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1., Buclidean quantum electrodynamics is determined by the Lagrangian
ZEXL(W Wi A)=— W H i -1€h)rm,
wv, = < (2% 4) m ¥

ey 'p_-,gﬁ/?
4 dx/_y .JXo(

1)
which is invariant under gauge transformations
Wix) — W= Pige N
Yoo — Y= P
Aclx) — Pilx) = Adli)+ S5 -
(2)

Such an Euclidean QED contains quadratic divergences of the inverse
photon propagator. In order to get rid of these quadratic divergen-
ces, one introduces into the Lagrangian the counterterm

. L
L ==z H0) 3)

(see, e.g., the textbook /1/); usually one also acds to the Lagrangi-~
an the counterterm

FL=- toqp(2A)

s0 that the total Lagrangian becomes

Ly 8)=LBYh)+ 5L+ &L

(4)

! Bb D Ar e wuibilt KHCTETY
eReyHs Hﬁfﬂf’}mﬁﬁﬂ"ﬂ




The counterterms (3), (4) are not invariant under gauge transforma-
tions (2); but the QED, determined by the lagrangian (5) is gauge
invariant /1/.
2. In this work we give a simple proof of this statement for the

Euclidean QED. ’
2.1. First of all, we shall introduce instead of the fields j/ ¢*
//714 the fields f f" 5& ? according to equations /

1) )

AG) = Bafs) + 395 ox,
f/)() = Wix)exp /- e %) ]
P00 = Ylexo/ ce plx)]
fﬂﬂ() = 17—/3/2(/3)(«-

(6)
£ 2
Here [/ =2, a/a/yj g0 that if
A =/
- 79
)= ' 2 e 4,
£ #0 (72)
then
- -7 rHX
[T wtx) == 52 2oe ke
K %O (7b)
(we bhave introduced four-dimensional periodicity cube :ﬂ? ).

Last gquation contains &% in the denominator, This is the point
where we use our Euclidean metric: in pseudo-Euclidean metric the
quantity KZ may be zero even if &) #¢© and the operator 0—,
is 111- defined.

2.2, One can easily prove that under gauge transformations (2)
the quantities ZaX{CY} are invariant, and the quantities
f’ f'* get the constant phase factor :
)

b= p 1) = e ",

riex
where Aa is the coefficient of the expansion A/X]"—" Z/fgf
with « = 0 R K

2.3. In the continual integral method the photon, e.g., propagator
js determined by the equation (see /2/, chap. 4)

Foad

5/2/3 (oy) :/fwgrww e A4, [x)z‘//fy/,/
/SHWCW*G_S,
(8)

where

§ == J2 %
2

. p
Let us express eq. (8) in terms of varlables;azf) (S;} ?Z

(9)

2.3.1., First of all note that
sHsysy*= (/71 (A9 Wliaps) -
; a
= const ){/75@40/0[/:’74& ()it 460 44 6] )
= 855 (4 5 / Ty

(10)
(remember that eq. (6) gives

. (1)
28,6/ = 0 )

2.3.2. Let us prove the action (9) to be the sum of two terms,where
the first term depends on ,8} f} f*; and the second, on ;P:

S = S4458) » L) (12)

Really, eq. (6) determines the geuge transformation (2)
with /] = 59, so that

OZ/%W;‘A}‘"‘DZA/%/?;K/' (13)
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One has 2“/9*‘—_‘ [7;7 and

L =~ (/2 )(7%) "

(14)
Equation (11) implies
f B.(x) 09751 /o X, A=~ (/?f/x)%i‘ bl/ox dx =
22
so that )
S5Zak -~ ;ﬁ&[ B HoBx D]

Thus, we have arrived at eq. (12) with

MG f:zf/:ﬁ'x[ FLU( e b+ m ]
ri (25 28)'s 4)7 (16)
L1%) =£J?/k /2 )08+ (4 )CH%)° ] oo

2.4. Eguations (6), (8), (10), (12) give

Dulsr) = D7) # 2t

(18)

where

D)= fsBspsye 740066 f585154E

(19)

€ — 29

Dolsv)=five 7)%1/9/ /a‘;fe 2
- ﬁ% explielv-y)] k&, &,
K3, + 17 K2 (20)
the integrations over variatles ,f: 5 and over gﬂ get sepa-

rated, ziving rise to the gauge invariant photon propagator gb
and the propagator jD
particle, (The propagator 2
riab‘lesgd

of a noninteracting longitudinal
is gauge-invariant as the va-

do not change under transformation (2) and the variables %’7 ®

get only a constant phase factor under this transformation).

2.4.1, Let us define the gauge invariant electron propagator
Go(%,Y) by the substitution 4/k/ 4%%)  sor
/Qi/ﬁﬂfzg(y} in eq.(8).
One may get higher-order gauge invariant Green functions by
the substitution of the product of several factors Aﬁ; LX,)

and factors %/y/f/z} for @/x)//?g/)’j in eq. (8).

2.4.2, Let us define the gauge noninvariant electron propagator
G(X.y) by substitution (/x)Wy) for ﬂdﬁ()/) )
in eq. (8). The change of variables (6) allows one to repre-

gent éf/} Y/ as the product of the propagator 5§[¥X7
and the quantity

fin= e Seplictr- e fe s

which reduces to the calculation of the Gauss-type integrals
(/1/, chap VIII | § 45.5). Analogously, one can express
higher order gauge noninvariant Greer functions in termg of
the gauge invariant Green functions (item 2.4.I) and the
propagator QD .

2.4.3. The difference between our consideration and that of the textw
book /1/ (chapter VIII, § 45.5) is the following
i) we have introduced the counter~term (3) into the Lagran-
gian,

ii) we have conducted our consideration in the Euclidean
metric, so0 that our quantities éi((k) are gauge invari-
ant unlike quantities /2* (}} of the book /1/ which
are defined in the pseudo-Fuclidean metric and do, trans-
form under the gauge transformation

ALT) — AL +2X/X | g% =0.

3. Thus, the Euclidean QED, as defined by the lagrangian (5),descri-

bes in a gauge invariant way the interacting spinor and electro-~
magnetic fields; he51des, it describes a noninteracting longitudi-
nal particle of the mass /7}472;: (see eq. (20)).

Let us note that having introduced the counterterm (3) into the

Lagrangian, one has 0 change substantially all the consideration
of, e.g., Schwinger model.




Moreover, the description of QED via the Hamiltonian

H o= 5 4 1) 2ot 7))
3
byt ] 2 (55 iehE) 4 mf

- _ﬁﬁ]

#
(where /9 /k} is a spatially transveral part of a vector-
potential ( AwvAYx)=0 ) /7 ﬁ(/ the momentum canonically
conjugated to ﬂ“/x}} O = W*/x) ;V/X/ 4 the Laplace operator)
which was sometimes universally recognized , turns out to be wrong.
This description does not provide the vanishing of the quadratical
divergence of the inverse photon propagator for all values of the
coupling constant e‘ and leads to some condition determining
allowed values of e’ /4/. It is to be noted, however, that
we dQ not know how to extend our Euclidean metric consideration to
the cage of pseudo-Euclidean metric. ¥herefore, the above statement
concerning the necessity to reject the Hamiltonian H is not
at all a rigorous one: it is only a conjecture.
I am indebted to Dr. A.,A.Vladimirov for a stimulating discussion.
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