 2 2 d..\ ::. "2 
~ .,0+ - f	 (...\ + ~ ) 

. f	 t 1.>.13 
11m J 2 2 2 d--\ ::. U 
~-+O+ -f	 (.A+~ ) 

In this	 way, we get 

.	 4}jm2
C, 2I v 3 (,f ) 1 + 811m2 [~ + ~v ;(~)I ] (2. , 4a)l Re GJl<S) I ~ --- + 43r m J2mgJ 

and 
2 2 (?'.'4b)IIm G.sÍ.(j} I s 4~ 1v ~(J2iiif) I 

" 2m3 

cOplb1ning these ínequali tiee wi th the assumption (d} and l G~(J ) I~ 
~ iRe G:1Í.({) I + l Im GJÍJfrl , we ar r í.ve at (2. '2). a-
Remark ;{.~: There are a Lternu t í ve ways how to estimate the rhs of 

t2. t 4a r froLl tIre 8ftSUmption (d )-. Ins.tead of' (Z. 1 2c), we may c-hoos e-, 
2 

a. g. , ~l =8~mC 1- ' 1>2- = 2JT{JI'+G)mC 1-J2iii and b3, ::. 4xm c t • ltowe"l'er" as 
far as we ara not interested in actual values of the con~tant~ ínvol­

ved in	 the eetimates, this amb í guí. ty ie irl"elevant: ... 

3. The	 pole approxima~ion 

Now we are r eady to- formu:late and. prove the main res(1.1ts ... In accordan­

ce wlth (I1.2.5), the undecayed' state 1s repre8en~ed by the v~ctor 

"'lo =J~}' We have 

EuU( t y~o :: (u~t.') u(t)l'o	 D.' ) 

8 

where obviously u i8 a continuDus function such ~hat lu(t)1 ~ 1 • We 
are interested in the quantity u~t) , which represents the non-decay 

probabili ty amplitude at an Lns tarrt t. üne can che ck ea sí.Ly t he re­

lation 

.i. J{' ') -ij't _ -i..\t-"lltl 
2.iTi IR --\ - f -i7 - ~ - f +i! e d~ - e 

i.Hand furthermore, B-i..\t-'lltl ~ e- pointwise with the lhs bounded 

independent1y of ~ ", The fun.ctional-calculus r-u1es (cf., e.g., Rei. 

1.27, Theorem VIII.5) then imply 

-iH t 1 f .	 ] -' ~t 
D(t) -= e g = a-Tí m -21(' . [H(f+i?'J,H ) -R('-I-i."H ) e 1j dii' . <3.28) 

~ -+0+ 1 IR /, g " g oS 

From this relation, one can calculate EuU(t)~O interchanging the 
projectioh Eu with the integral (cf. Ref.5, Th80rem 111.2.'9) ; it 
gives 

u(t)	 1im 2~i j [r (~+i'h ,H ) - r (Ç-i11 ,H )] e-i,{t df O.2b)
t~O+ IR u .5, g u J /, g. J 

Theorem 3.1 : Assume (a)-(d), then there ie a positive ~, such that 

for O < f g 1< 2( 1 ' the function 4J defined by 

21 (~ ) 17 11(..\ ) 
lo (...\) :::.	 ~ Im r (,Ã,H)::. ~ ~ (3. 3a) 

3{' u g.li (E-~+411g2I(.Â)2-+ g4J'("'\') 2 

where 

p J 1~1(P)12p 
I(..\) ::	 1(;',v) <3.'3b)

O .>. _ ..e.: p dp 
2mand 

2 IA . /2t (..\) =	 4Jr m v, (~) J2ffiS. eU) O. 3c) 

belongs	 to L'(R) and fulfils 

u ( t ) =	 J e - i...\t to(.J.) lU 0.4 ). 
IR 

for alI t €fR. 

Proof: The existence of r~+)(~) is established by Lemma 2.4 • Pro­
ving this lemma, we have shown that the limit G(~+iO) e~ists under 
the present aa sump t í.ona for a11 ..A € IR , and 

r~+)(.).)::. [E_..\+g2G(....\+iO)]-1 

Furthermore, an inspection of the proof of Lemma 11.3.4 shows that 

9 
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G(À+iO) = 41TI (..>,) - 1Õ(_\ ) for .). > O " 60 a simple caleulation leads to 

0.3a). On the o thcr hand , r~+) is real-valued in (-00,0) so 
~(~)= O there. In order to eAtablish the relation (3.4), it i6 suffi ­
cient to interchange limit with the integral in (3.2b). If we cho08e 
Jt, as that of Lemmn 2.3, the interchange iG justified by this lemma 

and the dominated-convergence theorem.	 • 

Now we are going to use the obtained represe~tation of the func­
tion u to prove the main result : 

Theorem 3.2: Assume (a)-(f), tben there are positive numbers ~, C 
(depending on v, but independent of g) such that the inequali ty 

-iz tI ~ 
u í t ) -Ae p ~ t '	 (3.5)I 

where zp ia the pole specified in Theorem 11.3.6 and 

2, J-1A = [ , - g GJl ( zp )	 <3.6) 

holds for all t > O and I g I < J( • 

.E.!.Q.Q.f: The lhs of (3.5) i s zero for g =O , so we assume g f O, in 
the following. The region ~ is open and conteins E, hence we can . 
chooee ~ e (O, i) co that Ü2 (E):= f ZE 11: : Iz-EI~2~ 1C J2. • Since 
G~ is continuOU8 i~ _Ü2 (E) : fhere is a positive C3 such that 
I GJl( z)l ~ C wi thin U2 1E) • In fact, we know more about this bo und

3 
Lemma 2.2 together wi tt the rela t cn (11.3.'1) show that we can cilooseí 

C
3 

= C2 + 8.1/ m sup{v;(z) : IZ-EI~2~1	 (3.7) 

Itis e Lea r from Theorem 11. 3. 6 that fdr emaLl, enough g the pole 

poeition fulfils 

\Zp - E I < ~ I,\-EI<~~	 (3.8a) 

(cf. Fig.1). We can choose therefore 3( E. (O ,3(,) such that (3. 8a) 
holde if Igl<K and at the snme time 

2
12~ C <f .	 ·(3.8b)3
 

2 1
In euch a case, we have a160 121( C2 <f< '2 E • Since G.n. ie holomor­
phic, the relation 

~ 1 GJl.(f)J 
G~{Zp) Zti C ( S_zp) 2 d.f 
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E+2f 

Z 
C 

-p 

Fig.1. To the proof of Theorem 3.2. 

holds, whieh yields the estimateâ ) 

, 4.l"íl ~ _ ~ 
/G.Q(zp) I ~ 2t 2' - •	 0.9)

'f f 
It t s -easy to check by eontour integration t ha t to eaeh z » O , there
 
is some R such that
 

I z t 
,	 R -i t A 

1	 I 11A e 
-í 

p - re ~ Im -- d.>, <.,..!:
.1/	 it zp -..\ 5 

h oLds for a I L R> R, • Simil~lrly Theorem "j.l together wí th the domi­
nated-eonvergenee theorem show that 

R . tillJf u( t ) J e- .. w(~) d~ <"3 E 
-R 

for a11 fi larger than some R2 • Combining the lHst two inequalities, 
we get 

ju(t)_Ae-izptl <; ~~+ ~j } e-ütIm[<+)c.>.)_ /_>.}.A I (3.10) 
-R	 p 

for R> R3 =: max{R, ,R21 . In or-d er to proceed further with the estimate, 
some mení pu La t ons w í th last integra.l are needed. lHe denote i t for a.í 

moment ás IR and rewrite 1t a8 

~	 . 
n-l i+1, [() A JHI = L. 1 JU e-l... Imr+ (..\)---d..\
 

R '=0:71 r . li 2
 
0-..\J ""J	 • 

where f ""jl J=o is a fini te sequence wi th ..Ao = -R and ~ =. R , and 

t)	 In combination with (5.6b), the inequelity (3.~) shows that A ia 
properly defined and J~I<~/5 . P.ow~vcr, a little later we shall 
show that A is t'he residuum of r·(") at Z ,and as such i t is 
defined independently of the assump~ion (d) ang ().8). We shall also 
mention that in & realist~c physieal situation, A 1s very elose 
to 1 -cf. (4.4b) be Low , 
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perform the integration by parts. In view of Lemma 2.4, the on1y prob­ on a neighbourhood 01' g = O containing [-XtJf]. Consequently t t he r-e 

lem can ar í ne a t ..\:: O t where the "resolvent part" 

function mifÇht not be con t f nuous . Howeve r , tv (...\) :: O 

OI the integrated 

for ...\ <: O , and 

i8 a positive C
4 

such that 

at the same time, the r-e La t í one 0.-3a) anel 0.3c) together wí t h the O ~ 
l:'
0p(g) ~ 

2
C4g <5.12) 

assumption (d ) t Lemma 2.2 s nd the r e l e t í.on '(3. ob) give 

\,
 holds for a l L g€[-.1(,~}. 1'he r re t one of the above mentioned two
í4Jl mg2c 1J21n.\ 
ev(.À)~ integraIs is estimated in the following WbY

(E_~_g2C2)2 
00 u

2
- fi f 00 du

for .À G (O , i) , i. e , , lim 4)(->') = O • Hence the integration can be J! J l .2 2P2 du < J -2"2 < ~ 
pe r í'o rme d ; i t yields .À-? O:+- "'p-E+~ (u +J ) ~~ u +6p ~ p 

and
1.[i -LH I (..-)() J\ )~R' ~
 I =- -e mr.À --- g2 1I m GJÍ(~ 72 C'3 2
R :Ir t u z.p-..x ..\=-R ~ g2 e11m A I --'- g2· /2 _2 2C", 2 <25f1'-g GJl;{Zp) (1-é,t ---t.)

i n-l ...\j-r , -i..\t d (+) A ) 
- :lI t ,"5', J e dA Im r u (..\) - :-::- dJ. where we have uoed (3.9). Toge~her we~hHve 

j"=b -\i zp ..>. 
E

The functions I ( . ) and r (.) are bounded in v í.ew of Lemma 2.2, and I r~ -i",t d À I (144 24) -2 2-it e, d'). Im zp--\ d~, <:: 25 C3 +SC4 ~ g, (3.' 3a) 
therefore limto(.),)=0 . Since limw(..\)=O holds obviously, the 

~~~ ~?-oo 
first term on the rhs tends to zero as R ~ co ; we -can t herefor e Next one has to estinate the analogous integral for the function r~+). 
choos e R ~ R such tha t i ts moduLus will not exceed ~ E. for any Notice thet the functions I and r are differentiable being multi ­4 3 
R> R • Combining this resu1 t wi th (3.10), we get p l es of the real and imaginary p.arts of the holomorphic function G.J2'4 

In fact, we are interested in their behaviour for vl ~ O only .. becau­
-iz t, , n-l ~ ..\J"" ( . ) (

u(t)-Ae p I < E + 'JTt j~ol~. e-i~t dd.Àlm~~+)(J.)- Z;-J.. d~ . se 1m r~+) (,).) = O :for -Á < ü and the integral can be taken thereforet 
over (O,E-~) • For en arbitrary ~>O, en e~sy calculation yieldsJ (3.11a~ 

Now we shal1 estima-te the integraIs on the rhs choosing 
d (+) I 2 ,-4 S. 2 2 ' Im d~ r u (",) == E-~+g GJl(,).} tzg f(--\H1-4,,-g I (J.})x 

"', = E-- ~ anã .Ã E+~ o: tlb) 0.14)2 
x (E-.x+4J/g2I(~)) + g2cf (~) [( E-..\+ 41jg2I(-\) ) 2_g4 f(..\) 21}. 

We s tar t, with 

This quant~ty ean be estimated using Lemma 2.2 and Lemma 2.5 as 
E_C! -i..\t r E-D ~ A l1 dA'f e d~ Im z:-=::i d..\' ~ J Im 2 dj, 
-R II -DO <zp-,,\.) d (+)I IcIm dÃ r u (4) _....I 

oo {( u2_ó2
)-Im fi + 2 s. u Re A t 

P P du g2, (2 ,2 b2 ~ ~ 2 2} 
~ J-E+. <u2+~) 2 ' ~ E! 4l 83/ mC,(E+g ~+ )~ + I7(E+g

P , P (~ - ° 2 ) 
C2)(T+ b 1 + 

".A...A,,~ 
C2) 

where we have substi tuted u = -\ -..Á • It can be further estimated by 
according to 0.7) ando D.81:1Y', the term betore the curLy óracket is 

the sum of two integrais ; for the one containing ~Re Ar we use 
smaller than g2 ~ ~ 1f-} -4 • The integral of the rha ean be easi~y cal ­

00J 2~U ~ u du culated ? we get~<~,\-E+~ (u2+S2)2 du < 24 J (u2+q 2 ) 2 p p ~~ ~2 + 4J:~ ~ E-f r ( 2 ,P 1 f ~ Im :.), r ~+ ) '4) Idi>\ < >~) (E + -h )1.'2[b4 (E + t) + . 
together wi th the above-men".;ioned fact that ~A r<~ . According to \) . 12 tf . <3,~ 13b) 

Theorem II.}~6 and the proof of Lemma 2.}, 'tI p (.) ie a cfO-functión 
+ 8:imb 3C1J2iii}< E-q)t/2 + 8.t2mb2C1J2i'(E~f) + \6Jfm< l+~l )C 1j2ãi(E-r )3/21. 
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The r e í e t í.ons (3.1 J) t oge t her- show that thp.re 1s a pos1 ti ve C whion 

is de}lending on E,p and the function v but independent of 5,t and 
R , such that 

E

-f -iAt d <-t- ~ A 2
Ila" dA rm(ru ('\)-Zp-.A)dA! c Csg (3. 15) 

Let us turn now to the Ln t egra L over (E-f,E+~J • For Iz-E I<f ' we 
employ the following €xpansion/ 4/ 

623 48 C",(+) A)/ 36 2~ J+5J(,~Q,-----_ 
d.À Im r u (<À) - Z""='J: ~ 25. g ~, ( 6 2 2C~ ·2 

<~g2l d 
5p3

P. '\ 1 - "5 qc -t 2t ) 
from whlch the sought estimate follows easl1y, f 

2 
(3.17),EjÇ e-Ut d~ Im'(r~+) (J.) - z A_.A) d..\l c C6g 

E~ P 
where 

J ~ 
°6 = 2 

Ir 5~GJl( z ) Gn(Z ) + G~(z )(z-~ ) + F(z)(z-z )2 
au l' oI'~ P P P (3. 16a) 

Finally, let us estimate the thlrd integral. According to Lemma 2.5, 
where we have
 

G (C)
 
F'( z ) = ~. J J2 .\ ;> rlf b 2 ~ = C


(3.16b) IG~(~) I ~ b, + JE-;f + E+V - 7 
1 C (~-z-)(~-zp)' 

recall that the circlc C has been chosen to be contained in the re­ for ...\ ~ E+~ • The relation <3.14) then gives
 
g í on J1, , where
 G.o. is holol1orphic. We use a1so the fact that zp is g 2C

a po l e of r~, i. e. , d (+) 2[2C2 ( 1+ 7) C7
I 1

Im d~ r u (,A.) < g 2 3 + 2 2 •I (~-E-g C (...\-E-g C
2) 2)
 

E- z +g23r.(z ) = O
 Integral of the rhs can be easily ca1cu1ated. Using (3.8b) again,- we 

get 
Since r{+)::: r1t. on (E-IÍ/,E-tO) , the relations (3.16) glve 

P "lo P -(3.16c) 

u u r, R + I {C (' +g2C ) C JIm ~ r( ) (J.) d.A. < g'2 2 7 + --.::..:L- ~ 
A 

M ! t d..\ u 2 ) 2 2
 
r ( + ) ("A) - 'Z"=:i E+~ (V-g C2 ~-g C2
 (3. 18a)u p 

' 44 
C221 _2 ~~ ~ g ~(1+,1fC7) + • 

1 A 121 ~ 11~ 

E-~+.g2GJl(z ) +g2G~(z )(..\-z )-tg2F(,J ) (..\_ z )2 - zp-~ On the other hand, for the vpole part" of the th1rd integral we have 
p ""p p P 

1 À Z 1. Fl.Jt.)
2 . 2 - -- =-g A R e-1.U ~ Im --A d~ t < JOO IIm .. Idu 

(.'\-Zp)(-l + g G.n.(:t » ) + g l"tj,)(..\_Zp)2 zp---\ 1-'AFC.\>(~-f.p) IL~ d~· zp-~ E+~-"'P (U+ld ) 2 p p30 

d ( (to) A) '2 2 F'(J.) + g2.A FlJ.)2. Est1mat1ng the flrst integral, we have calculated an analogous expres­
,- ~ (~) - -- = - g A 

d..\ 14 Zp->' [1-gz.A~{-4)(4-Zp)1
A 

B1on, w1th the only difference consisting in the 1nterchanges E~J, 
1 '. P

and i p " -~P • S1nce E+f-..lp> 2q , the same argument can be uaed j-I
For Iz-E I< ç , ·we ha va 
and we obt8.1n 

1 J G <f) C 2C 
[Jt'(z)j ~ 23r ~ 2 df < d". ~ 4JTf = ~ i R -1.1t d A I (~ 24 C4) 2 e CU Im ~ d...\ < 2 + 2 g (3. 18b) 

C 'f-Z"~ -zp I ff " I!
:ij E+~ p 25f 7f 

and simi1ar1y 
The'relat1onB (3.18) show that there 16 a poaitive C8 Buch that 

2C 
IF'(z)1 < :;.; 2 

~ f Ij e-i,).t d~ Im~~+}(""}- z.A_~)d~1 < Cog O.19}" 

~~. P 
These inequalities tOf,et.her wi t h D.8b) and IA/ <~ give the re1ations holds for O < 'SI c I( and alI 't. and R > E+~ 
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1.
q
..., 

Now orie has to collect aJ.l the obtained estimates. The relations 
consideration is given by the Iifetime(;.11), (3.15), (3.n) a nd (3.1~) together give 

-iz ti
Iu(t) - A e p 1 < E + ~~(C5+C6+C8) 
g2
 

for O c Igl c dt ,&ny 1:; >0 a nd R:> R • However, E ~as been an ar­
4 l 

bitrary positive number, arid theref-Ore the inequality 0.5) ho Lds if
 
we choose C == (C5+c6~a8)/Jr • li
 

:1 
1( 

4. The de~ay law 

'rhé resul ts of the prcceding s e c t t on can be now usei to justify appro­


ximative valinity of the exponential decay law (within a certain time
 

interval) and to deMonstrate beeuracy of this approximation. The deeay
 
Law of the state l' O is accurding to (3.1) given by
 

P(t) = lu(t)1 2 
(4.1 ) 

its meaning is the probability to find the heavy parti ele still unde­
cayed at ~n instant t. 

First we notice that the bound given by Theorem 3.2 is u~eless
 

for very small .and very large times. For small times, it is obvious
 

from (3.5). On the other hand, the deeay of lu(.)l for large t is
 

slower than exponentiel. This i8 ~ eonsequence 0f PaIey-Wiener theorem,
 

though not immediate (cf. Ref.I.3, Sec.1.5). Since the speé~rum of H
 
1 -+ gis semi bounded, we have ei ther li 4L (IR ),or 

] in I u(t)l~ dt » _ eo
 
O 1 -+ 1:;2
 

(notice t ha t dim.?tu =-, s o we ean pu t u(-t) = ü(t) if necessary). 

However, u i8 a continuous function Ruch that O Elu(t)l~ 1 and 

lim u I t ) = O ; the La s t as s er t on t'o I Lows direetly from (3.5), orí 

~t~rnativelY from Theorem 3.1 ano Riemann-Lebesgue Iemma. Either 

oS the above possibilities then requires l1(,) to deeay slowIy enough 

at infinity. Henee Theorem ;.2 gives nothing more than the bound 

2 ' 
PCt) -e tC.Q...

t 

on the deeay law for large t. 

A~ the same time, the estimate (3.5) C8n be useful for 8 wide 
interval of intermediate times. Let us first eomment on the meaning 

of the term "intermediate". A natural time seaIe for the problem under 

16 

co 

T :; J P( t) dt (4. 2a) 

O 

this quantity i8 closely related to the mean life of the heavy partic­

le, but in general the two concepte are not fully identical - oee Ref. 

I. 3, See. 1 .2 for more dotai18. If the d e cny t s purely exponential, 

the lifetime is found easiIy. üur aim i8 now to show in which sense 

the actual lifetime ean be approximated by such a simple expre8sion. 

We remark that T can be affeeted substantially by the larga-time be­

haviour of P(t) if the latter deereases slowly enough at infinity. 

This is nbt dis~strous, howevel·. One ~u~t realize that the decay law 

i tself and not T s 8 measurnble quanti ty. Tr..e measurements are actu­í 

ally perforMed within.a (possibly large, but f~nite) time interval 

and convergenee of the integral i8 tt,us a n~tter of our extrapolation 

(a elosely related problem i8 discussed in Ref.I.3, Secs.1.3 and 1.6). 

From the praetieal point of view, T ean be therefore replaced by 

T, = T('t ) defined by1 
7:'1 

T :; f P( t ) dt (4.2b)
1 

O 

f~r a sufficiently large ~1 • Now we have 

Proposition 4. 1: Assume (a) - (f) • Let 0<~0<'l",. and )gl < Jf , then 

the following estimatc is valid 

'l" 7 C'~ 2 -25 t:
t2Ó: T1 - 1t c 5& 7:0 + 5Cg2; In ,,?-' + t- g + e p 1 (4.31 

p ~ P P "Q 

where C ~ ,ar are t.he cons turrt s used in the p r oo f" of Theorem 3.2 .
3, 

Proaf: Wé heve 
~ r' ? '~ 

f 1 l t - Z o. ti' L! -2 e: t. 
lT 1 - ui ~ ~J [P<t) - rA~2 e 1) Jdt. -+ (1M2 

- 1 t e P dt + 
Ir O- O 

00- -25.. t
 
"* J e Pc.:t
 

1:\
 

'l'"he f.irst term can be estima ted- us Lng the rela t Lons (3.5} and (4.1) ;-. 

we get 

-2i" t f t -iz t -i Z" t r 
PCt)-IA/2"e P = (jucnr-t'IA e P fH[u(tJJ-IAe P t)t~f 

-iz t 
~ (1 + rA n lU("li) - A e P I 

i. e. , 

17 
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2 -25' ti 11 C 2 
P(t)-IAI e p < 5t g	 (4.4a)I 

which can be used in ['l:O,'l",], On the other hand , in [O,z-O]' we
 
can use the inequality
 

2 cfp t I2 
\P(t) _IAI e- ~ 1 + IAI 2 < ~~ <~ 

:Using further (3.6), (3.8b) and (3.9), we obtain 

. 2 I (1 + l ' - g2G.n( z ) I ) l ' - /1 - g2G~( Z ) li 
l/AI -1 s ~"P <
 

\1 - g (}~ ( zp ) I

3 2 2 • 

( 2 + ~ ar) g IGJl( zp ) I 78 2 5 
< 2C 2 < 25 g IJ 

(1-.:.:lJl) y 
i. e. , ~
 

7C
2liA 1 - 1 I < -'-) g2 (4.4b)f 
futting now these eütimates together, we get the inequality
 

-2<5 '1:".
 
1 I 5 11 2 1:1 ,3 2 e p 1 

T, -2/ < "2?:0 +5 Cg ln-:r + 2cJ' ,g + 2d'.~ p	 O p~ P 

from which (4.3) follows. .. 
The relation·(4.j) shows that in the cRue of a sufficiently weak 

couPl~n~ the lifetime may be approximated by (2~p)-1 . It i8 clear, 

that ~1 cannot brl chosen independently of g. We can put, e.g., 

t , '= N.j2Ô and ~O = 1/2tf N for some N'» 1 ; then p	 p;, 

N I): , 2 ~ 2 N 
\ 2tS T (2 ti'.') - 1 « 2N + 1OC g i! ln N 

I

+ g + e­
p p	 P 0/ 

so	 the rhs can be mad~ arbitrcrily small by choo~ing a suitable N 
I 

and Ig I small enough. Tçese considerations show that an appropriate 
interval of intermeaiate time8 coul~ bei) 

1 N 
2tf N s t ~ U (4.5)

P P 

Within this restriction, the following entimates hold : 

Theorem 4.2 Suppose (a)-(f) are valid together with (4.5) and 

k)	 It~does not mean, of course, that the whole interval (4.5) is expe­
rimentally attainable ; remember that the real un~table systems 
(particlee, nuclei) can have lifetime as short that it i8 impossible 
to measure the time plot of the decay law, or longer than duration 
of the Universe itself. 

42Ig I <min f 3(, (12 CC 4 N e N) -1 / J,	 (4.6a) 

then 

-2ô. t IIP(t) - IAl2 e p < 5CC4Ng4	 (4.6b) 

Furthermore, the function r defined by P(t) = IAI2 e-r(t) obeys in 

the coneidered interval the restriction 

I'\t) - 2cf p f < 24 <In 2) CC~N2eN g6	 (4.6c) 

Praaf: The inequelity (4.6b) follows immediately from (4.4a) and 

(3.12). Similarly. 

-20": t 
P(t) - IAI2 

e P N< ~ ~ 2CC g4 <' 6dc 4Ne 
N é-2cf t 4Ne

/A1 2 e p 

where we have used the inequality IAI>ª followir.g from (3.8b) and 
I N 4 10.9). Under the assumption (4.6a), we have 6CC4Ne g <"2 s o that 

2 -zs t .... I ( - IAI P)IF (t)' e	 Nr r(t) - 2J tI: In 1 + -2cf. t <2 ln 2 6CC Ne g4p 4
/A/2 e P 

and (4.6c) follows. " 
Remark 4.3 ~ The procedure by which the additional powere of g are 

gained on the rhs af (4.6b) arld (4.6c) can be formulated in a more 

mathematical way. Since the li~etime characterizing the natural time 

Bcale inqreaees. in general, ns /gl ~ O , it is useful to introduce 

the rescaled time t': g2 t when dealing with the weak-coupling limito 

One can write zp(g) =E +g2.a 2(g) , where a 2 = ()(2-ifi2 ie a COO-functian 

in some neighbourhood of g: O such that a =4,fI (E, v) ­2(g)4:t2i m v 2 ( J2;E ) + O( g 2 ) • The estimate <3.5) now acquiree the form 

ig Et 2 -i82 (g)t '1 C 4 -2 'Ie u (g- t') - A e < 7- ' (4. 7a ) 

from which we get, e.g., 

'-2A (g)t'J
p(g-2t , ) _IA/ 2 e ~2 < 11..Q. g4 (4.7b)

\ 5 t' 

5. Ferro! g'alden rule 

Now we would l1ke to establish strict validity of the popular rule 

which claims formally that the dec~y rate, i.e., the decay probability 

per unit time equale 
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rF(g) = 2~g21(EIV1fo)12 (5.1 a} 

(recall that we use )Í =1 ) • Since the "proj ection" IEXE.I may be 

understood as d~ EiO) Pc (HO)~ ~=E ' where f Ei0)1 is the decompoei tion 
01'	 unity af the operator HO and Pc(HO) is the projection to the 

continuous subspacc ()f fIo ' we can replace the formal expression in 
(5.1 a) by 

rF(g) = 21ig 
2 

d~ (VIJ O' E~U) Pc(Ho)V~o)I.À=E	 {5. 1b) 

Proposition 5.1 : Undur the 8ssumptions(a)-(c), the decay rate (5.1) 
equals 

rF ( g) = [1 ~2mg21~ 1(J2iliE)~ 2~	 (5.21 

l' v = (g)Proof: We denote then a straightforwarn computation gives 

2.Jl (V. E ( O) P (H ).~ ) I =fF(g) 2Jrg d.>, rv'..l. c O v ~ ~= E 

2..1.. v(p).. dp?7rg ti,), J IA /2 "'1 = 
fp: t p12~ 2L:l.x1 .l.=S 

'" 2mg2	 •BlT dd J 1;, (f2;J)1 2J'2ffiI d{/ 
..>.	 O ~=E 

i.e., the desired resulto • 
~omp8ring to Theorem II.3.6, we see that fF(g) given by (5.2) 

is nothing else than tlle lo~est-order term in T8ylor expansion of 

reg) = 2lp (8)	 ('5. 3a) 

In	 order to justify the Fer~i rule, one has to know therefore that 

(5.3a) represents the true decay rate (defined in a reasonable way, 

with an accura cy ~ O(/gI2+1:) ). Lf we a dopt the additional assuo:pti ­

ons (d)-(f) beside those of Pro~osition 5.1, this is guaranteed by 

Theorem 4.2, even up to the sixth order in the poupling constant. One 
can write therefore 

reg) rF (g) ( 1 -+ O(g2 ) )	 (5.3b) 
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6.	 Conoluolopu 

Wehave not drnwn out explicit connection between the constants in our 

final eet1mlltoo auch 8S (3.5) and those r e La t.ed directly to the func­

tion v. Ir roquir~d, these relation$cbTI be cxtrp-cted easily from the 

proofs, but they wuuld not be probably af much u~e. In order to get 

some ~uant1tat1ve information about th€ error ~ied with the pole apDro­

ximation, 1t ia more illustrative to treút a suituble example ; we are 

going to return to this problem leter. 
There ure other ways how to estimate the pole-appraximatian errar.' 

One of them has been elaborated by Demuth/ 3/ for the Friedrichs modelo 

and it can be adapted easily to the presen~ case~). One obtains in 

this way a bound which s e s e errt a Ll y time ind-eperrdent instead ofí í 

(3.5) ; its rhs contains powern o f the coup-l í ng constant g and of 

d(g) which char-ac t er aes a fumily o f i n t er-ve Ls centred a t E whichí 

leads to spectral concentration ; we shall see in the next pert of 

this paper that one can choose 6(g) =O(g(jl with fiE (0,2)- . Demut h ls 

estimate can be optimized when we choase ~ = i; then it gives an 
errar af the order of g4!5 , nnd the same type of estimate for the 

decay- laws instead of (4.6b). The d ecay r e t e s now cons t arrt withiní 

the interval (4.5) up to gt4/~ comparing to our estimate ~g6. 
Never'heless~ this i8 still. sufficient to jUEtify the Fermi rule. Ge­
nerally speaking, Demuth's method provides ús with weaker error esti ­

mates, but his restrictions imposed on the function v ~re also 

weaker than OUTe corresponding to the ~ s sump t í, ons (8)- (c) only. 
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Ilonccucc npH15lllilllleHl1e ,.	 , 

Pa150Ta nOCBA~eHa, B OCH08HOM, 060CH08aHI1n npl16lll1l1leHI1R, 8 KOTOpOM npl1BeAeH­
HDA p6S0llbBeHTa aaMeHReTCR OAHHM nbll~CH~M 4~eHOM.HallaraR AOnOllHI1TellbH~e yé­
noBlilA perYllRpHOCTI1 Ha ~YHK4lil~ V,, onHc~Ba~y~ B3aI1MOAeHCTBl1e, M~ cnoco6H~ 04e­
HI1Tb pa3HOCTb COOTBeTCTBY~lilX np118eAeHH~X nponaraTopOB. 3TOT pe3YllbTaT Aallb­
we I1cnollb3yeTcR AllR B~BOAa 04eHKI1 OTKllOHeHI1H OT.3KcnOHeH4l1allbHoro 3aKOHa pac­
nana , clleAy~ero 113 nonocuor-o nplil6lll1l1leHI1R. 3a 'I1C Kll104eHI1eM 04elib Mallbix 11 D4eHb 
60llbWlilX BpeMeH, nOllY4eHHaR 04eHKa',nponOP4110HallbHa 4eTBepTOH CTeneHI1 KOHCTaHT~ 

CBA3lil.M~ TaKlIle nOKa3~BaeM 30110Toe npaBlilllO ~epMlil AllR paCCMaTpl1BaeMOH MoAelll1 11 
cpaBHHBaeM npeAllOllleHH~H MeTOA c paHbwe npl1MeHReMblM M~TOAOM ,L:\eMYTa. 

Pa60Ta B~nOllHeHa B na60paTopl111 TeopeTlil4eCKOH $lil3lilKI1 OHRH. 

npellpHHI 061.e,mmeHHorb' 'HHcI1lIyn RJJ;epHl>IX KccneAoBllHHií. .[ly6Ha 1986 

Dittrlch J., Exner P. E2-86-750 
A Non-Relatlvistic. MQ,d'el of Í'wo-Particle Decay. 
The P~le Approximation 

In thls paper, we 'are concerned mostly with .the problem of justifying the 
approxlmatlon In whlch the reduced resolvent is replaced by the pole term 
alone. lmposlng addltional regularity assumptions on the functlon v, which 
speclfles the Interactlon, we are able to ~stimate the difference of the cor­
respondlng reduced propagators. Thls result is used further to derive an es~; 

tlmate of the devlatlons fràm the exponential decay law whlch results.from 
the pole approxlmatlon. Wlth exception of very small and very large times, 
the obtalned bound 15 proportlonal to fourth power of the coupllng constant. 
We prove also Ferml golden rule for the model under consideratlon, and com­
pare the present method to the one prevlously u5ed by Demuth. 

The Investlgatlon has been performed at the Laboratory of Theoretlcal 
Physlcs, JINR. 
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