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I. Introduction 

At present there exist three basic approaches to compare data 
on deep inelast~c processes with the QCD pred~ctions that are cal
culated by perturbation methods up to the second order in "running" 
coupling conatant ols(Qt) /1-4/. 

The first approach is based on the analyqis of the moments de
fined by the following integrals 

L 
a. ( 1\-2. 2

( Q JJ.~ 'X t\ \X.a ).M~!'l, ) =
~ 

L::i.l.~; 'f\.~ 2)3». " , 
(1 ) 

where ~t ( I)C) Q2.) are the inelastic structure functions (SF), mea
sured experimentally. The advantage of this method is that theoreti
cal expressions for the moments MQ C. 1> (n.o.2.) are written in an 
explicit analytical form, which makes the procedure of data to the
ory comparison very straightforward. Difficulties in using thia 
method arisa dué to the absence of the data on the SF in the range 

'X ~ 0.05 and -~)" 0.65. Therefore, to calculate the exp~rimen-
tal values of the moments, the SF's are to be extrapolated into un
measured regions o~,~, This extrapolation cap introduce a bias in 
the final results of the analysis. 

Analogous problems arise-in the framework of the aecond appro
ach to the QCD-analysis based on the application of the integro-dif
ferential evolution equations for the SF derived previously in the 
framework of the Abelian quantum fíefd theory/5,6/ and then in the 

QCD/7-9/. For instance, for the nonsinglet structure function 

F.,stx.lt) , t=tn.(Q~/A'J.) this equat'ion 

"l<n- 'dFws.('x)t) lQt)~( fi I 1 . 
v" 'à t :: ol:) \. ~ T Y~l\\.i -~)j F\f~J~)-\:) t 

t. 

+ ~ l~: [C1~'A") rN~ \~ ,te') - 1. F.~ (:x:J:)1) 
(2 ) 

Ob'\ejUini!'HH~Ü KHcrm-jTI 
fU!I~i1HlrJX MU'.'}~.aOftiíJãi'!l . 
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connects the derivative and the integral of the SF taken over tbe
 
argument 'Z. -::. XI'If inside the interval 'X '" i: '" i . As has been
 
shown in ref./10/ , the character of the SF's scaling violation in
 

the region ~ = 0.3-0.5 depends essentially on the behaviour of
 
integrand F.,sl'X,t) at Z, 0.65. To find the numerical
 
solutions of (2), one should again extrapolate f~s.ll.,t)
 
into the unmeasured region X ~ 0.65. .'
 

The third approach to the QCD analysis is based on the method 
of the SF expansion over orthogonal with weight polynomials. For 
the first time Bernstein polynomials were used/11/ ; later this idea 
was developed in papers/12,13/ and applied by the EMC for the analysis 
of F~(~)Qa.) measured from the iron target/14/ . The Lagu
erre polynomials are suggested for this purpose in paper/15/ and 
used by the CHARM collaboration for the analysis of the data on 
F..Cx: tQ~) and 'X ~ (~t Q.t) in the leading order (LO) in 
~S l Q~) /16/. The Jacobi polynomiala are also proposed/17 / and 

used for the data analysis of the nonsinglet SF/18- 20/. A detailed 
comparison of the expansion method w1th other methods of the QCD
analysis can be found in papers/21- 23 / . 

The present paper is devoted to further development of the 
Jacobi polynomials expansion method both for the nonsinglet and 
singlet structure functions QCD-analysis (section 2). The estimati 
on of the precision of methods and the stability of the results Df 
the analysis with respect to the form of the weight functión and the 
number of expansion terms is performed using different parametriza
tio~s of the SF's (section 3). The relation between the QCD theore
tical moments ànd moments of the expanded structure functions is 
discussed (section 4) and the appiication of the method to the real 
data is illustrated using the" EMC structure functions FL(?C)Q~) 
measured from an iron target (section 5). The results are summari
zed in aection 6. 

2.	 Application of the SF Expansion over the Jacobi Polynoroials 
to the QCD-Analysis 

An expansion of the SF over the Jacobi polynomials/ 17 / 
e~~ (x.) satisfying the orthogonali ty condition (in the
 

20/ )
not;tion of refs./18
l 

~ J.~ U>d.~(X) \1:~ (:x:) (():~ -= ~ I(.~ 
o O) 

. 2 

with the weight function Wck~(x.) ='X.~ U.-x.)~ has the form 

2.\ <:J. ~ 00 ,to <J. f~ .
F(X"Q) =:.x: (i-X) L a.-,-\.Q ) e I 'J-)' • 
~	 . ~ \ 

l(.eO (4 ) 

Using relation (3) we can write down the coefficients as: 

t 
t.	 ~ 11.. d.~ 

0.1(.~Q) = .)áx. ~ (~, Q ) e\<. (~J. 
o 

(5 ) 

Substitution into eq. (5) of expansion of the Jacobi polynomials in 
powera of :x:,i 

~lC.) 1e:~(x) =t C j l.;..,~)'X: 
~::.O 

(6 ) 

leads to the formula 

(I 2.) ~	 "(lC.)	 ... 
Q\(. \.Q =. l: c. j (~ )~) t"\.l ~ + t )Q ) 1 

~:() 

(7) 

where I"\.l) ~ 2.) alo) are the moments determined by relation (1). 

Combining expres. (4) and (7) we finally get the expression for 
Fi. (x,Qt): 

00 l<

a. d. r,. '" f:J. ~ 'Y' {tio) .M. (\1.)FJxJQ )~X (i.-X) L- 6t<. (X)t- Ci ld--l~) ()~~) \.Jl , 

\<.:~() ~::() 

(8 ) 
~	 ),. 

where the a -dependence of F..(~)a) ia defined by the 
Q..'" -dependenc e of the moroents 11- ()+~, Qlo) • Formula (8) is valid 

both ~or singlet and nonsinglet SF. 
Prior to description of"our further development we briefly 

20/.coroment on papers/18 - The authors u~ed formula (4) for expanding 
nonsinglet structure functions :x: ~ (~ )Q"') and studied their 

3 

http:f~s.ll.,t


Q~ -evolution witb the hülp of the evolution equation for tbe co
efficients o.~((l·) 

IC. ~. l n (to t) J<:ljll~ltt 
to ~ --, '0n.	 Cl IJ\ (") ti)

tt,,~Q ):::'L L --"'-t-'-'~- c, (rj.,~)<l. (dl~)l/ 
~"-O '~"Q tn.(Qv/j'() ~ 

(9.) 
~+~	 c» 

wbere .1~5 are anomalDus dimension and d...1. (O- 1~) are
 
matrix elements entering into tbe expansion
 

j j (I) do. ~ 

~ =L c!. i. ld.,~) (:).~ {.x:.) 
'1.: Q 

(10) 
which is inverse to expI'. (6). Equation (9) is tbe result of subs
titution into expr. (8) of the solution of tbe evolution equation
 
for nonsinglet moments
 

ci: ~
 
QV:b( f\t) -= i I ô.(aJ.) -= [en.lQ~/I\.2.) . L z ~ tQ~)


MN~ Y\.N· - ~ -, '\. C!..t'\.(Q~/l\2.) ç, V\J 
(11 ) 

foun~ in perturbation t heo r-y , and_ o f tbe~ expression for M.U-+2,Q~) 

througb tbe Lntegz-a L (1) of X. F~(X,QQ) with tbe cbange 
of tbe term :t).~ in (1) by expansion (10). Performing tbe non
singlet analysis witb the belp of expansion (4) tbe authors bave re

tained the first tbree terms of the series and treated tbe eoeffici 
ents <1. olQ2.') , ~1( Q:t) a nd a...lQ.l.) togetber wi tb tbe scale 
parameter A as free parameters. It sbould be noted tbat auch 
a -met hod being very useful in the nonsinglet case does not admi t 
a generallzation to tbe case of singlet structure functions sinee 
the relation between tbe singlet momerrte' at Q~ and Q~ is o.f a 
more eomplex nature tban eq. (11). 

Our approacb to tbe QCD-analysis Df the singlet and nonsinglet 
SF follows tbe primary idea of work/17/ . In eontrast to /18-20/ we 

shall substitute into the rigbt-hand side of rei (8) instead of 
.M.O"'2.., Q.a.) the tbeoretical expressions for the singlet 01' non

singlet moments .H..QC.~ (~T ~ , Q~) found Ln the QCD perturbation
$l~S.) I.. 

,·t 

theory. In tbe obtained expression (8) for a practical use, one 
naturally bas to employ only a finite nurnber of tbe series terms, 

i.e. tbe finite sum 

Nfo\G.(o K	 -
o. ~ d.~ '\ (li.) QCtJ ~ 

~ (x,a'"):::c (i-~)	 L e~ (x) L Cj (d-,~) l"lS(~S) l~+~LQ )
 
K.=-o i:o
 

(12 ) 

is used for fitting tbe experimental data on ~ (x,QI..). 
For tbis fit we will use tbe practical procedure developed in 
papers/25,26/ and applied for the analysis of tbe experimental data 

011 singlet moments of tbe SLAC and BCDMS collaborations. The QCD-pa
rameters (~ and otbers) entering into tbe tbeoretical expres

sions for the moments are varied. In tbe nonsinglet case the expr. 

(11) is used for M~C: ' wh,ile for tbe singlet moments we 
shall use tbe expression found in MS-scbeme up to tbe second order 
in perturbation theory/J,4/ (in tbe notation of ref./24/ ): 

M.(n,Q') ~~[(Z(Q'».(I t ~~~: ~:,n) + :~~: e,.,n i.~(Q'))J' 
(13 ) 

wbere tbe function 
.4 ~n.. . 

'"7:1. rr 'V ~ - (l I ("\'J..) 1 r~ lQ1.)1 ~ l'\. { ~ ~ 
(E(Q )/n-: ~i -cL",) (. ~(Q()h,,- - ~"- (\.J.~~ >n.J L'~lQ~) \-\ +'f \.Q . OI) ) + 

_ L 'L c1f\.	 (14 ) 

+[.."(na:».+ J." (',.(Q~),J L~,~~~n -\-(-p lQ',U:) 

k 
determines Cl -evolution of the moment of a sipglet combination of 
quark diatributions given at a reference point Q~ , and 

.	 [_a. a. ]<1.'\
(~tQ'h" =(J." l ('.(Q~l>"~ t"( í:(Q~)'>J ~.~~~ • H:~,W. Q~) + 
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• J"
ao to ]f -2.(Q2.) 1 o., '1.

+[(l-lk~)(G.(Qo»T\ +(~ z.L-lQo»t\ l t2.(Q;) J \"'L~ (Q ,Q~) 

(15 ) 

determines the (j 
~ 

-evolution of the moments of gluon distribution. 
The normalization conditlon for the total nucleon momentum leads 
to the relation/3- 4/ 

(.~ lQ~» + (ClQ~)t ::\.. 
t (16 ) 

The quantities (~(Q~»f\. , (~(Q~»'(\ and (C(Q~)~. 
entering into expr. (11) and (13-15) are the moments af unknawn non
singlet, singlet and gluon distributions at the reference point Q~ : 

l • 
1\2. ( 1 '1\-.2. Q~

(.t.(\jo»'f\.:' Jo.~ X X f::,.N5(X.. 11) 
o 

(Z(Q:»~": ~.clx. x,n-t ~ L(X,Q~) (17 ) 

o 

l. ç '1\-2. o t f\~)

( Ct (Qo ) >'t\.~ JJ...~ X X 'v. '- 'X:) CJ(.o •
 

o
 

They are considered as free pararneters to be determined from the
 
dàta analysis/1- 4 , 24/ . The number of these parameters is ~~~~t
 
and l N'l'\/}.}l-~ for the NS and S cases, respecti:vely.
 

To reduce the number of free parameters when working with a
 
sufficiently large number af terrns of series (12·), one can use a
 
particular parametrization for quark and gluon distributions.at Q; 
for exaniple, 

\:? (:I.) do., ()., l\
~L. ~)Qo = Cv X. (i-'X.) + C~(t-X) 

X C(X) Q~) =: C~ (I - ~). 
~ 

S (t to 

. r~ ~) , 
(18 ) 

Such parametrizations allow us to use a fin~te number of para~eters 

C'" , cJ..i. and Pi·for calculatlon of an arbitrary large number 
of the moments (17) and to study, first, the accuracy of the SF 
reconstruction with the help of the series, second, the influence 

6 

of the weight function on the convergence of the series and, final
ly, the stability of the fit results on WM~X , i.e. on the num
ber of the series terms included into the data analysis. 

3. Estimation of the Accuracy of the SF Reconstruction 

3.1. Required accuracy 

Since the main goal of the QCD-analysis is the determination 
of the parameter 1l , we should know up to what accuracy the SF 
should be réconstructed by the fitting procedure in order to get an 
optimal precisi.on on the ~ • For this purpoee we shall estimate 
the sensitivity of SF's and moments values to the change of Jl 

1et us consider the quantity characterising the changes of 
moments with changing 1l by Ô 1l 

ldt cr,::j.N.s(Y\)Q~A)-.M~/n)Q~A~bA)1 o 
~ o • ~ OQ ~ •

2. o 

1'1.1ln, Q }A) (19) 

We shall choose for quark and gluon distributions entering into 
formulae (17) the typical form (18), where the parameters C;,. 

d. \., ~t (\. = v, S) are taken from the analysis of the EMC 
1ron-targe t data 27/. 

The results on ú.M.~ i'o. for A =200 MeV and ôA = 50, 
100 MeV at Q~ = 27.5 Gef and n= 2,4,6,8 are shown in Table l. 

Table 1 

10
The val.ues of â""" ln,Q,.A-- llJL):t 

'Cl[Gev2J :! 50 Q2[Gev2J c 90 Q2(Gev2J~' 120 Q2[Gev2J~ 160 

n oll=SO ~A:t()O AA'" 50 AA"i.QO 6A:.SO AAC\OO âAzSO llÁ=\I)() 

2 0.09 0.20 0.16 0.36 0.19 0.42 0.21 0.48 
4 0.63 1.16 0.98 2.16 1.19 2.61 1.39 3.03 
6 0.7j 1.68 1.34 2.94 1.61 3..54 1.86 4.11 
8 1.57 1.86 1.88 3.46 2.19 4.17 2.40 4.84 

10 1.94 2.07 1.75 3.85 2.10 4.69 2.43 6.40 

As is seen, tbe change of the 1l by 25% leada to uns1gn1f1cant 
changes (from 0.1% to 2%) in the values of the momenta. 

7 



From the estima tion 01' the SF sensi tivi ty to the Avalues 
we will use the Buras-Gaemers par'ametrization/28/ 

F (x Q'!.) _ ,J... lJ ~ J.\s ~ ~ ~ s 
~c. - X (l - x.) II 

~:: _~nr ln. ((://A~) \
 
l en.( Q~ 11\.1-) J
 

(20) 

wi th Q~ = 27.5 GeV2 , A ::: 200 MeV and parameters c1.i. and~. 
obtained from the EMC data fit/27/ . The values of interest ' 

Ã. Q~ 

/l F '1 -= "I Fl~c.. (X )~~) - ..,~~<. ( J::• ) A - AI\.) \ i OO% 
0 

ac, f" , (\1,. )
 
1!>c.l1C) \.>( J A
 

for typical intervals of x: a nd Q4 are shown ~n Table 2 

Ta bLe 2 

o.F~~lx:,Q~A)0/0 ~ F~Gl~, Q~A) io 
x, ~ Q2[GeV~ ó.A= SO Ai\.=- ~DO 'X: 62t~V~ ~.J\.= SO 6J\.::. \GQ 

35 0.09 0.20 35 0.44 0.96 
50 0.22 0.48 50 1.05 2.29 

0.25 90 0.40 0.7Q 0.55' 90 1.94 4.27 

. 120 
160 

0.49 
0.56 

1.0G 
1.22 

120 
160 

2.33 
2.70 

5.15 
5.98 

200 0.62 1.35 200 2.96 6.60 

0.60 1.310.20 0.43 35335 
1.02 1.43 3.135050 0.47 

2.65 5".851.86 900.8690 
120120' 3.180.65 7.072.271.030.35 
160 8.22160 3.631.19 2.63 ... 
200 4.05 9.08200 1.31 2 ..89 

from which i t is seen that the change of the A by 25% chausea 
1-4% change in SF'a at :c = Ó.65; ai other values óf X the 

cha~ge ia even smaller. 
Thus, from Tables 1 and 2 it f'ollows that to determine the A 

8 

with an accuracy better than 10% from the analysi~ of the ideal SF, 
one ahauld keep in the SF expansion (12) as many terms 8a required 
for the recopstruction of the function with an accuracy better 

than dozens of per aent.For.real SF's test of the resulta atability 
on a nurnber of terma ahould be performed. 

3.2. Approximation of a SingIet SF by the Jacobi Polynomials 

It is known /29,30/ that for a uniform convergence of the 
Jacobi-polynomial serias to a function F given in the interval (0,1) 
thia function ahould eatisfy the following conditions: 

" li) II F(Q~)1l ~ \f~ (X;rJ.. o, -::t:.')rp r (x, Q:l.) ('00 

l ~ 

b) ~ á~ -: (l-,:r,,)'P [ (F'(~)Ql.) ~ F(1:JQ~))/(x-~)J I... ~ 
o 

at any point 1. € (0,1), 

One c a n ea s í.Ly aee -t ha t at cJ...) -1 
.~ 
and ,." > - i. the condi tionaJ-

are fulfilled for the SF which is limited,differentiable and non
negative in the interval O t.. ';)t c i 

How rapidly does the Jacobi-polynomial series converge to 
f (:r;)Qt) if i t ia the singlet ·SF .To answer thia question, we 
ahall con~ider an expanaion in aeries (12) of the typical function: 

p "'( Q2.) (l.'S ~.O !
t(X.')=X.6~) o :::.2..~1x (l-:>:) +O.~R(l-~) 

(21 ) 
the first term of which is reaponsible for valence and the second 
one for aea quark distributions. As the measure of the convergence 
rate we will uae 

l 

~~ = ~ \ ~(x) - ~N (X)lJ.~, 
K(l.)t o ....G.)C 

(22) 
where ~u (~) ia the fini"te sum (12 i,"...().~ 

The analyaia of the behaviour of this inte~raI in the allowed 

region of the parametera d.... and ~ haa ahown that i t haa two 
minima, poaitione of which are Rhown in figo 1 by daahed areaa. 

In the firat area (around ~ ~ 3, rJ... =0.25) the integral (22) 

ia about 10-4 ~ 10-3 while in the aecond one ( ~ =-0.9"~+3.0 
and dl =-(0.9 ~ 0~8» it ~e much lesa: 10-7 ~ 10-5• The dependence 

d.~ • 
of A N'....~" on 0... at the fixed va Lue of ~ = 3 for diffe
rendt vaIuea of ~~~~ , preeented in figo 2, ahowa that the 

convergence ra te aaturatea at the values of N'Mo..lt ~ 1~. At the va Luea 

9 



Df dl and ~ corresponding to the minima Df integral (22) the 
convergence rate ia faster at a negative value Df ~ (see fig.3). 

Fig.1. Regions (dashed) 

of the weight funotion 
parameters d and 

{3 where the integ
d..\,>

ral A t.( mQ.'Q: 

ia rninimaL 

t~MAX 

Fig.2. Dependence of in


tegral lJ."'!~Q. ~ on the
 

N MAX 

3 
7 o 

13 " 

-5 
10 

10-2 

parameter fÁ. at fixed va- 176.
 

lues . ti 'ff'\()"X, and
 
~9 ~8 ~7 ~6 ,5 O. .1 ·2 .3 

Ct.. j.> =: 3. 

lO 

-2. ... 
+' , ... -, 

'~ :',)( -3. , .............
« " , X )(' -,...c. 
~<lZ -4. il:~ '- 

,')(. .......
 
, 3.5-'loO) 

o
 -'o,
Y:x. ... N
....J -3. 

)('<)()()( <, 

, 
",N- 5,2-6. 

, 

0.5	 io 1.5 
Log NMAX 

Fig.3. Dependence of the integral 4'4f3 on \11 'll\(\~ : pointa 
are at d.:= 0.25, f3 = 3 (firat rni~I::i~), croa8~s are at o: 

-0.85, ~ = 3 (aecond rnini~um). Dashed linea are liQear para
met r za t í.one ,í 

To eatimate the accuracy Df the function reconatruction, it 
ia irnportant to know not only the integral (22), but also the 
difference: E..r = ~(-x:.) - L., (x) • Thia difference at the 

'" M(),J , .. M.Oo.ll 

aecond minirnum of the D.~f ( f?:> = 3, t:J... -0.85) isc 
N""'c.,.

sbown in	 Table 3 for various -:x: and NMo.x.. It La s een that 

E. N".....I).l'. rapidly decreases wi tb increasing W""<:>.oc , and 
at N'toI.o..-;: ~ 8 the reconatruction accuracy becomea better than 

-410 in the whole region Df ~ 

Note that aeries (12) for functiDn (21) astiafies the Cauchy 
c~nvergence teat/29/ 

. d-1\ VK. 
elm \ (J.'\( eK (~) \ :: C c i . 

lt-.()Q 
(23 ) 

For the val~ea Df ~ :: 3 and ~ =-0.85 providing the beat 
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l. 

accuracy in the reconstruction of tbe function, we have C, 0.65 
for 3 ~ K ~ 12. (L.(Qt»~=-l <l:(Q~)'I~[1- ckn ~(Q",Q:)l-

We bave performed the similar analysis for other than (21 ) 
parametrizations of x ~(:).:)Q~\.) -functions describing tbe 
EMC/27/ and CDHS/31/ data, and found the similar to the abave re

sulta for the convergence and accuracy Df reconstruction. 

_(C(Q~l>..: i; ~(Q" a:l1f flQ") ~ J.~
Table 3 .. Values of the difference E. t-lM.o..':lC 8S a function of ~ 

'I ,lI ~l ~1 (Q~) 1 ' 
for various NMI>.)C. ''fI

l 
(24 ) 

Nhere 

_ 

N :::: 12 max 

(x) 

-2.30 10-5 

-5L 21 1O 

-4.93 10-6 

1.88 10-6 

-4.41 10-7 

-9.04 10-8 

1.52 10-7 

-7.23'10-8 

4.47 10-9 

J9\ ~ 
E(,c.)"f(x) - f.!'",,,, 

(25)~(QJ.}Q:) =: [-r(~L] +- J_X N ;::: 4 N = 8max ma x &(Qo) - i , 
0.1 5.49 10-3 I~05 ~0-4'
 
O• 2 -4 • 05 1O -3 I - L 2 J 1O -4
 at LO 

In rul /-1 Y' HG = o
0.3 -2.48 10-3 7.01 10-5 

0.4 4.04 10-4 3.16 10-6 
'ri.. 

~~om the Teblas of anomalous dimensione J. /3,4,24/ it follows0.5 1.27 10-3 -2.80 ~b-5 
t ha t the d.ifference dn. - d.."- g rowa with n - from 0 ..75 to 1.620.6 6.50 10-4 7.52 10-6 

~ ~ ~ 
0.7 -9.33 10-5 7.6 10.-6 fo r' the first 8 moments, 80 the average va Iue is <. (<1 ... - cl_) ~ {,2, 

'l'a k i ng into ae c ount a weak logarithmic l\ Q~-dependence of ~ (Qq.)0.8 -2.72 10-4 -5.03 10-6 

alie rnay c onc Lude that [~"((f)/~\Q~)]J.~-c.l_ ~ t up to Q"" = 200 Gev2.0.9 -8.32 10-5 8.59 10-7 

,! .....1..-_ _ __..L' Therefore, fector (25) and, consequently, the sacand term in expr. 
(24) aré small. From hera as well aa fro~ the fact that the coeffidi

""-# r-. ~ 

e n t e cl.1\ lIeerease with increasing n from d.j,=0.429 down to oL/~0.045 whileIn conclusion Df this section we can say that the Bccuracy 
rA.n. increase wi th increasing fl from o(.a.::: J:fJ.. = 0.429 up toDf the SF reconstruction with the help Df a finita number Df terms 
~~ ::: 0.999/24/ we ~onclude that the gluDn contribution toDf its expansion in the series of JacDbi pDlynomiala dependa on tbe
 
J1.2.~C'f\.Q.:l.) (supposing that ,Ü-lQ;»Y\. Ls Df the same order as
choice Df the weight functiDn parameters. At the best choice Df the

(L:(Q~»~) in the leading ord~r ia really 8maI1. Numerical
 se parametera ( f..> = J, d- = -0.85) the SF c ouLd De reconstructed 

caIculations show tbat the gluon oontributiDn to expr. (24) (whenin the whDle kinematical regiDn wlth an accuracy better than 10-3 
~ Qt 2' 01.. _-?
Q changes from o = 27.5 GeV up to = 140 Ge v-) La less
wi th the number of s er ea: terrns N ~ 4.
í max than 6.5% Df the quark contribution for n=2, it ia srnaller than 1.5%
 

fo~ n=4, amaller than 0.6% for n=6 and even smaller for larger 'n.
3.3. Estimation Df the Gluon Contrtbution i~ ThuB, in the data fitting by theoretioal formulae the gluon contri 
In the previoua aection we have considered the reconstruction 

} 
bution will produce an effective influence on the resulta of the LO
 

of the SF as B function of the X -variable at the reference point
 singlet QCD - analysis onlyin the oase when the accuracy Df the
 
Q~ where, a8 i8 BeBO from expr. (14), in the leading order (LO)
 function reconstruction at point (),,2. is much h í gh er tban amall .
 

tbe gluon contribution ~CX(Q~»~ cancela out. To estimate the
 gluon contribu~iona to the qu~rk terms. As is ahown.in aection 3.2,
 
gluon çontribution to the expression for the moment at Q~ r Q;
 with the.help. of Jacobi polynomiala we oan get the required accuraoy 
we ahall rewrite the LO formula in the form: at NMA~""" 8. 

12 13 



•
 

4.	 Relation between the QCD Moments and the Moments of
 
the Expanded Structure Functions
 

'" li.) (e)
 
The usual procedure to check the.accuracy of the numerical so L: d. (d.. 1 f-» ti (d..,~) ::Ôlj
e 

lutions Df evolution equations for the SF consists in the calcula e.~i (29 ) 
tion Df moments (1) Df the found lunctions and in the comparisDn with 

that can be obtained by the substitution of (10) into (6)" we get
theoretical expressions for .M..Qc. (y\.) Q1.) /1 O~ This pr-ocedur-e is 

the following important equality
not required for out method because the mDments Df the SF expressed 
in terms Df the finite series (12) 

~B.co'o·,- M. \l(
 

3c:s.cob·~ ~ \\' ~ r:- ((\2..) .M. [n,Q ) =. 1'1. ( m.:: mi.Y'-ln, \'l'ft\()''X)
 
1	 I

'I
l. ac.~ ,(\l.) \ 

.M. '	 ('f\. +1} Q ) = JQ...X X r Nl't\Ct.1- X) u =
o (JO) 

:l. rJ,",~) r:J,. e. le) QC::b 1...) J quaranteeing' at La rge encugh I'IM~X and V\!. t{I'Y\()'~ the exact oo1n
=-~ h ;x!'twd.1'(-i) ~~ ..~l':x:){; Cj l d..~).M. C +2, Q cidence of moments .M..'3o..<:'Q." (n.) Qa.) wi th the theoretical moments 

o.c'Z I 1.)' . o	 .M. \. n ) Q • AlI higher moments Wl th \'\ ~ -NmG.:lC, are
(26 )

QC~(, Qt.)	 equal (due to relatians (3) and (28) to the moment l1QC~(~m~~)Q~)
exactly coincide with.M.. ~+1, defined by (11) ar (14-15) and 

i.e. the laet in the series (13):taken at the 8ame values of QCD parameters ( Jl and others). 
Indeed, after 8ubstitution of expansion (10) for 'Xl'\. into (26), 

one geta:	 QC2) 1\2.):\o..c.C)bi. ( n, O") \ = 1'\ (Nl'f\~"t) V( 

'jt\.cQbi. (\~ ,l\'\) QaI.~ 1 ~~	 1"t \h>N""o..~ , (J1 )n	 (n+2..,Q:l.) ~Jdx ~ "'~ (o..,r) v; '(J:;)J W (4))C 
Relation (31) represents a constraint of the method. But this 

constraint is not very important for large Wm.~'X since the 
rJ~Q.\l d.j\ ~ (e.) QC.'Ô g" moments are rapidly decreasing funotions of n. 

o 

}( L ee. (~)?- c. j (o.. ~) M. ( ~ -\- t 1 Q ) Equation (30) allows us to suggest the finite sum of Jaçobi 
ti&() .)ltl;) 

polynomial~ (12) as a better QCD - parametrization for structure 
functions than the Buras - Geemers parametrization (19). Tbe last

(27 ) 
one r~quires a two- step comparison of data td the theoryaThe integral over 'X can be taken with the help Df the orthogo
1) optimization of parameters; 2) consistency check of the foundnality	 relation (3) resulting in: 
and the'oretical momerrt s , In our case tbe second atep ia obsolute 

(28 ) 

:1&Cob-~ 2. ~ ~ \(m\ <.\'.) QC.~ t
M. (,,+~.Q )= /-J. L ~\{ \cj.,~)Ci (cl.I~).M. () ~i,Q ) 

~':.O 'lC..'Ü 

where a oommon upper limit m::. min. (n, NN\()'~) has appeared. 
It is also due ta the orthogonality relation (3) because tbe sum
mat10n over ~ and ~ in (27) goes effectively only up to the 
number vY\ whicb is minimal of two values n. and Nm().~ 

Further, from expr. (26) with the help of the orthogonality rela
~ tl) tt)tion for coefficients ~Q and C~ 

< 

,', 

5. Analysis Df the EMC Data 

To illustrate the work Qf the propoaed method, we bave analy
sed the EMC' da ta on ~2.l~) Q") measured from an iron target /27/. 

(See figo 4). 

due to r eL, (JO). 
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Fig.4. Structure functions 
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.fIlhe stable A is obtained at N"'ll.x ~ 4. The average values for 
N f'f\o.~ = 4 12 are: 

5.1.	 Resulte of the Nonsinglet Analysie ALO = 86.5 ! 21 MeV, A 5 0 = 125.5 :!: 25 MeV, 

A tIL = 1.4 
~o LO 

For this type Df analysis we heve applied the following cute '['hese resul ts are in a very good agreemeht wi th the recent32/ QCDto "the da t'a
 
analysis performed by the EMC using the evolution equation method
 
nJ/ 

. 'X.~o.3, G
t 

lo 5 GeV
2 

, ""})11 GeV. 

The quark distribution at 2Q~ '" 27.5 GeV is teken in the form 

lo ~., ( ~v
Ftla t~,Q ) :: c, X ! -:x.) tt - lv';)C) . 

5.2. Resulte of the singlet analysis 

DUring the fi t, parameters oly, $'Jy) Kv) C ) A, tJ.. and pv For this type of analysis we have applied the following cuts:Df the weight function ere considered tb be free. The fit results I Q~ ~ 5 GeV2, ':c :?;. 0.05 and excluded also 'four experimenfo~ Jl and corresponding ~~F are shown in figo 5e as e i 

I tal points introducing a large (more than 15) contribution intofunction of N\'W\o..~ both for the leeding (LO) and next- to the 
" ~t • We have investigated: (in the LO):leading lSlO.MC)) order in ol~(Q~) cases. 

i) the influence Df the weight function parameters ~ and j3 
and the number Df the JacDbi pol~nomials N~a~.on the stability Df 

.'I~ the results ; 

Lí ) the dependence of the fi t values of A on the refe
r enc e point Q: 

16 
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This study was performed within the following assumption 
("atandardt ~it"): 

a} the F~t:X:)Q2.) was considered to be apure singlet,Q:b) the forms Df quark and gluon distributions at = 27.5 
Gev2 were taken as given by exprs. (18), where the parametera 

~s =8, ~,= 5.9 and l~:: 3.5 are fixed (.the dependence of the 
fi t A on ~~ ,see be Lon ), and C~ waa defined from 
the normalization condition (16); 

c} the weight function parameters rJ.. and fi were fixed 
in atepa wi thin intervala d.. "" -0.96 .;. 0.3 and fi:: O .;. 3 
So, in the st.andard fi t procedure the parameters C,,) d.." J p", 
C~ and 1\ were f r ee , The fi t is performed wi th the help 

of t.he MINUIT program; 

The reaulting 1l and the values Df 1( 
2-
/DF vs. the weight 

function parameter ~ f for different va Luas of Wmo.~:: 3';'1) 
are ahown in figo 5b. It ia áeen that the stable results are obtai

N.~.3 H.~.7 H.t10.. -.... ....Ja ! ....... ....
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J._----.L........l_---l...-~_____.L
1\----o---o----o~L~tt1~'· 
> 2 0+++++ fl+I
<1 I) +. IH+! f IH OH H++ ••I +HH + I ++ +. I H+f+ 

IIIIII~ •• " 1.L.....L-L....L~l 
N..t8 H.I.11 ;N.~.4 ... 

a ! ..............
. , .........
 .. ....................
 
~. I ..I........L-..
 ~---L........1I"11
 ----1_ 1 •• 10 I --L_ ..J.___ 

2 I)

:: I + +I I~ ti. +
:11. 1 ~ • +I • : HH+tP +H• + + ++ ++ + +. +H++< O . + +•• 

I. " ,L_ 
N.~.9N.:.5 • H.I.13 ... 

a ! ,., ................. .. .'
e ................... 

~ ..... I 1 I , L .•1 I I l .L...--.J...---1.....I 

i'
2 O 

+ I I + I I I + I + + ••; H + + + I +. H +HH. ~ O h. t +~ + ~ + + + H+.+ 
-L ,---'-- •••• ~~L...........•• _.
 

-.8 -.6 '.4 -.2 O. .2 -.8 -.6 '.4 -.2 .0 .2 .8 -.6 -.4 -.2 O. .2 
ALFA ALFA ALFA 

'. 
F1g.5b. Results Df the IIs t anda r d fit" Df the EMC 

iron data by our method fQr singlet structure functions using the 
lEtading order QCD formulae. The fi t valuea of X~f and A are 
shown as a function Df the parameter ~ and number Df tbe expansion 
(13) terms WY'f\(),,:l;: 

ned -a t N Y"\(,\'X, ~ 8. Similar to figo 5b resul ts are found plotting 
them as a function Df the parameter ~ • Thus, the final results 

Df the fit ~ave no dependence on the form Df the weight function 
in a wide interval of ~ and ~ if the number Df expansion 

terms is large enough , N ,",o. x: ~ ~ • 

The resul t s remained to be stable at N n'I().~ ~ 8 if in addi tion 
to the standard fit free parameters We leave the parameter ~ or 
~ also to be free (see figs. 6 and 7). The average value Df 

A for N m().~ :: 7 ~ 14 ia A LO = 115 MeV wi bh the ac a t t er ngí 

Df points around it by +1.3 MeV while the statistical error ia about 
+ 20 MeV. 

LL 2. 
Cl-N~ 1. 

, 

• • • O • • 

~20o. 
~ 

<100 
I I 

t t 

I I A 
+-f
• I I 

--~--+--
T + 

f--+--+_-L- !1_5.: .; 

2 4 6 8 10 12 14 
NMAX 

Fig.6. Resulta Df the fit when in addition 
to the standard fit aS8umptions thê parameter (3 is assumed to be 
free ( ~ = -0.5). The fit values of ("/'/~F and ./L are 
shown as a function of Nmo..:x; 

In Fig. 8 the fit valuea of 
the reference point Q~ in the re
within the errore alI the resulta 

J\ 
gion 
are c

are ahown 
a~= 5 + 

ompatible, 

as 
180 
the 

a function 
GeV. Althou
tendency is 

of 
gh 

~aeen for the fit 1l to be stable at Q~ 20 Gev2. 
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2/DF Fig.7. Results Df the fit when 
? X ................
 in addition to the standard fit 
lo aasumptions the parameter ~ 
lO fI.MeV

200 is assumed to be free ( B =3). 
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)0 + + + + ,-++ t -t.-+-, -+ 11-"~~ The fit values of alI parame

9 Cv --' ters are shown as a function 
7 + 
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standard fit resulta on 
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the reference Talue Q o., QolGeV 

It ia well known /14,31/ that there exists a strong corre18
tion between the ~ower of the gluon distribution fi~ (taken for 
the above study to be p..~ = 5.9) and the scale parameter J\. 
In separate fi ts wi th N fV\1).1- = 11 we have studied the dependence 
of A on ~~ taking ~'à to be fixed in steps wi thin the 
interval f.l~ = 2 .;. 10. The resulta are shown in figo 9. A strong 
correlation between the fi t· values of A and ~~ is clearly 
seen. In the region of the ~npronounced ~~ minimum correspond

ding to the f»~ = 3.';'4 the A decrtases from 350 to 200 MeV, 

while it is more a ta bl.e at ~~~ 5.5. 

We have performed also the singlet analysis taking into account 
tbe sacond order corrections in the ~~(Q~) constant. The 
resulta will be described in a separata paper. Hera we mantion only 
thElt tbe stable 1\ ~o (in MS - scheme) is by factor ,... 1.4 higher 

than A\.o • 

20 

Fig.9. Dependence of the 

fi t values x:.~F and A 
on the parameter f-J'à 
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6. Conclusion 

A particular realization of the method of the QCD-analysis of 
structure functions based on its expansion in Jacobi polynomials is 
proposed. The method' allowB one to analyse the data on singlet and 
nopsinglet atructure functions both in the leading and next to lea
ding order in the running constant. 

An important feature of this method is the f-ollowing I 811 t he 

moments of the structure function represented by a finite Bum of 
t he N Y'r\Q.Xo Jacobi ·polynomials, i. e. moments l"t'l~co\>.. (n. Q~) 

obeying the condition n. c Nl't\<l.~ , exactly coincide with the 
theoretical moments calculated within the QCD perturbation theory. 
For this reason the SF expansion with a large enough value of 

N' lY\o.;:c seems to be a better parametrization of experimental 
data as compared with the well-known ~ras - Gaemers parametrization. 

The accuracy is determined witb which the functions can be 
reconstructed with the help of a series over Jacobi polynomials. 
The preciaion of the SF approximation required for a reliable de
termination of the parameter A from the da ta fi t ( ,.., 10-3 

and better) can be achieved already at Wl'M\.')c~ 4. 
The role of the weight function wd.~ (:X) defining the form 

Df expansion over the Jacobi polynomials is studied. It is shown 
that the final results of tbe analysis do not depend on the para
meters rJ... and f.> if the number of the series is larga enough 

N 1Y\CJ.'le ~ 4 for nonsinglet and tJMo..l)C)- 8 for singlet cases). 
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An app1ieation of the method to the ana1ysis of the real data 
is i11ustrated using the final F~ (';):)Ql.) obtained by the EMC 
from an iron target. For the nonsing1et ana1ysis that i8 on1y per
formed by the EMC for determination of the parameter ~' we have 
obtained resulta a1most identica1 to EMC. The resu1t of the aing
1et ana1ysis on J\ is consistent with the nonsing1et one if the 
power of the gluon distribution ~& is taken to be ft'ã ')- 5. 

An app1ication of the method to other existing data on struc
ture functions wi11 be a subject Df our next paper. 

We gratefu11y acknow1edge D.V.Shirkov for discussions and the 
support of the work. We wish to thank G. A1tare11i, J. Chy1a, 
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lPYHKUHHM, ocHOBaHHhiH Ha pa3JIO:>KeHHH B pH.n no noJIHHoMaM HKo6u. 
OueHeHo trncno •meHoB pH.na, o6ecne<IHBalOIUHX H3BJieqeHHe H3 3Kcne
pHMeHTaJlbHhiX .naHHhiX MacwTa6Horo napaMeTpa A c .nocTaTO'IHO BhiCo
KOH TO'IHOCTblO. B ~eaqecTae npHMepa pa6oThi MeTo.na BhtnoJIHeH cHHr
nernhiH aH8JIH3 .naHHhiX Konna6opauuu EMG Ha :>Kene3HOH MHWeHu. 

Pa6oTa BbtnOJIHeHa B na6opaTopHH TeopeTuqecKoH lPH3HKH H B 
na6opaTopHH BbiCOKHX 3Hepnm OlfRif. 
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Krivokhijin V.G. et al. 

QCD Analysis of Singlet Structure Functions Using 
Jacobi Polynomials. The Description of the Method 
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The method of QCD-analysis of data on singlet· structure functions 
is proposed, based on the expansion over orthogonal Jacobi polynonials. 
The number of polynomials is estimated, necessary to obtain the scale 
parameter A from experimental data with a sufficiently high accuracy. 
As an example we apply our method to a singlet analysis of EMC-collabo
ration data on an iron target. 

The investigation has been performed at the Laboratory of Theore
tical Physics and Laboratory of Hing Energies, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1986 


