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1. Introduction

The inverse)ﬂb ~decay is one of the simplest purely leptonic
processes

ybe —-./,-Ve
(1)
being a crosg-channel of the usua1‘/L -decay. Like the latter, it is
of great interest for theoretical and experimental physics, because
within a renormalizable gauge theory its cross section may be calcu-
lated up to a desired accuracy and because the information extrac-
ted from the analysis of this process is not affected by strong in-
teraction uncertainties. Therefore, the experimental data are direct-
ly related to the underlying propertics of the theoriés,
Within the standard SU(2)L® u(1) theory/1/ the Born approximation
of process (1) is described only by dtagram 1 of Fig. 1.

Fig. 1.
W ¥ Diagrams of the inverse
. ¢t N /L -decay process contri-
; . butin, to the QLD-part of
e Y 3 . the cross-section with
1 2

account of radiative cor-
rections.

The corresponding total cross section neplecting the /-boson propaga-~
tor effects reads
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where I;F is the Fermi constant, /Mg 4 are the electron and
the muon masses , S= mé‘+2me EV with Ev teing the incident
neutrino energy in the laboratory system,
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Reaction (1) has a rather high threshold,

mE-m}

E‘) >/ E-éﬁr AMe 0.5 GeV, S (3)
which makes it accessible for observation only at the most power-
ful modern accelerators of CERN and FNAL, About 600 events of reac-
tion (1) were collected in an exposure of the CHARM-I detector/z/.
The analysis of the data allows one to set rather strict limits on
deviations from V-A interactions, on parameters of a second charged
intermediate boson of the SU(2)L ® EHKE)R ® U(1) model, and on an
upper limit of the multiplicative lepton number conservation., Much
more events will be recorded in CERN CHARM-II experiment which will
be ready for exposure in the summer of 86, One can estimate the num-
ber of events of reaction (1) from the total croﬁs—section ratio of
process (1) and elastic 2“2 scattering, the measurement of which
is the main goal of CHARL-II experiment., One has

lept 4 _mt
A/C;cc ,P(‘{ 5'9+ S///”/S

where = Sin 9

and
P = GL/65 = M3 /M s,
(5)

is #gnother basic parameter of the theory equal to 1 in the standard
theory with a minimal Higgs sector.

at ¢ = 0.215% ratio (4) equals 1,2,4,8 at  E, = 15, 20,
30, 100 GeV and 4.7 being averaged over the WBB neutrino spectrum
So, in a planned CHARM-II exposure collecting 2000 ;&e -elastic
events, there will be recorded about 10000events of the inverse
,‘L ~decay.

Such a large statistics allows one to obtain rich and various
information: to improve essentially all limitations derived in the
previous experiment/z/, to normalize independently the neutrino flux
and, what is more interesting, to realize a proposition of a model-
independent determination of  f with a precision of about 1%.
The measurement of j) in purely leptonic processes is free from
systematlc theoretical uncertainties unavoidable, for example, in
the determination of 'P from the deep-inelastic neutrino crossg
section ratio R-G]K'/bkc . The uncertainties are related with an

(4)

2

impossibility to separate, with sufficiently high precision, three
types of possible deviations of .}9 from unity: proper deviations
cauged by intrinsic properties of the theory, those induced by hig-
her-order effects (radiative shift) and some unknown effects caused
by structure functions or nuclear properties. In the purely leptonic
processes the third effects are not present at all, the second ones
could be calculated completely, so that proper deviations of

could be derived from measurements without any theoretical uncertainty.
The calculation of electroweak radiative corrections to the diffe-

rential and total cross sections of reaction (1), evidently necessa-
ry for realizing any precision measurement, is the main pur-
pose of this paper. As a calculable observable we choose the muon
energy spectrum, since the muon lab. energy £ is directly mea-
sured by a magnetic spectrometer and the angular acceptance of the
spectrometer is equal to 100%. Actually, we shall use,instead of

El"’ , the dimensionless variable #s E/i/Ev' In view of the
expected 1% statistical precision for the total cross section mea-
surement in the CHARM-II detector, the uncertainty of a theoretical
analysis should be lesser, say 0.1-0.2% . Obviously, for such a high
accuracy one should calculate cross sections at least up to one-
loop corrections., The sufficiency of the one-loop approximation will
be understood upon analysing the obtained results,

We have already presented an expression for the.muon energy
spectrun in process (1) with account of orne-loop corrections 5/.
Those results were derived, however, under two unrealistic assurip-
tiong, TFirstly, we used an extreme Trelativistic approximation

S > In‘z that is obviously incorrect at energies not too far
from Eszr , eq. (3). Secondly, the formulae have been derived
by assuming that events with inner bremsstrshlung photons

e okl

are not distinguished experimentally fron the radiationless events
of process (1) (inclusive with respect to the ruon experimental con-
ditions).

In this paper we improve the results of re

e 15/

two lines. Here we successively retain /”l- ag corpared to 3,

just alonyg these

so the resulting expressions are valid up to threshold neutrino ener-
gles. A comparison of two calculations shows that the account of a
rorvanishing muon mass is important to guarantee the required accu-
racy of calculations up to Eﬂ = 100 GeV, In this paper we gtudy



also the influence of the bremsstrahlung photon registration thres-
hold on the differential cross section, Let us explain this point in
greater detail . If the trigger of an experiment discriminates, for
some reasons (for example, due to background conditions), events of
process (6) w%}h a lab, photon erergy E( greater than some thres-
hold value F , then the differential cross section d6f
calculated for inclusive conditions is no longer adequate to the ex-
periment observable., From the dﬁajw one should subtract a cross
section ds?remlw‘>a> ((-0 = E‘X/EJ) corresponding to the contribu-
tion of discriminated events with an inner bremsfrahlung photon., So,
observable is the difference

dfayp - doy db2ren 7)

d} d/ df Ww>D .

In this paper we calculate just both the terms in (7) rather than

the difference (7) as a whole. Such an approach has been proposed in an

analogous situation in ref, 6{ It possesses the following advantages.
Firstly, the cross section ci@uz corresponding to ideal inclusive
experimental conditions has an independent interest as a limiting ca-
se (& >Wpmgy ) of a real situation and may be compared at m}f &S
with the results of previous calculations/5 . Secondly, which is more
important, it turns out that to calculate two terms in difference (7)
geparately is a more easy task than to calculate the difference (7)

as a whole, '

As for the case of elastic W@ —scattering/7’8/, all the cal-
culations were performed within the Sirlin renormalization framework
/9/, providing a unique approach to different reactions and the same
normalization of all cross sections to the JJL - decay Fermi cons-
tant qéﬂ)
tive measurements where a common factor cancels,

It is especially convenient for the analysis of rela-

Throughout the calculations we used the evident approximations

%é‘ <2507«

(8)
and .
_SL" < /é/o—4<<l for E\) £ /TEV,
N W2 (9)

which drastically simplify the resulting formulae and are very far

from intrtducing an error greater than the required accuracy of
calculations, The new calculation (not imploying the extreme rela-
tivistic approximation) is essentially based on our previous results
5 . Within the approximations (9) the new calculations are required
only for QED diagrams with emission of real and virtual photons from
external lines, diagrams 2-4 in Fig. 1. The contribution of all other
(non-QED) diagrams can be taken from previous papers/s’12
The paper is organized as follows, In Sections 2 and 3 we pre-

sent analytic expressions for the first and second terms in eq. (7),
respectively. In Section 4 we present the results of numerical com-
putations by formulae derived in Sects, 2 and 3 and a concluding
discussion.,

2, Analytic expression for the differential muon spectrum ds;”

Here we present the results of calculation of the differential
cross section of the process

&(K,) + €7(P) —= p(K) + Ve () [*((P)], (10)

as a function of the variable inclyding all one-loop ( f£ ) elect-
roweak corrections, We remind that the quantity dﬂhﬂ, correspon-
ding to the inclusive with respect to the muon experimental conditi-~
ons, was found by integrating over the whole phase-space of the

Va’ -gystem, This allows one to use the VJ/ rest frame, which
simplifies the calculations essentially. The result looks as follows

L
‘? =26, |{- + 7’:5 (I'e,f",;)] .

In eq. (11)

(11)
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and jﬁ varies within the limits

ffe
,v YL+ + —— =1,

r"”é+r\?\l e {+fe (13)

The Ja ~decay Fermi constant is related %o the total muon life ti~

me by the well-knewn formula

/9/
e Z \
i [GFw]mﬂ(/_g-m_e)I{-+ oL _Zf..'],'f]
rI;—a - 1927{3 ”/)‘-‘2 —-27f(/f ).
{14)

The derivation of an explicit expression for f%l(E)f;y) was carri-
ed out with the aid of the algebraic computer sysgtem SCHOONSCHIP/10/,
The program of analytic manipulations written for this purpose is
essentially
It éagu) is used for the cross section normalization, then, ac-~
tually, only QED diagrams 2,3,4 of Fig. 1 contribute to /-;_(/é,ng) .
The contribution of all other weak loops is absorbed by q(ﬂ).(The ex—
traction of the QED-part from the gau7$ gegingg?t diagram 2 of Fig.1

2©925723/Y In this sense these
electroweak corrections may be called the radiative ones, but one
should not forget that only complete calculations of all diagrams
prove that just the quantity é;ﬁ?l) naturally appears as a nerma-—
lization factor, For definiteness, below we shall use the name "ra-
diative corrections®,

lesy) = (-rliL -2)lafl-5)+ o 2 (-9)
~Li,(F) +L&@)+U,~(§3§) +3 (l-r)fffz(l-r)]
4l (o) - () - o n £
+i(6y) -y - £y g) ol + B (34) oy
Rlte) - (-,

6

analogous to the program described in detail in ref./11/

is unique, and it is done as in refs,

form

(15)

where

hlrg)= i Cic (04"

K=-3

are polynomigls in y and

{
oo [Lb)
L= [ 22 Y

Polynomiak coefficients of

defined by the Table.

Filny)

(36)

can be conveniently

Table, Coefficients dﬁ
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In the extreme relativistic regime, S»m/;} , eq. (15)
becomes much simpler

B ) = $bure - [fn(g)- £ log +  » fofor 4
4[11(/) -Li(y) - 2,,2_1] (;2 zi)g”(’/ &0 T

where the symbol 6
set equal to zero everywhere except logarithmic-funcion arguments.,
Eq. (17) coincides analytically with eq. (12) of ref./S/

signifies that the corresponding mass was

and leads
to the well~known expression for the total cross section in the
one-loop approximation at S :S>/nl. 713/

e

G =26, {+ & ( J‘gﬂf
So, eqs, (17) and (18) control the correctness of an extreme relati-

vistic approximation of the exact formulae (16), derived for the
first time in this paper.

. i i t
3. Analytic expression for the spectrum d%rem /d}lww?

The second term in eq. (7) was also derived with the aid of
anothér SCHOONSCHIP program realizing a straightforward integration
of the modulo matrix element squared of the bremsstrahlung process
(6) over all angular variables. Along this way we intensively used
the results and methods of ref./14/. As a byproduct, at an interme-
diate step we derived an expression for the double differential with
respect to ? and W cross section which we also present in
this paper, With its aid, in principle, it is possible to improve
the account of experimental conditions of discriminating events with
internal bremsstrahlung photons replacing the second term in diffe-
rence (7) by

W

dﬁ&Zm - f dBQ%un Ei(Ex)dQU

. d; d;dw

(19)

where the function E'(ZE{) gives the efficiency of photon
registration by a detector. Because the explicit form of & GEr)
is unknown for us, we replace it by the step function here

E,>E
S ro-¢
é(EJ’)— 0 for Ey< E( (20)

leading to the second term in difference (7). In conclusion of this

section we list expressions for d‘?ﬁ-grem and d@ﬂmlw — « The
double differential spectrum reads

l for
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(21)
with

Wy
W=y, ‘gﬂ?%'l{ff)

(22)

It may be easily integrated over w within kinematical limits
under the restriction t,J>,(_—J >>}e’ . The result is

dby _
—&;‘.ﬁn‘wﬂﬁ =20:%F€(r,w#)’ (@3)
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4, Discussion of numerical results, conclusions

Formulae of Sects. 2 and 3 were realized in a FORTRAN program
to compute numerically % -spectra and the total cross section,
For illustrations i
radiative correction factors

m”’

is convenient to define dimensionless

=°‘(4r

Fa(ry),

(25)

tf&&m_ﬁg -

o)~ ol

L (rf'fe (1, ,4),

(26)
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(273
l—w
Yom _ o -2
g(g)___._...: ’/_T.QJ) &(r’l‘d’j)dj (28)
r
In the extreme relativistic regime (27 ) becomes
-2
815 (1:,,) 15 eﬂ‘?E" - 4 ) (29)

In Fig. 2 the corrections to the total cross section (27) and (29)

are shown for & wide range of incident neutrino energies EU from
the reactiona threshold 10.9 GeV to 1 TeV,
1_115 25 50 100 200 500 100
1] E,.GeV
_2 _____
[T
.3‘_
-4
I
_5_
-6l
-7
-8 Fig.2.
-? Theéradiative correction
10 by (E\)) calculated
-1 by exact (solid line) and
12 extreme relativistic (das-
] SL€E§LWQ hed line) formulae,.

1



A8 1is seen up to Ey = 100 GeV, there is a significant diffe-
rence between exact 'in m N formula (27))and extreme relativis-
tic eq. (29), calculations. Near the maximal intensity of the CERN
neutrino WBB, EJ” = 15 GeV, the approximate correction is three
times smaller than the exact one,which evidently necessitates the
account of nonvanishing IQAV in calculations of radiative

corrections,

Fig. 3.

The correction _
at different EX
numbers near the curves are incident

gf(Eu) calculated

values. The

neutrino energies in GeV,

- N W~ N

W15 25 S0 100 200 500 1000
Ey.GeV

In Pig., 3 the correction (28) is shown for the same energy
range and at E = 0.5, 1.0 and 1,5 GeV, As 1s seen, the quanti-
ty $f (Ev) increases with increasing EU and aecreasing Ef .
The corrections averaged over the WBB-spectrum are

<8:(Eu)> = ~2.7%,
<'5;(Eu)> = 1,0% at

E( = 0,5 GeV .,

(30)
So, the resulting radiative correction to the process (10) under
the conditions of CHARN-IT experiment is ~3,7% that is much greater
‘than the proposed statistical errors in the measurement of the to-
tal cross section ( 46/6\ ={% ) ~ and parameter}(bf/ﬁ = 46/: ).
From the above analysis we draw the main conclusion of this
paper: radiative corrections to the inverse -decay are rather lar-
ge in the above sense, and their calculations should be done by u—
s%ng formulae exact in n&b , i.e.,avoiding the approximation
md &S

tion of events with bremsstrahlung photons,

and téking into account the threshold of discrimina-
Er . The neglect

12

S e e~ = ——

- e v—

of these corrections in the data processing will lead, for example,

to a systematic error in the determination of 'ﬁ

higher than the statistical error in the measurement of ,F
To obtain a more detailed information about radiative correc-

tionsg, in particular, about the accuracy level of the performed

calculations, let us analyse the corrections (25) and (26) differen~

tial with respect to jf .

Fig. #.

Ra%iative corrections
iy (Ev,4 ) et different
initial neutrino energies
Eu as functions of
the variable .

The numbers near the

-g 100 curves are values of Eu
10l[E4=1000Gev 15 in GeV,
ME, %
7}‘6[](5’,\/)}/’.
6{ €, +1000Gev
5
I3
Fig. 5.
3
The corrections Sg( Eu)f ) at
different initial neutrino energi- 20
es Ey and at E( = 1 GeV,
as a function of the variable # . !
The numbers near the curves are

in GeV, 0 ‘ 05

<

values of By
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In Figs., 4 and 5 corrections S’QM (Eu,}) and 55 (Eu,#}

at ﬁ( = 1 GeV are shown for four incident neutrino energies

Ey = 15, 25, 100 and 1000 GeV, Due to corrections the ~distri-

bution flat in the Born approximation is distorted. Near the kine-
matical boundaries é%ﬁn = and 50nax = 1 the correction
Sgt becomes negative and large. In both cases this'is the’

usual infrared behaviour. The minus-infinity trend of the correc-
tion is due to the kinematic possibility of emission of only very
soft photons in definite phase space subregions, There the large
positive contribution of hard photons is suppressed, So, when

-» 1, the energy is carried away by the muon, and the phase space
available to the qr -gystem becomes very small, When 'ﬂfﬂWl'
from the analysis of kinematics one may conclude that the neutrino
tries to carry the energy EU'E,w , and again the photon phase

space vanishes., In the infrared regions the contributions of higher

perturbative orders are not small, The summation procedure known
as exponentiation is justified here, namely, the replacement

{+ &alﬂ (Eu,i) >p %'alt' (Ew;.)

(31)

fakes, with a high precision, account of higher order terms.

If the replacement (31) is continued over the whole region
of é} , we shall make an error, but due to the smallness of
825 at intermediate the introduced error is lower than
the required accuracy of calculations, 0.1%. The other term,

Sg (Eu,}) ,» is sufficiently small by itself ( < 3% for E, <
200 GeV), hence the error AS} caused by the neglect of terms
of higher order in ¢ is also of an order of one tenth of
per cent, So, the expression

(32)

ensures the c¢laimed accuracy of calculations of an order of

0.1 - 0.2%, We note that as a result of the exponentiation, the
~distribution changes its flat shape to a bell-like shape going

fast to zero in narrow vicinities of kinematic boundaries, As

follows from Fig.5, dﬁ}}un already possesses this property.

14
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The vanishing of cﬂﬂg& is a consequence of the replacement (31)
taking into account that %‘L‘——-’-—co 88 = Afnin, max + A5 8D
example, we presented in Fig, 6 the differential distribution
(26;)"‘ dry/cfg at two values of E, and ‘Efd’ = 1 GeV. The
deviation from the flat shape is visibly small, and whether it
will be noticed in future experiments or not depends on concrete

experimental conditions, in particalar, on <E,> and Ed’ .

Fig. 6.
Eq =100GeV
S ety P The muon energy spectrum
4 A . .
W>- in the inverse -decay at

vlo

'+ two initial neutrino energi-
s

IN, es calculated with (solid
05 lines) and without (dashed

r lires) radiative corrections.
E,=15GeV

02

In any case the set of formulae presented here together with
formulae of refs./7’8/ for elastic l&‘e -scattering allows
one to perform, with a sufficiently high accuracy, the procedure
of radiative corrections in the analysis of the future precision
data of CHARM-II experiment on the inverse //0 -decay and elastic
\;‘e -scattering,

The authors are very much obliged to K.Winter for raising
this problem and also to A,A,Akhundov, T.Riemann and A.N., Rosanov
for fruitful discussions and critical comments in reading the
manuscript,
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Sapoun [0.%., JokyuaeBa B.A.
JHepreTHUYeCKHU CNEeKTp MWOHOB B Impolecce obpaTHOro
K—-pacnana

E2-86-280C

BriupcrieH sHepreTHYecKHil CIIeKTp MIOOHOB B mpoliecce oBpaTHOro
p—pacnana. Pacuer BHIIOTHEHEH C TOYHOCTBHI IO ONHOMETJIEBHIX 3JIEK—
Tpociiabeix nonpaBoK 6e3 nmpeHeOpexeHHs MAacCOH MOHA M C yueTOM
opora perucrtpanuud (OTOHOB BHYTpeHHero TOPMO3HOI'O HM3JIYYeHHH .
TlokazaHo, UTO B yCIIOBUAX skcrnepumenta CHARM-II /UEPH/ cymmap—
Hasg nonpaBKa K TOJIHOMY CeUYeHHU COCT&BJ’IHQT-AZ.

Pabora BhmosiHeHa B JlaGopaTopHmM TeopeTHuecKkoi ¢usuxku OUIH.

HpenpuHr O6beAHHEHHOT0 HHCTHTYTAa SAIEPHBIX HccneqoBaHmi. Jy6Ha 1986

Bardin D.Yu., Dokuchaeva V.A.
Muon Energy Spectrum in Inverse p-Decay

E2-86-280

The muon energy spectrum for the inverse p—decay is calcu-
lated up to one-loop electroweak corrections, avoiding the
neglect of the muon mass and taking into account the registra-
tion threshold of inner bremsstrahlung photons. It is shown
that under the conditions of new CHARM-II experiment at CERN
the overall correction to the total cross—section approaches
(4%,

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR.
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