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1. Introduction 

The theory of oelf-sdjoint exteneions found recently some new appli 
5/.catione/1- It oan be particularly useful in the sitwationa when 

the configuration manifold of a quantum system conaiete of ,a'few parte 
which are "glued" together in eome wi:' An example of this type has 
been treated in our previuos paper/6 ; we consider there a particle 
moving freely on a halfline connected to a plane. Such a etudy has 
a straightforward physical motivation, becauee it yielde a mathemati
cal model for one type of point contacts, the epear-and-anTil con
tact/7/ . 

There is Bnother characteristic experiment in the qUBntum point
contact epectroecopy, in which two metallic plstes are aeparated by 
a thin ineuleting layer perforated at one point. If the aize of the 
orifice ie comparable w1th the mean free path of the electrone in 
metal, the Ohm's law i6 violated Bnd one observes non-linear efiects 
in the ·current-voltage characteristice/7/. One can conceive variouB . 
mathematical modele of thie situatiQtl. The Bimpleet among them treate 
electrons ae free partlclee movlng.on the manifold consisting of two 
planes connected in one point. That ia the problem we ar~ going to 
dlscuss 'in the preaent letter. . 

We aball construct, by meana of eelf-adjoint extenaione, the 
familY of alI poseible Hamiltoniane for euch B eyetem, and charBcte
r~ze them by singular boundary conditione. Then we ehall find to each 
particular Hamiltonian the probability of penetration between the two 
planes. It yielda the basis for ev&luation of the current-voltage 
cnaracterietics/8/ whlch w111 be performed in a eubsequent paper. 
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2. The fami1y of admissible Hamiltonians 

For simplicity, wc neglect spin of	 the electrone. The state Hilbert 
2(R2) 2 2 )apace of our problem is then UI = 'L l!l L (m • In order to con

etruct the Hamiltonians, we start with the operator 

(1)HO = HO, l ~ HO, 2 

- ,.po 2 !	 •
where HO,j = -..:1. w1th D(HO,j) = IJO(IR "1.oj) , j = 1,2 , assuming the 
connection point to be placed at the centre of coordinatee at each of 
the planes. Th~ ueed notation ia more or less standard  cf., a.,., 
Ref.9 • The deficiency indicas of the operators HO,j are known 6/ 
to be (1,1) ; henca the deficienoy indic6s of HO are (2,2) and it 
possesses a four-parameter family of self-adjoint extensions. The 
deficiency eubnpacea }<.,::t:: Ker(HÓ .i1) are spanned by the vectore 
(:t).	 ' 

'Pk ' k = 1 ,2 , where 

W(+) - (f ,0) rp~+) (O,fO)	 (2a)T1 - O 

with 

(1) 1fi !4 .fo(x) = Ho (s lxl) , e = e	 (2b) 

and ~~-) are complex conjugated to ~~+) • In order to conetruct 
the extensiona, it ia useful to introduce polar coordinatea in eech 

2 2 2 +00
of the planes and decompoee L (R ):: 11 L (R , r dr ) ~ {y 11i ' where 

. 1/2 i	 m=-oo m n
Y ( ,, ) :: (2Jj)- e TD.'P • The operators HO,j can be then exprel!lsed as 

m
00 

m~DO hm,j8 I	 
(3a),BO, j 

where 

d2 1 d m2 

bm,j -----+- D(hm, j) :: C~(R+ \ tOl) (3b)
dr2 r dr r2 

Sin'ce the operators h . are e.S.B. for mf O (Ref.9, Sec.X.1),
m,J 

we have 

1ropoeition 1 Each eelf-edjoint	 extension of HO ia of the form 

(4)HU=KU$E 

where ~ h:: ($ h 1 @ I) (i) ($ 1~ h 2) and x., ie a aelf-adjoint
m'f'O m, lfO l , -U 

extension of the operator IrO= (hO, 1Q\ I) (fl (1@ hO,2) wi th the domain 
( ,... '"	 «l + 

D(IrQ) :: lo 'f ~ (f1 ' f 2) : f J (x) :: f j <I x I) , f j E' CO(R "{ OJ ) 

2 

~enoe 1t's onll neoeaaary to ~ind Xu. The standard vo~ Neumann theory 
giTé8 

fropoeitlop 2: ilhe exteneione KU are parametrized by 2 x 2 uni ta
rJ.matrices U. Wo have . 

d2f~2f , df df 
KU(f ,- f 2) :: (- 'dI2 - r ~ , -~ - ~ ~) (50.)' 

iUld 

r ' (+) (-) (-»
D(Kul =lo f::: "'f + c , (1, +ul1~1 +u12~2 +	 (5b) . 

(+) (-)	 D(-K)(-».	 .,2.
+ c2(~2 +u21'P , +u22~2 • '!f.E O ' C, ,C 2 E " .5 • 

,. Boundary oonditione 

It 18 useful to characterlze the extensions Ru by means of boundary 
conditionB. The deficiency functions are singular, but wa can intro

/6 10/duce the regularized boundary valuee ' 

LO(f) = 1im 11!l L, (f) = lim [f(r) - LO(f.) 'ln r] • (68) 
r ..O 1nr r"O . 

In particular~ the standard expansion of Bankel functions ylelds 

1 2iLO(fO) ::: Ê.!. L, (fO) :: '2 + ~ (f - 1n 2 )	 (6b) 
~ 

and compl~x oonJugated valQes for. Lj (tO) , "here J' = 0.577216... ia 

t~e Euler s conBt~nt. One must also split .the set of al1 matrices U 

into fiTe disjoint claDses, namely 

(i) ai.i U with D(U)=trU-detU-l +O, 

(11) alI non-diagona1 U "i th D(U) = O , 

f(11i) and (iv) : the.aatricee O)illl and O) "ith ~€(O,2.1l),( 
(eiW

O· e • , 

(T) the unit matrix. 

Proposition ~: Every extension Ku ~e specified uniquely by the 
follo"ing boundary cond1tions. rr f:: (f, ,f2) belonge to D(Ku), then 

(1) L,(f,)=ALO(f,)+BLo(f2) and L,(f2)=CLO(f,)+DLO(f2), "here 

~i(,	 -1A =T + u 11 - de tU) D(U ) + f - In 2u22 

B Jl'i D(U)-l :lii -,:: 1r u2 , , C = :r u , 2D(U) 
~i . .
 

D::: 4(1- u ll + u22 - det U)D(U)-l + f -In 2
 

,3 



(11) and	 , whereLO(f2) =ELO(f1) L1(f2) = FLO(f 1) + GL1(f1) 

E = 1)-1 = U2~ (u22 - 1)u12(u11 -


Jri , -1 [ 1 2i, ]
F = 2" "2 trU + T(f-ln 2)(1- det U)u21 

) - 1 -1 )G =	 u12 
( 1 - u22 = u21( 1  u11 

1ft,1 J 
(iii-v) if U = 

(
e ~ú)' the boundary condi tions read L, (f j) = 

O e 2 

z: (!otg:-t + I -In 2)LO(f j) , in particular, LO(f j) = O if -léJj = O o( 

.fi:2.2!,: Tho boundary conditionB are obtained by straightforward compu
tation ~~om (2),(5b) and (6b). Next one has to check that the mapping 
trom the Bet of the matric6e U to the set of boundary conditione ie 
injective ; it can bo done in the eama way ae in the proof of theorem 
of Sec.' in Ref.6. • 

4. Scattering at the conneotion point 

lt i8 clear from iropoeition' that the bounda~y conditioDe separata 
for a diagonal U. The Hamiltonian i8 theretore of the form Hu = 
• B • H(D), , whera the operatora on the rhe ara two-dimensional 

~ O(A)l••O 2 /11/	 •
point-intaraction Hamiltoniana • The eIeetron eannot penetrate bet
ween the two planes ; the seattering problem in each of them cnn be 
oonBi~ered eeparately. 

We are ~ore intoroeted in the caBe when the penetration i8 p08sib
le. Suppoae that U i8 pon-diagohal and belonl:B to the cls" U}. V.

U	 .
take the function f with 

f~(r) = JOOcr) + au(k)B~ 1) (kr) b (k)U( 1) (u) (7)f~(Z:) U O 

and	 requiro it to belong 100811y to D°lu) a ehort caloulatian then 
giV6S 

2i k1 + r (f + ln '2 - D) 
au(k) (8a)

[1+~(/+l~t-.)](1 +~i(f+lnI-D)J + -\ BC 

'" 
bU(11:) ~ 1;1 C [1 + ~ (J' + ln ~ - D)] -1 a U(k) (8b) 

, 
U.iq th. aeymptotice af the functione (7) for r ~oo ,one ~iDds 

_ id'O(k)
SO(k) = Q = 1 + 2s U( k ) = 

\f	 2i k.1 [21 k \1[ -1 +17(j + In "2 - Ao») 1 +T(f'+ In "2 - D~ 

[2i k] (2i k]lII:	 1+3i""(,f+ln"2- A) t1+Ji"{f+ln"2-D) 

~ 

4	 (9)+;2 BC 

4+;?:BC 

while th~ other Sm(k) are eoaily eeen to be zero; only the B-wave 
ecattering ia non-trivial. Uaing an expIicit parametrizstion/6/ of 
the matriz U, one can check that the çoefficienta A,D are real 
and B=C • Then 

unit~rYt 

, - I~O (k) I 2 = 

Thie relation hae 

a etraightforward calculation ahowa that S ia non

4 Ib	 ( k) I 2 > O (lOs)U

a natural interpretation. In order to illustrate it, 
one haa to calculate the radial probability current through the circle 

. of radiu8 r in the second plane. It equela 

j(r) = -231r/bu(k)/2 Im[H~2)(kr) kH~1)(k:r)J = 4IbU(k)12 (10b) 

independently of r ; hence the rha of (10a) ia the probability of 
pen~tration through the connection point per unit time. Thia ia just' 
the quantity needed for the model mentioned in the introduction, 

AnalogouB coneideratione can be performed for U o[ the elaGe 
1!!l. In particular, tho relations (8) are now replaced by 

G 
a (k) = 2i~ ~ -k J 2i 

U (E - G)[1 + "i. (' + ln '2) .- 31 r 

and bU(k) =EsU(k) , and the B-wave acattering matriz ia 

_ E + G+ t(~-G)(f + ln I) -~ ,
So(k) - ](


E - G+ 11(E-G)(/ + In -2) - .si ,
1T	 3t . 
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3KCHep TI., llie6a TI. 
KBaHTOBOe ABH~eHHe Ha ABYX nnoCKOCTHX, 
COeAHHeHHb~ B OAHOH TO~Ke 

E2-86-268 

PaCCMaTpHBaeTCH CB060AHOe ABH~eHHe ~aCTHupJ Ha MHOroo6pa-
3HH, COCTOHIIIeM H3 ABYX nnoCKOCTeH, COeAHHeHHbJX B O)J;HOH TO'IKe, 
qeThlpexnapaMeTpHtleCKOe CeMeHCTBO AOUYCTHMhlX raMHnbTOHHaHOB 
CTPOHTCH npH UOMOIIIH CaMoconpn~eHHb~ pacmnpeHHH CB060AHoro 
raMHnbTOHHaHa, H3 KOTOporo yganeHa OC06aH TO'IKa, BbJ'IHCneHa 
BepOHTHOCTb npoxo~geHHH tlaCTH~bl Me~gy ABYMH 'laCTHMH KOHqmrypa-' 
~noHHoro MHoroo6pasnn. PesynbTaTw npnMeHHMhl p;nn OAHOH Mop;enu 
KBaHTOBOH KOHTaKTHOH cneKTPOCKOUHH. 

Pa6oTa BbmonHeHa B fla6opaTopuu TeopeTnt~eCKOH ~H3HKH OH»H. 

Coo6meHHe Othe.[lHHeHHOfO HHCTHTyta Jl.!lepHbiX HCCJJe.[lOBaHHH. L{y6Ha 1986 

Exner P., Seba P. 
Quantum Motion on Two Planes 
Connected at One Point 

E2-86-268 

He study free motion of a particle on the manifold which 
consists of two planes connected at one point. The four
parameter family of admissible Hamiltonians is constructed 
by self-adjoint extensions of the free Hamiltonian with the 
singular point removed. The probability of penetration bet
ween the two parts of the configuration manifold is calcula
ted. The results can be used as a model for quantum point
contact spectroscopy. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joiut Institute for Nuclear Research. Duhna 1986 


