
,TI 
10 Kon. 

Ofib8AMH8HHIsII 
MRCllfYTl: ., RA8pHbl x]. 

MCCI8AOB8HMI 
\ AYfiNa 
~, ­

.r I 
" ,I 
I 

1 

E2·86·425i 

.i. 

I 

L.G.Zastavenko:1 
J 

THE COUNTERTERM f, f = _~M2 A~~ 1 

, 

IN THE LAGRANGIAN . t 
I.j OF EUCLIDEAN QUANTlJM 

ELE(:THODYNAMICS 

11 AND THE GAUGE INV AHIANCE 

\ 
\ 
• 

,I Subm i t ted to "TMct>'1 

PeABKTOp 3.B.HBalliKeBH4. MaKeT P.A.~OMHHOH. 

nOAm1caHO B nevar s 10.07.86.
 
~opMaT 60x90/16. O~ceTHa~ ne~aTb. Y~.-H3A.nHcToB 0,69.
 

THpalK 490. 3aKa3 37934 •
 Ij ==~=.. 
H3AaTenbcKHH oTAen 06beAHHeH~oro HHcTHTyTa ~AepH~X HccneAbBaHHH. 

ay6Ha MoCKOBCKOH 06naCTH. ,11ll=~=====~~ 



1. Euclidean quantum electrodynamics i8 determined by the Lagran[ian 

(1 ) 

;;z == :t(f/; If~ Il ) =:; - VJIf[l.(õ~ -ielJ~}+mJCf 
. '2 _-f-(? AaI­ _ d;;L'lt) 

r t:> xj'J_ .JXo<. 

tp"(x) 

rp (I) 

which ia invariant under gauge transformations 

~ CjJ4.(X) -= cp"'(x) e-/~/1(X) 

~ lf/ (X) = .lf!(X} -e/f> A(X) 

11"'- (X) -? P; (XJ = /lol (,,) + g)-<. 

/ 
\ 

'./ 
! 

(see, e.g., the textbook /1/); usually one a180 adds to the Lagrangi­
~n the counterterm 

Ob1JCÍ\l:U\, .....kiki KHC'm.rr~! 
tm~BI?Ii ~CC2el\t)Bjum\í'l 

1 Fl.oj.t- I '. T,?:H ~ 

(5 ) 

(4 ) 

() 

-I I ?.tJ' 
~oZ = - Z f1 ~ (xJ 

~ (fi: ljI; IJJ~ :i(tfj lf)JlIJ) -f S; ~ + ~ ~ . 

cf;;/ = - -1 oIe (d~ A~ ) < 

so that the total Lagrangian becomes 

(2 ) 

Such an Euclidean QED contains quadratic divergences of the inverse 
photon propagator. In order to get rid Df these quadratic divergen­
ces, one introduces into the Lagrang~an the counterterm 

, 
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The c~unte~terms (3), (4) are not invariant under gauge transforma­
tions (2); but the QED, determined by the Lagrangian (5) is gauge 

invariant /1/. 

2.	 In this work we give a simple pro~f Df this statement for the 
Euclidean QED. 

2.1.	 First of all, we shall introduce instead of the fields ~ }ti'" 
/101.. the fields ?) f~ Lt) Cf a cc ord í.ng to equations / 

~(xJ = /3,;. (x) ~ d?(x)/JX~	 ,•. 
ffX) == p(x)e><f~	 /erfxJ] 

f"().)	 = tp"(x} eXjJ L lê' Cffx)] 

p(x)	 = a' d~;2Xo( 
(6 ) 

f	 I?h 
Here	 D = L ()/ JXO(? so that ir' 

""" :/ 
-I)"" /e»

t/('x)	 = Q L-J e /lK , 
K'#O (7a) 

then 

-f 1 T	 /JO<
O	 ~(xJ = - S2- L-Je ~/K{. 

K »o 
(7b) 

(we have introduced four-dimensional periodicity cube ~). 

Last ~quation contains A« in the denominator. This is the point 
where we use our Euclidean metric: in pseudo-Euclidean metric the 
quantity K

2 
may be zero even if ~?CJ and the operator 17

-I 

is i11- defined. 

2.2.	 One can easily prove that under gauge transformations (2) 
the quanti ties 80<. (x) are invariant, and the quanti ties


f f~ get the constant phase facto~
 

) 7(x)~ !/X/~	 /lx/e 1h 1o
• 

where AGI is the coefficient of the expansion ;1(xJ= Z.A~e/l(')( 
with K = O /{ 

2.3.	 In the continuaI integral method the photon, e.g." propagator 
is determined by the equation (see /2/, chap. 4) 

2 

S'iJ.j1 (ry y)=r?"/I tifll.r e- /foi (X) IJ/Jfl/ 

I~f} J1fJ'lf~ e- S: 
(8 ) 

where 

s- /;1, d~,	 
• 

.n.	 (9 ) 

Let us express e q , (8) in	 terms o f variablestJ!; gol) r 
2.3.1.	 First Df all note that 

f' 

f)1J ófjJir~"E (17 (17iI~ (x) )clj!J(Í.) ti f//1t('xJ) 
(Xl d.=-( '/ 

~ ~si 0;ré(~!J;,Mt;jti/í,JX))rlWX) clflx} dI(x)) 

- e8dfof$d7 
(10) 

(remember that eq. (6) rives 

(11 )).~~r;/ = o 
2.3.2.	 Let us prove the action (9) to be the sum of two terms,where 

the first term dependa on ~ .1) f '*; and the s ec ond, on p: 

y =	 J~ (~ f~ g) -/ ~y (P/' (12 ) 

Heally, eq , (G) determines the gE1J.ge'transformation (2) 

wi t h /1 = r ' s o t ha t 

z: (~ )'/). Il) =:t(~ t; g). (13 ) 

3 



One has doc.;9..(. ::=. D1 and	 do not ehange under transformation (2) and tbe variables I; 7 ?:lI: 
get only a eonstant phase faetor under this transformation).. Z 

J;;I:	 = - (de/Z)(Dy) . 
2.4.~.	 1et us define the gauga invariant eleetron propagator(14 ) 

Equation	 (11) implies (;D{X/Y) by the substitution l;(xJ f/f"(YJ for 
/Jo«(x)lJp(Y) in eq.(8).

=0j!t(x; iJ1(.xJjJxo< qh - ,/cIfx/J8.Jx}ftJG. tix	 I) One may get higher-order gauge invariant Green funetions by 

80 that the substitution of the produet of several faetors t?~.(~'J 
and faetors f(~)f~(~) for ll(x)1(Y) in (eq. (8) •.!d;;(tI'x = -(ltYz;f!x[8,Jx/-f(Jf'~x.j] .	 :J 

(15 ) 
2.4.2.	 1et us define the gauge noninvariant eleetron propagator 

g(X;.Y) by substitution Ij/(X} fjJ~(Y) for 1J~(x)j}fJ(Yl 
Thus, W~ have arrived at eq. (12) with in eq , (8). The ehange of variables (f) allows one' to repre­

~(~ 't;8)=;fx[f~['(~-/e8~+mJf sent (;0 yJ as the produet o f the propagator 50~ yJ 
.JI and the quantity 

1".!. (3Bc(_ 'J8/J)l-f .a:8.. (x) 2 J	 (16 )
tt dX..a sx; 2. ~	 li? yJ'"1'1'e s, e ~[if('1'fx)-f'/yJ)]/fe-J;d,/, 

(21) 

whieh reduees to the ealculation Df the Gauss-type integraIs 
<11/, ehap VIII § 45.5). AnaLogoua Ly , one can expr-eas 

-f,JCf) =j~ {(/e/'l.)(Dr) ~ (I'f'l'l-)(Jr/bx."y I (17) 

J . 
higher order gauge noninvariant Greer. funetions in term~ Df 

the gauge invariant Green funçtions (item 2.4.I) and the 
2.4. Equations (6), (8), (10), (12) give	 propagator tjJt . 

ir t·
q)~ (~Y) = lJ0Lj3 (X, Y) -f J)0<j3 0 yJ	 2.4~3. The d1fferenee between our consideratiDn and that Df the text~· 

(18 ) book /1/ (ehapter VIII, § 45~5) ia the following
 
wheJ:l€
 i)	 we have introdueed the eounter-term (3) intD the 1agran­

gian,'l;.;~ YI1fI3$"fár e-Si4.(;<)4,fy!ft.8dflr e f, 
1i) we have eondueted our eonaideration in the Euelidean 

(19 ) met r c , ao that our quantitieB Bol.,{x} are gauge invar1­
ant unlike quantities 19~(X) of the book /1/ whieh'j)';~YJ=IJYe-f,:r:j~YJ1/lqe-Yz	 

í 

are defined in the p8eudo-~uelidean metrie and do. trana­
forro under the gauge tranaformation 

== &~	 ~p['~(x- YiJ IG. ~& 
J

IJ 

K Z (20 )	 lJ':rX) ~ ~t{;c) -,L d~/JXo:: ) D~ = O.K.?~ -f	 I1 l 

the integrations ove r variables f, ';~. 8 and over Cf get sepa­
3.	 ThuB, the Euelidean QED, as defined by tbe Lagrangian (5),deser1­rated, <~i ving rise to the gauge Lnva r-í'arit photon propagator ljJt:r
 

bea in a gauge· invariant way the interaeting spinor and eleetro­
and the propagator )De of a noninteraeting longitudinal 
magnetie fields; besides, it deseribes a noninteraeting longitudi­partiele. (The propagator ~tr i8 gauge-invariant as the va­
nal partiele of the mass ~/~~ (8ee eq. (20»).
ria bJ.es 80<.
 
1et us note fuat having introd~eed the eounterterm '(3) into the
J
 
Lagrangian, one bas t; ehange substantially all the eonsideration 
of, e.g., Schw1nger modelo 

...	 5 
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Móreover, the description of QED via the Hami1tonian 

H = flJ<[1 -t I7Yx)L -I ~ (rl/t Il"é ) 2 

$	 d . t ~7 
+ !fi~(xJ di[ f: 'i('0 - te1- (xl) -I: m.; rp 

e2.	 / }
-T~6JJ 

11 
~ I,(where ;9 t(X) is a spatia11y transvera1 part of a vector­

potentia1 ( t>'/I//Jt(x) =- O) 17~(x) the momentum canonica11y 
con jugated to Ilt-(x) I fi ~ p"(x) }L/1x1.ó the Laplace operator) 
which was sometimes universa11y recognized/3/ , turns out to be wrong. 
This description does not provide the vanishing of the quadratica1 
divergenpe of the inverse photon propagator for alI va1ues of the 
coup1ing conBtant e Z 

and 1eadB to some condition determining 
a110wed va1uea of e Z /4/. It is to be noted, however, that ~ 
we dQ not know how to extend our Euc1idean metric consideration to , j 
the case of pseudo-Euclidean metric. ~herefore, the above statement 
conccrning the necessity to reject the Hami1tonian fi is not i 
at alI a rigoroua one: it ia on1y a conjecture. 
I am indebted to Dr. A.A.V1adimirov for a stimu1ating diacuasion. 
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3acTaBeHKO n.r. EZ-86-425 
lJ.neH 8~ = - -f M 2 A 2 B narpaHJKHaHe 3BKJIHp;oBoH: 

v ~ 6 KBaHTOBOH 3JieKTpOp;J1HaMHKI1 11 KaJIH pOBQqHaH HHBapHaHTHOCTb 

B paMKaX cPOpMaJIJ13Ma KOHTHHYaJibHbiX HHTerpanOB p;aHO IIpOCTOe 
p;OKa3aTeJibCTBO yTBep~p;eHHH, qTQ BBep;eHHe B Jiarpa~HaH 3BKJIHp;O-
BOH K3A KOHTpqJieHa 8~ =- ~ ~M 2 /KOTOpoe o6bJqHo IIPOI13Bo-
,D;HT ,D;JIH YCTpaHeHHH KBap;paTJ1qHbJX paCXOp;HMOCTeii: o6paTHOrO cPOToH­
HOrO rrporraraTopa/ He IIPHBOp;HT K HapyweHHID KaJII16pOBOqHQH 11HBa­
pHaHTHOCTI1 K3A. 

Pa6oTa BhiiiOJIHeHa B ITa6opaTOPHH TeopeTHqecKoH cPH311KI1 OIDIH. 

llpenpHHT 06'hcAHHcHHOfO HHCTHTyYa R.nepHbiX HCCJlcAOBaHHH • .Ily6Ha 1986 

Zastavenko L.G. 
The Counterterm 8~ =- .!-M2~in the Lagrangian 
of Euclidean Quantum Etectrodynamics and the 
Gauge Invariance 

EZ-86-425 

The quadratic divergence of the inverse photon propagator 
in QED comples one to introduce the counter term 8~ =- tA~M 2 

into the Lagrangian. Our work contains a simple proof that 
such an introduction does not break the gauge invariance of 
Euclidean QED. The gauge non-jnvariant part of ~ describes 
some non-interacting particle. We use the Feynman path inte­
gral formulation of QED. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Preprint of the Jumt Institute for Nuclear R~>carch. Oubna 1986 


