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I. l~troduction 

lnvent10n of the harmonic superspace (88) approach opened a way 
to unconstrained superfield (8F) formulations of all N=2 theories 
11-31 14/and of the N=3 Yang-Mills theory • An urgent problem ahead 
is to construct an unconstrained off-shell formulation of N=3 
Einstein supergravity. Hitherto it was known only on shell/5, 61 

/71 •
We are led by reasonings that follow a general compensating 
strategy esee 181 and references therein). 

According to these feasonings an off-shell interaction of N=J confor
maI supergravity/9/ with three Maxwell multipl~ts produces the off
-shell Einstein supergravity. To perform this program one has to find 

out N=J ~onformal supergravity prepotentials and to establish how a 
local superconformal group acts in the N=J real analytic superspace 
where the N=J Yang-Mills action is written down. We shall see that 
this procedure is rather analogou8 to that in N=2 c8se/10 / . 

We shall establish in the present paper the rigid 
~ 

superconfor
mal properties Df the real N=J analytic SS and check the 8uperconfor

mal invariance of the off-shell N=J Yang-Mill8 theory. 
Moreover, in the present paper we reveal existence of an essen

tially complex analytic SS having only three Weyl spinor coordinates 
(instead Df four in the real analytic SS). Possibilities are also 
indicated to impose additional analyticity conditions with respect 

to harmonic variables • 
The paper is planned as followsl In section 2 we remind the rea

der of basics Df the N=J harmonic SS introduced by S.Kalitzin, E.So
katchev and the present authors/4/ . This is made for the reader's 

convenience and because we have improved some conventions and nota
tion. We use a modernized combined conjugation definition that is 
easier to deal wi~h and that relates more directly to the combined 
conjugation in the N=2 ca8e/1/ . 

The main section 13 the third one. Here we find such a realiza
tion Df the superconformal group in the harmonic SS that leaves inva-
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riant its analytic sub SS. In what follows we ahall often use the 
theorem of this section that the Berezianin (superdeterminant) of 
superconformal transformations in real analytic 5S is unity. These 
transformations for harmonics and harmonia derivatives are presented 
in a oompact form~ In subsections J.6 and J.7 we digress temporarily 
from the basio line of attaok and make some intriguing observations. 
The latter concerns the existence.of complex analytio N=J SS with 
a smaller number of Grassmann or/and harmonic ooordinates and reali 
zation of a superconformal group in these SS's • 

Finally, seotion 4 treats superoonformal invariance of the N=J 
SYM theory. This becomes rather evident after establishing SU(2 2 {3) 

l 
transformation properties of the SIM prepotentials and field strengths. 

Appendices contain the explioit forro and algebra of harmonic· 
derivatives, the N=J superoonformal transformations of analytio ooor
dinates and some details connected with the complex analytic SS • In 
partioular, we demonstrate that the latter contains the real analy
tio SS as a hypersurface. 

2. The ABC. of N=J harmonic SS 

In this seotion we give a brief review of basio conventions and 
ooncepts concerning N=J harmonic 5S /4/ • We adopt here a modernized 

. cotnbined oonjigation operation. Being equivalent in esseno~ to the 
original one 41 the new operation is more oonvenient to keep it 
in mind and is in a direct oorrespondence with that for the N=2 
case /1/ 

2~1. Central basis of harmonia N=J 58 contains the coordinates
 
of the usual N=J 5S
 

R4 \-12 = \ X:,z,,/ 9'\ 9" OI" ~(B ~) j (2.1) 

lt ~-ra:-)and , in addition, the harmonics Ui,) U. ~~ \..U L • The latter are
 
coordinates of the N=J supersymmetry automorphism's group manifold
 
SU(J) • These harmonics obey the unitarity and unimodularity con

dit10ns
 

u~. u~ = ~.à uq. UL = S~b 
l. b ~)d' )01,\10 = -11e.1~\. Cl.. (,) 

(2.2) 
.~ 'í:~~kUQ_lA~Uc =- z.C\bc...cUtu=-1. l d I< 

2 

Differentiation with respeat to harmonias ia performed by harmonia 
derivatives 

~ ~'?J i."Ô :1. ('/\ f cru 11\..")) Dl? O 
r-, =U..-b-Ub - · - - Cllo\/..q~- é~Ui... ct,.= • (2.J)1 

.v b l.'t)U i.. ro u.:;. 2::. tVllq 1) e 

o. 
The reader can easily check that. D b agree with the defining pro
perties (2.2), that they form the SU (3.):D algebra 

[ 1)o.b )1) CotÁ J ::=- ~ ~ J)t\t1 - SJ b\~ (2.4) 

and that this SU(J)Dcommutes with SU(J)A that rotates indioes 
i,j,k (but not a,b,o!). These SU(J)A and SU(J)D groups are reali 
zed on harmonios ~~ by left and right multiplications, respecti 
vely. 

The Cartan algebra of 5U(J)n is given by harmonic derivatives 

j)~ -= 1)~ - l)~) DlI =- ~ (D~ + 1)"2.2 ) (2.5) 

that define two U(I)-charges. One can consider harmonics as eigen
vectors of these charges (see (2.J) ) 

o o. _f -i. -t "' ~ b pOli U\ -=C-i._2.)fÀ. 1o u\ 
'}) 1: lA'L -\.. - o) b LÁ i. (2.6) 

~ (-i \ 6 -+-,0 Il~ ~-i ) b to t. ,J,J"TT"(j\ - -i ,U b1)T lA o, = 1.0 ) 0. Ub ) ~ o: 2<A • 

Correspondingly index a.... Ls represented by a pair of U(I)-indi

ces 

1(~~ (U1~ U-~I1. (,{or2) li. ~ ~ ( U-1 ,-il, U·,1 ', u0,20 . (2.7) 
(.. ~ l.) - • c.. 

U(I) x U(I) notation for six remaining derivatives (2.J) does not 
need special explanation 

• • 1":"\ 1-4 í. ru ,..-,.7.,0 

D'· =- '"D2.,0 = U:,1. ~ . - LA I ~ ~ ,::= u 
(l) u-1 j 1 :2 (.. (DU-i,i L
 

t
 co 1.3.
Ll~,t ~ . OILL L .1)~ = 1>!'~-::: \. rol.\. ~12. - U tOlA- i r 1 l. 

L 

n . 'c) (ê)'~J-3. -r-, 3 {;-"~ U-2 (./ -U1"i l - ._
 

~ 2. =-1) = U ' i 0U~11i roU O,2 l.
(2.8 )

L. 

3 

J' 



Appendix A contains an explicit form for the rest of derivatives and 
algebra (2.4) • The latter consists of commutators with the U(r)-char
ge operators 

\ DO 1)(tI)qlI] -= Cf Dqr ,elE í b o D'i) q!i, _Q_ 1)1r)q!I (2.9)
L I ) -lIr ) L II J --\l1J 

~~ and of commutators of ~ J between themselves. 

2.2. A comment. The significance of U(I) x U(I) charges is de

fined by our ultimate goal, i •.e. by the SF N=J Yang-Jl1ills theory c.,
 

and the N=J supergravity. As has been shown in /4/ the first re

quires SF's of definite U(I)-charges. The even part of the corres

ponding SS inoludes the space-time M~ and , in fact, the
 
homogeneous space S0l?:» IUl1.)®Ul1.) ( but not SU(J) i tself). Indeed,
 
harmonics VL. have (taking into account (2.2)) 8 independent
 
real degrees of freedom describing the SU(J)-manifold. However, the
 
condition that SF ~~T~qli has two definite U(I)-charges
 

J)~ ~ qr Jq]I -= 11: -3- ~1 )qK ) D;- -s h )qK = ~7L -5 11 J 1"[ (2.10) 

fixes dependence on two degrees of freedom. Evidently, in such a 
framework one works in a manifestly SU(J) invariant way. 

2.J. We shall finish a review of harmonics properties by
 
discussion of the oombined conjugation operation.
 

It includes the complex conjugation and one of the Weyl reflec
tions 'of SU(J) algebra. The latter acts on indioes a of
 
harmonics and can be chosen in several ways. Time has shown that the
 
original choice /4/ was not the best to deal with. The following
 
one is better:
 -* ~
 

lA ~/ _ u!,-1 ~ iA :i.)-H = _ U. {~.i Li () (2 = {) 0,2. i.
 
-* 

L. l. J L 

(2.11)--.L , * ~ 
U-11~ ::=. _ u-j,-i L U- 1, i ~ l,C{,i U0,2l -= ti0(2 .
 

I.- t L
 

The new rule is easiar to memorize; the· first U(I)-charge remains 
unobanged while the second one changes its signo The reader wi11 
aasi1y see that the combined conjugation (2.11) is compatib1e with 
the conditions(2.2) and that the harmonic derivativas have the 
following reality properties: 
~ ..- :,(- -*"~o 1"-.,0 -o 1"'-.,0 

U I == UI-) D"TI_ = - U u b~'2,0 ::t)±2.p.L 

4 

-}t
 
-*
 

D1 T 3 ~ b-ll+~ ü-\±3.= ~ 151 
, ;:.?>, (2.12),

2.4. The introduction of harmonios enlarges the number of even 
dimensions. At the sarne time a wonderfu1 possibi1ity appears to single 
out in the harmonic SS its analytio sub SS /4/ • The 1atter has a 
smaller number of Grassmann coordinates and is closed with respect to 
the N=J supersymmetry. Indeed, in the oentral basis t)\ôI.~ &1 J&~i. U ~I 

the N=J supersymmetry transformations have a form 

~;<àd. = 2.'L ( 8~ t ~i- - 2. i e:.ti.) ~Q II = O (2.1J) 

6(.1 Boi.. = E ~ S,J~d. L = E. Õ(0l, 
... l. L) U( 

Now let us pass from central basis to ana1ytic one 

u 1 . (2.14)
{ XOlot. e-ti! e-i,-i Q. °12 e:,{ e-;} 9 0:-2 

AI 0/..1 «,V",,) éJ... õ(, cJ.) J 
where ).

Xôl..cJ. _ x&d. -t-2l (eiiiol- 9- i ,1O( _ e- i ,-1 o( e 1..1. <J. 
À - (2.15) 

n. iT qlI _ li , Uq!)qn:: L e 'h ,Q1[.=- e,·l 11~I~qrr o 

\] cÁ J - l7oll" ) Ó(. óll{ l 

We see that the ana1ytic sub SS 

S ~ Ul. = S 'f.. iX.bl e-i-;-i e· CJL 01.,1. eOI~2 (.{ 1 (2.16) 
l.:1) J 1. A I 0/., oI,1.7,;J.) ó/) .) 

1s olosed under transformations (2.1J): 

ÓG. XACJ.rÁ=. cf[ LI'2 9-1)10{ u-t'1. + 9°,201 Uo~z 1I~ i. (2.17) 

. • , • ~ L0J 
- 2i ~ 1 [2 ei,iOl a-i,j l+8°'-Z õl U ': 

(\ flqT,qJf c l' q-rJthJ L (I t\ qxlq][_ -z- i. li qI/qll n /I - o 
2>~ (7 d.. .:::- L cÚ lJ\ ) oG. 1.7;l - l/.;.}.' V\ ) oct V\  o 

The 8S (2.16) ois real with respeot to the combined conjugation (2.11): 
.-:.:l±. g~-i =_ei,i --1Li /1 e1.,i- :=X éJ,.oJ.. = X.;t.o( e"j :L) õL ol...) (2.18)/J. A
 

-- _ ~ (1)2
e~ 

0)2. = e 0,-2 n D,-l. == e I . 
o(. eX ) C' J/ o/. 

We Bha~l refer to SF's defined on (2.16) as to ana1ytio 81's. T,he 
ana1ytio 5S and 5F's on it are of great tmportance in N.J theories. 
Indeed: (i) Prepotentia1s and gauge parameters of the N-J Yang.J4i11s 

t 
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theory are described by the analytic 5F's and the action of this 
theory is given by an integral over analytio S8 /4/ 

2.5'. Analytic 8F' s obey automatical1y the analytici ty condi tions 

. 1). l() 1. i ~,k ~ij'"11(_) -i-i \.~ 1..
Do( r "d,L.I =U 'i. DJ. f =o.J J) d. ílJ1L( == lA I b ~~ r = o (2.19) 

Di 1. -1.-ibecause covariant spinor derivativas J... and D I éJ.. are reduced 
in the analytio basis to the partial derivativas 'i)/(y(}-ir1.~ _(()/0G-i/i~ 

The reader wil1 easily perform one more exercise. Action ofwhich 
harmonic derivatives preserves analyticity property of 8F? Answer: 
'Do 0.0 '1"o--1I'±:~ D'2/~ [b1.,1;. t)1.,-:? 1 • Their explicit form
~) lr) U ) - ) J 

in the analytio basis is (in application to anal!tic SF) 

( o) _ ruO t e1.,-id. 'Ô + ei/i ~ ~ . 
1) I A~ - I ("09 1,- 1 ol 09 {,iõl 

ou/o {i~ 0 1,1- 0r2 d. 'Ô •4-- o ) _ r:-.0 _ e1r i <J _Q.. +-2 () I - ~ I -1:1~'- (,.'f) -OI-2.éI.."eU 1[ ,11& - • C/TI: roe1j"iol. (()fft2ct ~e I rv8 

C:b'2,0) _ n,2,tO ./ \ c 1,1. ol. e: '1}i.\.! ri! o\~ 0~d e ~ (j ~ Õl. r;)m
Ab - . o + ~ I. V r ) 

_I - i I ~ r,i - 1,i ~ 'O2(D1}.» -=- <Q oiI~+ 2'1, &,0) D'\ e} r oJ. ÕI. + e 17\ '& o,-2.tX 
AB 'v 

e1.ial. f7J(P1~3) Al3 = r-oll. i :' .+ Q't f}-f,1 Dl e()1-2.d.poJ.~ roe-0 )20( 

(2.20) 

Addi tional terms wi th' rõ/0'jr and Q/99 in (2.20) arlae upon 
the change of variables (2.15). 

In th1s section we discussed the properties of the harmonic 
NaJ 5S w1th respect to the N=J Poinoaré supersymmetry established 
ln /4/ • Now we turn to our main topic, ~o its superconformal pro
perties. 

J. Superconformal transformat1ons and N~J ana1ytic superspaoe 

This seot1on i8 devoted to discussion of the real1zation of su
peroonformal group 5U(2, 2\ J) in the N.J harmonic 55. As we shall 
show' 1t can be defined from the requ1rement that the real analytio 58 

6 

is olosed under these transformations. Berez1nian of 8U(2,2IJ) trans
formations in the real analytic 58 is proven to be unity. This fact 
will be of great importance for the proof or' conformaI invariance of 

the N=J Yang...Mills theory (sect.4)., 

J.l. The SU(2, 2/J) realization in the standard N=J 88 
(2.1) is known long ago (see, e.g. ,/11/ ) ( we omit supertransla

tion given by (J.12) and the Poincar~ transformations which are evi

dent) -~' cJ.-~J 
~Xó{do.= Q)( ~~~ kf+X:Arx~~·- 4krf f)f>~ e <>lI. G ~ e \

-\- 2, lK"~+2, e~,e"") eJ z~ t-2L (;<.""'-- 2d1,\[j~l)"8 ;"j1)~~ 1 
(J.l) 

be~ ~(~ ~ ~6)&~ + ~ ~~e~ t Kr~ (x~J- +2~e'~ e~~) G~ 

J- 4i81 G~, ~i +- l)<.~"'+2Lej e~i'ylf~' ge ' = 2&,\ · 

\ '\ )(r\T \~ \L )'k c/C-~
where Q) o 1 (\ ~ /I ~ =- í\l ) /\ ~ = o , ~~ and ~ ) ~ \.:= \!) dl 

are the pararneters of dilatations, 1lç transformations, of 8U(J) 

conformaI boosts and special supersymmetry, respectively. 
To find a 8U(2, 2/J ) realization in the harmonia 8S, we have to 

add to (J.l) superconformal transforrnations of harmonics. We shall 
find the latter from the requirement of preserving the analytic 88 
(2.16). It suffices to find the conformaI boosts cS:U of harmonias 
because by commuting them with supertranslation we can recover alI 
superconformal transfurmations. 

. <XiX 
J.2. \'ie begin with a conformaI boost of the coordinate XA 

(2.15) • We require that this boost does not contain the Grassmann 
coordinates e-~-11 e-~I1. that do not enter 1nto the real analytiê 
88 (2.16). After a simple algebra we find 

\' yd...,J. _ k .XÔl~.i\~+ l/k '9 o,2f-> (} OI-2r-) e O,2J. {j O,-2!d.. 
OK,I'A - ~A A ~f~ (J.2) 

provided 
\ 11- j

I 
1 

_ 
s: ti}-i-ti. = O 

OI(' l/I. - K 
t 

r U4,1 _ 4' (k .()i,-Lf3e1,-!f)a-.1}t_ir' fk ' (}OI2[3§ 
fI1ft )V b/-2 

OK' i - - ~~ c L 'ff3 J {, (J. J)l L 
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)1< U1.;1 L= -4 i (k~~ ei\-1p> 01.,1-~) u- 1 ,- J i +4dkff e1rj f80(2~)UO,21. 

JK ua.z i.- = 4'\. (k~~ (70J z p. e-1.,1.~) u-i,-j t 

~ li (J,-ê r. ('k . ,().1j"ip (Ç o,-2~ J U.-11~ _ 
K' (, i.::::' - Li ~ f-'p, u C1 -.; t 

It follows from (J.l) and (J.J) (see also (2.15) ) that analytic
 
Grassmann coordinates are t~nsformed according to
 

d:. e1/-i d _ k . Xp,Gi. e-1.,- i (3 Se 1,1. ~-=k . x~~ e{,-ir.

k: - r-r- A- ) f->f3> A+ (J.4) 

S; eo,2d. =k ' x~~ e0 12 f-> le- (J1-2Õ1..._ k . xél.~- OI-2.~ 
I<: f'1':> A-I" ) (j -- f--r- A- 9 ) 

where we have introduced the notation 

X 
~ r:A. ~ c( 2.-, o (J.5) 

= X + Q' eO) VI e-OI-2~ 
A-t A - 1 • 

It is remarkable that conformaI boosts act within the analytic 55; 
the right-hand parts of (J.2)-(J.4) involve only analytic coordina
tes (2.16). We leave for the reader to check compatibility of the 
transfor~mations obtained with the defining conditions (2.2) and the 
combined conjugation (2.11), (2.1S). 

J.J. As was said above, the remaining transformations can be 
obtained by commuting (J.2) - (J.4) with (2.17) • For analytic coor
dinates X and Gf they are given in Appendix B while for harmonics 
we prefer to give them here in the following compact form (that will 
be used often in what follows) 

~ U -,1,1 '= S' lA-iJ1 t := O 
L 

otfi,~ ~ "A2,o lA.-1•l i +í\ 1 I'?:. U. °l-2. 
L\.'\. 

S' U{,-i~ = _ ~ 210 u.-i,-i ~ _ 1\ 1.,:' U. 0l~ l l3.G) 

d'U 0/2 ~ = _/)'1, ~ u- 1,-1~ ) [J ti O,~2 = ~ 1,-3, Ú-:1i- i , 

I-

where ' 
fi2,0= _ {, krii'gWeli~-4'~f~el,iPui,lhe1ilf>7fuy)+ ~ ~U{,-l àu",t 

À1.;~ ~ _~ ~ kj->~ eCI2~eiI1~ -4 t{~pàei/1~ilOI2~+ eO/2~~~ Uá1
) + 

(J.7)
+ í1 \.d UO,2d' U!~i 

8 

1\ ií?J t . k.91 , 1~ C\ 0í2~ l.: (-. -90,-2 ~ /.1,-1i ' o 1,-~p Vt~ II 
O,-?). I\~, U1 ,-1 ~" °,-2 

;1 ;:;; - ~ ~ \~~ \] - .Li I.. ~ tJ L( (.J -r v Jf> l-1 J -r 1\d (,t ~. 

'\ 1,0 (\,1 !'3> 
Analytic parameters /1 ,1\ I have the following properties: 
~ *" )I,

Â '2,v = ~ 2,0) ~ 1/"3. '= - ~ i,-3. J À1 1 - "> = /\/l,~ 
(J.Sa) 

À'2, o = 1) 1., ~À i,-~ = _ 1)1~~ 'À1.,), 

J)'2. ,O À2,0::= l?L O ~ 1,±~ -=:: b~'-~ ~ 1 1- 3:. = D1 ,3> À{,"3>=- O . 
(J.8b ) 

J.4. We suggest the reader proving the theorem that will be in
tensively used in sect.4. The Berezinian of rigid N=J superconformal 
transformations in the real analytic SS is unity, 

Q (U(-Á+Õ~J [,(-r~u.) _ J (J.9)oeJ1. - ~ ,
 
rã ("3'1,,()
 

Hints. (1) The Berezinian of infinitesimal transformations has 
the form 

te't. (() (1+~1 tA +~u) = 1+Q. ~)(A + ru, ~U - r) ~G (J.IO)I 

'(Ô C~ I u ) - roXA (DU roe 
where sum is implied over alI analytic coordinates. 
(ii) Due to (J.6) 

ro ~U -== -s 2,°11 '2./ ° -t- 011-2:.~-1/~ .u: rv- 1,3> It1)- 3>, (J.ll) 

(OU 

The important equality (J.9) could be guessed on purely dimensio
nal grounds. Indeed the analytic 55 integration measure d~x·dge~ 
has zero d ímens ã ons.Lã ty ( [J XJ = 'YYI-\ Ld 611 = yY1+1-/2 ) LCÍM-l = o ) 
and, consequently, zero Weyl we1ght. 

J.5. To establish superconformql properties of the N=J Yang-Mills 
prepotentials and to check superoonformal invariance of the action, we 
have to know a transformation law of harmonic derivativas (2.20) with 
respect to SU(2, 2 J) • First of alI, variations of the U(I)-charge 
operators (see (2~lO)' have to vanish because these charges are 
respected by su~erconformal transformations: 

~~T =:. b b 01i = O · CJ.12) 

9 ( 



This can be checked using their explicit formo Also 
One could conolude that a realization of SU(2, 2~J) group in 

SI) 1\~ = i 'À i I ~ ( DOI -+ D; ) 58 of the type (J.14) is impossible. However, such a conclusion would 
2 

be premature. We have postulated above that harmonics II a,b and _ i !l1.,-~ (DoI - D°l[) (J.IJ )b'Di j 3 
c? ~~.b are mutua11y oonjugated and so do also spinor variables 

61)'2,0 11 {,31Ji,-~ - Â'1..-3> t)1.;s_ lt2, o D; 

To check these laws it is convenient to use the central basis
 
where harmonic derivatives do not contain?Jl1)xJ~/1)e (A.I-A.J),(2.8).
 
Note also that (J.IJc) follows in fact from (J.IJa,b)
 

])2,0 zz: [ D'il~ ) l)'i I-~1. 
J.6. Digression. When reading section 2 a careful reader cauld
 

notice the fallowing.The real analytic SS (2.16), being invariant
 
sub SS o~ the harmonic SS (2.14), itse1f contains Sub SS
 

I 
iç X~d.-XÕ(o/+2' ,no,2.cl.ê O,-2Õ1. e1 ,- BO ,1. 8 i ,1. lA '( (J.14)1 A+- A LV ) d.. / J. I Ól.. J J 

which is c10sed under alI N=J Polncaré supersymmetry transformations. 
The sub S3 (J.14) does not contain the Grassman c oord í.nat e e o,~2 

(enterlng into (2.16) ) and variations of coordinates (J.14) do not 
involve e 0'i,2 (see (2.17) ), e s g«, 

\' Xél.«' J.. (('l1.-1e( -1 ,1 .o02D(IIOI-2)--;:~~ J. Co/C;~~ól/,-il-i~ .
0, = ,L-H l7 I /1 • t- \7' lI" 'Z: -i...(l c.' V' VI • (J 15)IQ At- LA L/../.. • 

In N=1,2 theories,SS's wfth the least number of spinor coordina
·tes played the important role /12-15/ • From this standpoint it is 
rather interesting to investigate the superconformal properties of 
the SS (J.14) having in mind possible applications of the 1atter in 
N=J theories. It is not difficult to note that (J.14) is not closed 
~ith respect to N=J superconfoTIma1 transformations in the form we 
have discussed above. For example, the conformaI boost variations 

(J.J), (J.4) 
a uO/~2 = 

K 
L 

(\ ~ 1-1 eX. 
0" U J 

- 0-2 
involve ()) , i. e , , they take us out the S8 (J.14.). reason 
is that (J.14) contains mutua11y conjugated coordinates ~1~i and 
~1{ and also conjugated pairs of harmonioso Therefore, if a 

transformation law inc1udes 9°/2 , then it has necessari1y to include 

_ 0-2" -j,1 

- 4 ~lk'F-'B 91.)-1f> e I f) U t 
I • .) 1.-t e, 
';'01 l.t. 0°12 01 i:D,-Zf;> &- I 1

• X r: _ (, okf>f> ( A + 

of The 

] 
&0.\'0 and e 0..,-'0 • This mutual conjugation property can be 

avoided if one redefines harmonics starting from harmonics of the 
complexification of SU(J), i.e., SL(J,e). Remarkably, one can reàli 
ze the full se group SU(2,2 JJ ) on such a complexified SS (J.14). 
We discuss this realization in Appendix C. 

There, we show that the real analytic SS (2.16) forms a real 
hypersurface in the complexified SS (J.14). Thus, an intriguing 
analogy arises with the i~terpretation Of the real N=l SS as 
a hypersurface in the chiral (or complex) N=l SS /16/ • The 
latter property is known ~o be crucial in construction of the geomet
ric minimal formulation o~ the N=l supergravity. Therefore, the 
complex version of SS (3.14) deserves further study. At the sarne time 
it is rather difficult to connect it with the N=J Yang-Mills and 
conformaI supergravlty theories (in contrast with the real version 
(2.16) ). 

J.7. Digression continued. A possibility of a shift X:d.. 
on &0/2.0( e 0,-2.. OI. yields some interesting consequences also in 
the framework of the real analytic S8 (2.16) Lt s eLf , In the comp.l"ex 
parametrization of this SS 

011
;.L o/. _ v d..cX D' n{),ZoI, e0,-'2.. õl 8'1,-1 PIo)? ; 9 úç'2 IA ~ (J.16){ XA+-/\A+'-.L17 I .,l.)VoI.) CJ..) «-) J 

the harmonic derivative 3Yi.,~ does not involve roj't)X AJr 

( 1,-3) ~ ro-il~.- e1j-1dro (J.17)
J) eJJO'\.<p--e_rAAIl.MA COe-D1'201.. 

Therefore, for ~omplex an~lytic SF's, one can define an extra ana
lyticity in harmonics by means of th~ condltion 

1J1.1-3 cp t\P(d/li) = O. (J.18) 

This analyticity i3 compat~ble with the sup~rQonformal group 1ft 
I x)

the first U(I)-charge equals the second one , p=q (see (3.1Jb) ) 

J 
. x)Notice an interest1ng analogy. ExternaI Lorentz indices of 

N=l chira1 superfields agxee with N=l conformaI s~pª~symmetry only
for special representations of the Lorentz group 1111 • 

the conjuga~ed coordinate (90)2 as well. 
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3d1..(f)1,'- 3 Cf s,V=-t ~ ti}- ( .oIo- 2J[lO) Cf ~) t =O. (3.19) 

Some	 possible consequences will be discussed elsewhere. 

The following observation is also worth mentioning.There is one 
- -l ) . 

[)more harmonic derivative } that takes'a (3.17)-like form when 
applied to an analytio superfield defined on (3.14) 

- 1) 3	 _ (j -1) 3 /f O.) idL . \ (3.20 )1) - O - t" ro 8 1)- 101..
 

-( 'io~ lJ e.o
 
This derivative together with 2')- , form the full set of 
harmonic derivatives that makes up a olosed algebra together with the 

'1'\ -( 1 - -{ -1 - oJ 2spinor derivatives ~tX') /),/,1.' ) .lJÓi • (1'he latter single ou t 
the analytic SS (3.14) ). Equations (2.9) and (A.4) say that sr> s 

1 3 o '" o	 ,)1) .: and-~ +4)tr form an SU(2) algebra. In particular 

(3.21)
[lr~)3) l) 1)-1] ~ f (_nrO -+ ZJ;) . 

One can impose simultaneously condition (3.18) and the condition 

D-1) 3 ~ 1/)~.::::. O	 (3.22) 

on SFPs defined on S8 ().14) ( in agreement with (J.21) because 
Cf.,I.-::"~Il:::"~ ). These conditions have the following simple group

-theoretic meaning. Arnong the functions defined on the homogeneous 
space Suts)/1.(((#9(,['(1), these condi tions single out those funotions 
which are defined on i ts subspace ~C((j)hf/(t}6ti (1). SU(2) contains 
harmonic. derivatives (J.21), and the U(I)-generator is given by a 
combination . Correspondingly, 55 (3.14) for such functionsn; -f V; 
can be considered as an analytic s~b 55 of the N=J harmonic 5S, having 

Mio( (lJ sct(~u(e) @ 'li. (1) as its evtm parto Then, harmonics 

(1.( 1, - 1 i ti OJe. C..).J C'ü. 1<." 'U ~ -2 ) and , consequently s pí.nor 
coordina.(es (Q 1,-1 e 6)2.) (tL.1 , - f 6:'.0,-2) will be 5U(2) doublets while 

\1 C(	 ) o/" ) r« ~ lX I 
all other coordinates (J.14) will be singlets of SU(2).
 

50 much for digression. Now we return to the N=3 real analytic
 

58. 
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4. Superconformal invariance of N=J Yang-Mills theory 

This section is devoted to the N=J Yang-Mills theory. After 
briefly reminding 1ts basios we establish here superoonforma~ proper
ties of gauge prepotentials and prove the SU(2,2/J) invarianoe of 
its aotion. 

I' 4.1. As has been shown in /4/, N=) gauge prepotentials are 
'\ oonnections entering into three covariant harmonia derivatives. In, I 

I new notation we have••	 G;\~,.3 D!J3 \ V1}3{ ti,)
D	 -=. -+ c ~) ~ I (4.1) 

~1)-9 :=. D1r3 -t i V1]-3(~;> 'U) , 

(j)~)O --=. D2}o -+ ~ V.fp (~) 1<) . 

Prepotentials in (4.1) are the analytio Lie algebra valued SF's . 
having definite U(I) charges . 

2D; V~I' 'tli ::: 1I V ~I, ~!L J D~ VIh, ~1I:: ~li V2t,ti4 
• ) 

and reality properties	 ~ 

..	 ~ -- ia 
3V'..3 :0- V1J- ) V1,-3 ::: V1)3) . V.l',O = V J. (4.3) 

Their gauge transformation law i5 the standard ane for oonnections 

cf V ~I) ~II :: Cf) 'tl-,.ctrr ~ (~'Li), 
(4.4) 

where ~(~)~) is a real analytio Lie algebra valued superparameter 
having zero U(I)- oharges. 

Commutators of harmonia derivativ~S (4.1) determine the oorres
ponding field strengths 

F3)3 = ~ [~gl~ 2>.)]:: D2
)0 V1)3_l)1,)3 Vlft[v;ovf

1 ( 4 . 5a ) 

r3,-3=-t1P1J-~ ~~O]::. D1,-3V.f,O _f)~O V\3{{j~;1 V.l'1(4.5b) 

:1

J f 2)0=: ~ [~-f)~ ~4)-~_+ fé)i)O: D1)V1J-~tJ~'-1V~,[jI?V1,-g _ V~O, (4.50)
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- --- --- --------------------------,-.,~ 

obeying the evident Bianchi identity 
(4.6)~ 9.) of RJ o-(- Cj)'1) 3F 3,,-3 '"7" ~ 1)-3f 3.) :=. O' 

Their rea1ity properties fo11ow frem (2.12) and (4.3) 
~ ~ * 

f'? :: F 3,-3) _(~)-3::_ F 3,3) Fi,O =: f~'~ (4.7) 

4.2. The equations of motion of the N=3 Yang-Mi11s theory are
 
obtained by equating to zero a11 three fie1d strengths (4.5) /4/ • They
 

fo11ow from the action princip1e in the ana1ytic S8.
 

S;~3 -=. 3'hJ 0/ ;r~'F>l Li { li 1,3ç3,-3-+ V1,-3F3,3-+ 

(4.8 ) 

+ V!2}O r.2)O _ ~ Vs.o [V 1): V")-3jJ) 

li where ~ Ls the coup1ing oons t ant , 'rhe integration measure 

ol~-~'''r11.V: oI\,~ ler'~~er-'t/'ê/€íte)o,dq (4.9 ) 

has U(l) charges ~4,0) because the Grassmann integration ia equiva

1ent to the Grassman differentiation, e.g.,
 

f/ .I 1 )-2>2.[ - ~ ~ f . 
_~ g - ~ e-f,-fot def,~ 

Action (4.8) 1s gauge invariant up to fu11 derivativas in the
 
integrand and is as a who1e the Chern-Simons-type action.
 

4.3. Now we sha11 demonstrate the superconforma1 invariance
 
of the N=3 Yang-Mi11s theory. For oovariantized Yang~i11s derivatives
 
(4.1) ~e postu1ate the sarne SU(2,2/3) transformation law (3.13) as 

for simp1e ones 
~~)±~ =_~ r\ ~):t3 (ZJX° :± n;) 

201)0 (4.10)
t~i]O=.,.r()JB{)-J-À-()-32)-i)1-~) T· 

Then, we find for prepotentia1s 

t V1)'3 -=- cf V1)-3 =. O 
(!v= V(aJ'(/)-V(~Ú))d'" \I iJO =. A1) V" r 3 _ À-f)-3 V~J3 \1 (4.11 ) 

and fon fie1d strengths (taking into account 3.8b ) 

J-F'3)=_À'/Sf1JO cfF'J- 3:: A-1)-3 F~a cf F~ 0='0, (4.12) 
.) ) 

Due to the theorem (J.9) the i~egrat1on measure in the ana1ytic 55 

18 ~peroonfOrmal~Y lnvarlan~'1All 

~ ;{~,O 01 u) ::. f3n :u) d~-~,G 0/1..J. =: o/;r'1,OdÚ y.1J) 

Using equations (4.11)-(4.13) the reader can easi1y demonstrate that 
aotion (4.8) is invariant

(\. S )I-=-3 
(4.14)0SÜ(9)fI3)' YM =O, 

5. Conc1usion 

Thus, we have shown that the real ana1ytic N=J SS is c10sed
 
with respect to a11 rigid 8uperconforma1 transformations. The Bere

zinian of the 1atter ia unity. Transformation 1aws obtained imp1y
 

,that the N=3 Yang-Mi11s theory /4/ is superconforma11y invariant. 
Estab1ishing of these simp1e statementa is not an end in itse1f. 
Their genera1ization to the case of local transformations wi11 bring 
us to construction of the N=3 off-she11 supergravity theor~ 

Appendix A. Exp1icit form and a1gebra of harmonic derivatives 

DO -(Ji d -")1'd -1-1,';) Zt~-f(lf} _1')0 
r =1AL, t() U 1," - ti,' 'l tl-t)1 ~~ J 'õt.rirlC.' + 8{.("tl = vx 

i o i (~~ 
1) o 11 i ." 1 ~ ·-f t f;) i 0-2 'dII = LA • - -t- li, I, --=.-- - 'lA), ~ _

(. (}U!lf I..( I. rcul,1 (.OÚ,'), . 
- 1 ;1Ff,'~ _ U".-IC:~ o AI ~2<.L, =. ~~ 'A e)..L

("..{ ?;1.i1',-1t.~ ~U~J-h-=----: .. 2 ~ o 'L .-LI..) I'U U Ú \.. J
J 

z1! ~ .lJ-2JO - U - ',1 ~ _ 4,-f,--fc.' g ,= I"") -~o
 
1 - i 'à U ,1,/ (...{ ~!t1J-1(. - o )


i-

ZJ/== o:» - 'ú ,-1)11.-- _ ,,:0)2i 'd _ 9-1, 3 
-'--- -.. l. ~(.(0J.-t ~ 9u1... -'f" =. 

x) In contr.adistinction w~tP the dimentionfu1 integration measu
re in the fu11 harmonio 88 (2.14)} Cal'txrlf1.6 ai 4.] ..:: m? 
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Appendix C. Complexified ana1ytic superspace (3.14) 

_ T'I-~)-'3 ~ ÂI,O)-l~ _ tt.-{r1(.'~,;::: ~-~-~D3 
1 - LJ	 - 'U c. 'ô.u. ~) -( 'duo; te. 

Lo 

NonvanishingcOmmutators of U(I)-oharged harmonic derivati 
are	 . ves 

ti» 2,~ n- I' 3j =Df.) 3 [l:/)~ n-2'1=lJ.r°) IY'; lJ- '-9 -1Jj-t,)	 = J 

[7:/~~ z: 2,"] ::-D-~' ~ !p{,; 15t,-~ =f~+'lJl~ [D;tJ1
" :::. fJ~O (A. 4) 

r1J-1}3 D-fr31::. '[J-2)O Ltf'J31/J-5-:.1f7J;+2);) ,,~-;ol/tJ1=25(J-: 
L' » J .t.:» e I~ Jj 

Appendix B.	 N=3 superoonformal transformations of analytio ooor
dinates x, e (besides (2.17), (3.2), (3.3) ) 

(Lx «r!I .clól a I i7 xjcl. eo)-2.d!,,,,~o)il.' -s: x·P"'e-1~,-~_u·li 

d .4 =. aX,4 -,z c. II {. A- CA - ((1f'- ~ (,{ 

-}<.nl. x~ eo,iol. .o, - Jl _ lf<"/ x :<jJ(J1,-f ol Ú ,,- f,1 _
1A	 ll/1 A-+ t. j3	 (B.l) 

.	 ' _ ~ [' (Àl ~-~,-<i 1.l;~'1 e~,-IJ (j~,1J_l ~ (),.l1l. D)i '-1.l/VB1,-1d.lr.f~ 
I: 

-;- 2 (' (A ~J' ti -1)-/ L'·U ,OJ-f} eO; i 010 1) 1it 
J ) ) 

f\.n OJ 1. r). _ (q ,0,1 ot« fi'ct- Oi' ~4.' 
o l7 - Jl. -+ c r;i (}) - XAo 7J/1J J L l(1.@1,-li)~l,t.lfl'j~ + 

, , r 
0

+ (>.! 'U )2(1{~:) oOJ U -+ (\t11 OJ !c'u-f:j ti r: 
r/Y;/(J- f o/. C	 , ti ,o 1-foi. 

~ i" ~e) (f I -+ xl_c(lIi 1.((,-/i_ "l' e1,-i"e1,:J!J d fij~~ 
+ ...v 'fJ1, -J. 't(~f ef,-fel	 (f 

j~- d ,
X was def~ned by eq. (3.5).J "'* _

A 

cfle-f,/~ =_,/\/j'Í,-(oI rf\H 0)-1 ~ = )lf)o.,!et.
'" v	 ~ 
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This as ha6	 ooordinatea 
(C.1)f X «o< e1F t « e o.s« e 1,1Ó1. -u]

l A-+) -t(. ) 1.t} -u. ) . 

.1 connected with coordinates of oustomary ~=3 SS (2.1) by formulas 
(2.15) and (3.5). However, now harmonics ~i~ are not self-aonjuga
ted in the sense of (2.11); they parametriza that time SL(3.~) groupJ 
instead of SU(J) • So 5S (Cl) has a doub1ed set of harmonias in 
comparison with the real analytic S5 (2.16). Under aonjugat10n -!t 
we have 

/7 / ~,1 1J'1}-f (.' -7 -u .1)1
 
V\l. -7 '<. )
 

t'?J-1Jt V,-1J-1<.;~ .:» ,-1,1 
tA' -) - ~ I. 

~	 ) 

O 2 Q , D -2Ú, )- -7 ~oJ" c ~ Ú:) , 
L	 , 

1-1(.' '1.., /I J 1)-1 {.V' -7_~/.J-7-'-'1 } 
~	 , 

r} /-<)-'L -I /J,--f,-1 c 
V1. -7 17J1. /"-7-·Uv,' 

1.A. O) f t' -7 1/.O)- 2.~ 17, O) 1. L' 
~ Vl • 

Here Qr are oonjugated harmonios not 
/"I ..., 1by any algebraic re1ation • Respectively ~~) and areI 

not oonjugated to eaoh other. Spinor ooordinates in (C.l) are furnished 
with index 'Lt. to strass that they are related to a set of harmonics 

~. ~e1r complex oonjugated ooordinates w111 be supplied by index 
rv . One shou1d have in mind that the whole oomplex nature of S5 

(C.l) is just due to the oomplex natura of harmonios. At the same 
time the oentral basis ooordinates remain real. 

To find a rea1ization of SU(2; 3/3) in (C.l) we sha11 copy 
derivation in Seot. 3· of superoonformal transformations of real analy
'tio 5S. Then, we easi1y find conforma~ boosts 

~x rJ.~ ~ k 'Xé/j Xfl ri. et e1J-f~ k .x fiel (}ft(~-t) 
k A+	 lj If+ A-t-) J( 7j A+ 

cf: e-OJi <: k ,X pol.oo,iy J1?j',I/./;::. k .xI!8",:J 
K. . 'Jj :4-+ ) k JJ (C.3) 
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(C.2) 

aonnected generally to ~e-'U ét 



J-'lA,fd =_ i(,'kfSli e-(J-!fõ~1rJ~'-{'!-.lf('k .. (}~:Jii1,!J(.(,O,-2. 
(., JJ _ J.. c. • :ti .( J 

cI: U 1 ,- f (. =:.. ~~ k '0 1)-:10-(':Jt/~-(~--(()
 
K , :J.f _.. f (C 4)
 

0'}1/,2l-=. 'I " ~j (f O) lf () f,1j 1.J -1) -1 L •
 

d'l U.oJ-f._ f\. .-1 J '-.1)1 _ I\.. ",,-1,-1 c.' z: O 
k (. - d te "lÃ.. (. - <:1 i<:. C..( 

Under oonjugation ~ boosts (C.2) turn to oonformal boosts of the 
oonjugated 8 S [ x o(6( ã"J1~ e 2 t!( e 1)-1 0/ v} . Now we can6J

A- , 1.1 J 11 } 11 ~ 

easily obtain the remaining superoonformal transformations (like we 
did it in seot.J for (2.16)) 

/1.. «01. _ ~ X «ol_ LJ • fi, .e~JólU-1J-f('X.J DI... 
o XA-t - ~(.. 14-+ 1 c ~ c. A 

-I(i?j [e 1,-/~ -I,l~e o, u.~' 0,-9x1/: jJ+-1(,'~/if1,/:te1,-1"'..u;/~ /f[',-~t 
-t ~ L ).ekg1,-1 é(e O)2rJ.tI./<O)-2 U - -( ,- -f1!.
 

.., . )
 

d'e- .-i~. (-i.ú~() 1.-/<Ji.~fjl' xt/'u.1,-I!.. '?/I! f,-/~;t'~Ott&l{J/J6A f,: 

-~? [8 1J-1~tt ,--t)~e()J2o(~.t1-~ 11 "", 

J'eo,~(t-fiR){}~'f ~~" xi:ti 0,2 ~ I(:f!t'i[P-:~.-f,~ e~ 2"'~.., j (f o, ~fi 
•	 _ À j [-(ft, - 1 ei1.l .-I , 1 (J o) lol1J .0)-2 1.,( O/f I.
 

" ] -t J J ' ,
 

d'-B 1,1.1/", (~_ ce)e1,'~ +?j XA:P1~/,1_ 1(,'Vi &1, (rtlif1,'lu-l__'f.c. 5) 

- À ~ (f -t,1li I ~ --(,-1 i 'ti .1,1 
~ ~ J' 

(We omit here indioes~of spinor ooordinates). The full realiaation 
of SU(2,2/J) on ~rmonio6 is given by equations (J.6) wh~re one 
should disoard terms with .A 1',-3 (now À{11 is not oonjugated to 
A041-3 and Af,O 1.s not self-oonjugated). 

Now we shall show that the real aIÚLlytio SS (!.16) arises as a 
real hypersurfaoe in sS (C.l). Let ·us impose the following oonstra1nts: 

;J~ --I, i _ n r --1,1 ()
"\(. • - - v.' Qc. 'J 

, 'U..<,(J)-rz =:. v(. 0)-2 -+ (V ~)-1 k 'lAk. o)-31/~-:-(' f (IJ 
J 

U1J-t,; =._V-f)-1c.'+ (1J1J-1k'U.k~-t) UOJ'" (c) (C.6) 

and oonjugated oonstraints. 
18 

I 
It oan be ohecked that 

to (C.2) and superoonformal 
imposing these oonstraints, 
reduoes just to belf the 
ooordinate set 

oonstraints (C.6) are olosed with respeot 
transformations (C.J), (C.4) • After 
the number of i)dependent harmonios 
original one x • Let us take now a 

i<d eOji.d o':': 81) 1 é1. eO)-flrk ;;;),
[ X,4) ) I) ) 

where e~ .2~=. _ ~ o.e« /11J - 1 <; e11-101. 

17 'lt C7 - --V}
 

e 1,1~ -= A 'Í , 1 óI. ) e 0,-2. ~ - e 0)-2 Ôl
 
- D' 1..L ') == - v · 

{U]":. {ti
" 
.1,1 -1.-( 0)2 " 'U.-1J--1" J·1J-1'_1JO~-2..'7 

) )v) .. J c 
Using the rule (C.2), one oan oheok that the set (C.7) isoolf- oonju
gated in the sense (2.11) (2.18) and that ~ -harmonias satisfy &11 
defining relat10ns (2,2), (2.11) due to oonstraints (C.6), e.g., 

íl")~ t i1/~l =:. 1, E ~ifk:u 4,1 JU-,1,1 {;~J-2-=1 ef c ~ 
l J k ) 

Starting w1th (C.6) after some straightforward oaloulations one oan 
aee that the SU(2, 2/J) transformationa in SS (C.l) 1nduoe for ooor
dtnates (C.7) just the transformations (J.2), (J.J), (J.4), (J.6) and 
(B.l) of the real analytio 5S. (C.7) can be ident'ified w1th the real 
analytio as (2.16). 

x) When solving these constrainta explioitly, one has to fix 
parametr1aation of SL(J,C). 
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(C.7) 

(C.8) 

(C.9) 
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Haánena peaJUI3aUHn cynepKompOpM,HOH rpyrmsr B Be~eCTBeHHOM 

aHaJIHTl1l-leCKOM N = 3 cynopnpocrpancrao. YCTaHOBneHO, lHO 6epe3HHHaH 
l. ee npe06pa30BaHHH panou OJl,HlIHUO. Hanaxae Tal\:OI1 peanaaauaa nenaer 

OQeBH,1];HOW I<:{)Hq>OPMHYJO HllnoplillHTHOCTb cynepnoneaoro ,ueiíCT-BHH 
N =3 reopan RHro • Mxnnca. rJOJlY4eHHbIe peaynsrarer HBJlHIOTCR npen
Bapl1TenbHhlM arnrrowt n nocrpoenaa N 1:13 cyrreprpaaarauaa. YKa3aHbI 
raiose I(QMnnOI(CHltIO UUOJ1HTJitlOCI(He cynepnpocrpaacrsa ·c MeHblllMM 
lIliCnOM CrI"1I0PU)'IX nopOMOIfHbIX H nonysexa peanH3aI..J;HR B HeM N = 3 
cynepJ(Onq)OpMllO'-t rpyrtrna, 

11 Puõoru m.monuuna B JIaGopaTOpl1H TeOpeTHQeCKOií cPH3HKI1 OHHI1. 
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'Superspncoa tor N ::::: 3 8upersymmetry 

N 3 superconforrnal group (8U(2,2/3) is realized -in the real analy:2 

tic subspace of harmonic N = 3 superspace. Berezinian of Its transforma
tions is ahown to be unity. Conforma! invariance of the N = 3 Yang - Mills 
.superfieId action becomes evident within such a framework. A complex 
ana1ytic superspace is aIso indicated, having a smaller nurnber of 'spinor 
coordinates. A realization of 8U(2,2/3) in this superspace is found. 

The investigation has been perfurmed at the Laboratory of Theore
tical Physics, JINR. 
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