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This is an addendum to our recently published n8per/1/, in which we 

have discus~ed a simple non-relativistic model of two-particle decay. 
In Section 3 of the paper, Galilean invariance of the model ia trea
ted ; we construct there theappropriete representation of the Galilei 

group f . However, Theorem 3.1 af Ref.1 ia in error es'stated ; it 
requires an additional assum~tion, namely that the function v , which 
specifies the interaction HamiltoniBn, is rotetionally invBriant. This 
corresponds just to the Galilean-invariant case, whích ia studied in 
the reat of the paper, and will be studied in the sequele ; 60 the 
conclusions are not affected. Nevertheless, we would like to correct 
the error, and to present at the same time a more detailed discusaion 
which should enlight ~he role of Galilean tr8nsformationa of the model 
also in the non-symmetric case~). 

Throughout thia note, we use the notation of Ref.1 . The correc
ted aasertion readu as follows 

2(1R+,r2 dr ) Theorem 1: Let v(x) for some L • Then there=v 1(r) V 1€ 

is B uni tar:' projective representation of S on 4" defined by 

(U(b,ã,v,R)~)(X,X) = 
( 1a) 

...... ..... ) iH b 1 ... ~ .. -1-+= e<i/2)Mv.(vb+2X-a (e g ~)(R- (X+vb-a),R x ) 

It	 holda 

U(r')U(J') =4,)(/',/)U(I/)	 (2a) 

for e 11 f, l€: f ' where the muL tiplier 4J Ls given by 

4)(/"1) = e(i/2)M(v".R'ã-a'.R'v-R'v.V'b) (2b) 

It i8 useful to introduce the following Euclidean-transformationa 
operators 

t)	 In the relation (3. 11a) of Ref. 1, ã, should be replaced by ã + vt 
and b by zero (or we should set t =t =O ) • Other minor corree11i-;.. 
ons are left to a printed version , s1nce they probably cannot cau
se a m1sunderatanding. 
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S(R,â): (S(R,ã)~)(X,x) =~(R-1(X_ã),R-1X) (3a) 

which obviously fulfil the relations 

S(R' ,ã ')S(R,ã) = StR 'R,a' + R 'ã) <3b) 

The definition relation (la) can be then expressed for f =(b,ã,v,R) 
as 

U(y) = e(i/2)MV. Cvb+2X-â) ( "*... iH bS R,a-vb) e g ( 1b) 

The proof relies primarily on Lemma 3.2 .of Ref.1 • Beside it, however, 
other auxiliary 8ssertions are needed. 

Lemma 2: The operators S(R,a) := FS(R,a)F- 1 act 8S 

(S(R,a)i)(p,p) = e-iP.â·i(R-lp,R-lp) (4) 

Proof: The relation (4) ia verified directly for ~ =Fy! with 
~€L2n L1 , and extended by continuity to ~ • • 
Lemma 3: The relation 

-iH b iR b 
e g S(R,a) e g = S(R;a) (5a) 

holds :for e i i RE: 0(3) ,êe.1R3 and b € IR iff v(x)=v1(r) for alI 
~ 3 2 + 2 xe IR and some v 1E L (IR ,r dr) • 

Proo!: According to Stone theorem, the relation (5a) ia equivalent 
to S(R,â)H C II S(R;ã) or s g 

S(R:a)H C li S(R,Ei) • (5b)g g
 
" " -+2" p2 .. 2 1\


For !l' € D(H ) , te.e functions P 11. and ,~+.F-2)1/'d are square inte
g" ,,1\ ru" <:::J11 m"r " 

grable so S(R;8)1t-E D(R) ; it yields S(R,â)D(H) = D(H ) • Now one 
" 1\ - g g g 

can take lJ!€ D(H
g

) and calculate easlly 

-. .. (J3 [v(Rk)-~d~)] ~d (R-
1F,k) dk)

i p• a([li ,S(R,~)]~)(P,p) =ge- IR • (6) 
g ["" " -1.]" -1 .. v(p)-v(R p) y~(R P) 

Hence if v is rotationally invariant, the aame ia true for ~ and 

the relation (5b) holds (even as an equality). On the other hand, if 
the relations (5) are valid, then the rhs of (6) must be zero for alI 
j"ED(H ) ; it ia possible only if v(Rp) = v(p) ho Lds for a LL PEIR3 

g 
and , R'€ °(3 ) • • 

Proof of Thuorem It follows from (lb) that 

2 

iH b - iH b' ('1 ... ..... ) -iH b ' iH b iH b 
e g U(t) = e g e 1. 2)Mv.(vb+2X-a e g e g S(R,â-vb) e g 

so Lemma 3.2 of Ref.l combined with Lemma 3 gives 

iH b ' ( I ) .. [.. , .....J iH (b+ b ') 
e g U(JI). = e i 2 Mv. v(b..-b )+2X-a S(R,a- v(b+b ')) e e 

Now one has to substitute from here to the relation 
... , ... ' , .. ' iH b4 

O(f)U(f) = e(iI 2)Mv .(v b +2X-a ) S(R',ã'-v'b') e g U(t) 

and a straightforward calculation leads to (2) • • 
The assumption of rotational invariance in Theorem i8 actually 

necessary as the following assertion shows ; 

Proposition 4: If the operators (1) fulfil the relations (2), then 
v<X)=v1(r) for some V 1E L2 (1R+ ,r2dr ) • 

íProof: We set v=v'~;o, then (2a) acqu r ee the form 
iH b . iH b iH (b+ b ')
 

S(R',ã') e g S(R,â) e g = S(R'R,â';-R'â) e g
 

' -1...-1In part í cular, choosing f =(-b,-R 8,O,R ) , we get the relation 
(5a) so the resul t follows from Lemma 3 . • 

Let us turn now to the phye í.ca L meaning of the representation U ~ 

Consider first the isochronouo subgroup 5' = tt€f : b =°J of ç. 
If two observera connected with the reference frames S,8' describe 

the state of our system at an instant t by ~t and ~~' respecti 
vely, then these voctors are r~lated by 

1~ = U(O,ã+vt,v,R)~t = e(i/2)Mv.(2X-a-vt) S(R,â+vt)~t ( 7a) 

it can be written also ae 

1~(X',x') = e(i/2)MV.(2RX+â+vt) ~t(X,x) (7b) 

This is, of course, the passive interpretation. The active one, in 

which we have two decaying syatems tied to the reference frames S 
and S 

, 
,i8 obtained uimply by replacing f by f -1 ' ar equivalent

ly, by interchanging the primed and unprimed state vectors. 

On the other hand, there i6 a Bubstential difference between the 
active and passive interpretations of the time-translations subgroup 

of S . The active time translations are connected with the evolution, 
and therefore they are governed by the dynamícs of the modelo The sta
te vector 

-iH t 
~t = e g ~ = U(-t,O,O,I)~ (8a) 
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correaponds to the initial condition to=f • The same atate ia in 

the primed reference frame described by the vector 1~ which ie in 

view of (7a) and (2a) given by 

1~ = U(-t,9,v,R)~ (8b) 

This relation ia consistent in the following senae. The initial condi

tion in the primed reference frame is ~~ = ~' = U(O,ã,~,R)Y ; expres

sing then "f~ = U(-t,O,O,I)1f' , we arrive again at (Bb ) . 

In contrast with thia, definition of time translations in the 

pasai~e intnrpretation ia a matter of convention. The simpleat possi

bility is the following : the state is not changed, when an observer 

refixee his clock, t ' = t + b , so 

~~, = U{O,ã+vt,v,R)~t 

for any bER. The corresponding repreaentation of ~ (for a·fixed 

t) ia trivial in the part of time translationa. There are, however, 

other possibilities (similar as in Ref.2). Using the equation (8a) in 

the two frames, the last relation gives 

~~'=o = U(~,â,v,R)~t=O 

which is the definition of passive Galilei transformation used in (la). 

In concluBion, 1st us Bay a few words about the general case 

when v ia not rotationally inva~iant. A brief inspect10n of the 

proo! of Theorem 1 ShOW8 that '(1) defines a unitary projective repre

sentat~on of the isochronous subgroup S' of f (in fact, the rela

tions (2) remain to hold if only b'=O). Hence the conclusions concer

ning instantaneous Galilei transformations do not depend on the rota

tional invariance of v. Furthermorc, the ~ctive) time trenslations 

in the reference frame S 8r~ give~ by the operátors e-iHgt and the 

relations (8) hold again. 

The only difference i·s that, acc ord í ng to Proposi tion 4, U(.) 

is no longer a representation of the full Galilei group ~'. The phy

sical meaning of this fact can be easily illustrated. The relat10ns 

(2) and (8) give 

1'~ = U'(-t,O,O,I)~' (9a) 

where 

U'{~t,O,O,I) 

If v ia not rotationally invariant, then (9b) is not equal to 

In particular, for apure rotation, d = (O,O,O,R) , one has/3/ 

e-iHgt. 

,
U (-t,O,O,I) 

-iH:t= e g 

l 
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L{HTTPHX H., 3KcHep I1. E2-86-709 

HepeJIHTHBHCTCKaR MOJJ,eJih nsyx•JacTw.moro pacna.na: 
CHOBa 0 I'aJIHJieeBOH HHBapHaHTHOCTH 

B :noii 3aMeTKe npuseneHo nonpo6Hoe o6cylKJJ,eHHe npo6rreMhi 
I'aJIHJieeBOH HHBap!IaHTHOCTU L\!IH HepeJIHTUBHCTCKOH MOL(eJIU L\BYX'!aCTU'I
HOI'O pacna.na paCCMOTpeHHOH B HaiiieH HeL(aBHeH pa6oTe. B 'laCTHOCTU, 
Mbl HCITpaBJIHeM 3L(eCb OIIIU6Ky, L\OITYI.I.IeHHyiO npH <j:JopMyJIHpOBKe OL\HOH 
TeopeMbl H3 3TOH pa60Thl. 

Pa6oTa BhiiTOJIHeHa B Jia6opaTopnn TeopeTH'IecKoii <j:JH3HKH OI1HI1. 

Coo6meHHe OfuenHHeHHoro HHCTHTYTa ~~.~tepHbiX HccnenosaHHii. Jly6Ha 1986 

Dittrich J., Exner P. E2-86-709 

A Non-Relativistic Model of Two-Particle Decay: 
Galilean Invariance Revisited 

In this note, we discuss in detail the problem of Galilean invariance 
for a non-relativistic model of two-particle decay considered in our recent 
paper. Corrected version of a theorem deduced there is presented. 

The investigation has been performed at the Laboratory of Theore
tical Ppysics, JINR. 
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