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. t. Introductio~ 

The theory of Aelf-adjoint extensions represents a powerful heurlstic 
way how to cons~ruct Hamiltonians of quantum systeme in the pases when 
the correapondence principle yfeIda an incomplete ~nformatlon o~ly. 

For lnstance, Haml1tonians describing the point-illteraction phenomena 
in quantum mechanic6 are obtained as seIf-udjoint extensions of the 
corresponding f'ree Hami1toniana wi th the 1nteraction points remove/t~4( 

Aa ánother 111ustration, one cen conslder Schrôdinger operators 
wit~ singular potentials/3,4! . When the potential 18 singular enough, 
the correspondence principIe provides us wlth a differentiàl operator 
whlch ia not essentially aelf-~djoint (e.a.a.). In this csse, it ia 
natural to approach the problem by conatructing alI self-adjolnt ex­
tensione of' thl~ operator. After that one must select th~ appropriate 
one among them ; it raquires, of course, an additlonal physical infor­
mation. There aré other quantum-mechanical problema to which the theo­
ry of self-adjoint extensions can be applied, e.g., a one-dimensional 
model of three-particle colI1Bions/5/ . . 

Particularly interesting are the situations when a quantum parti­
cle moves on e apatial manifold which .conaista of eevera~ more eimplo 
parte. As en ex~mpIe, let us recall the free-electron (or metalllc) 
model of organic moleculeB in whlch one aaBu.m~s that the Jr-electrons 
move only along the graph r representing the molecule (cf., e.g., 
Ref.6 or Chap.6 of Ref.7 for the one-dimensional caee)~ Suppose 
that the ao t on along the line f of r le descrlbed by the Hamil­í j 
tonian 

!f (12 
H j = - 2m 2 + V j (x)

dx 

wlth a Buitably chosen domai» tn , where the coordinateL2( r j,dX)
parametr1zee r; '" [011 j 1 . The 1'ull Ham1ltonlan H of the model is 
now obta1ned a8 en epproprlate eelf-edjolnt exteneion of the operator 

- "'\tDi1i~HHLll iBtTITJt ~ 
U~\U ~Jel\t)II. UIt ;, 

&l:1S11J10TEKA 
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em 
constructed by "gluing toget­
her" the line Hamil toniaM H •

j 
The distl.ct. parte of 

such a "configuration epace" 
are not necessarily of the 
8ame dimensiono In the present 
paper, we are going to 'discuee 

The graph r an ~ost s1mple eituation oftheFig. r. for 
anthracene molecule. thi8 kind, where the manifold 

consiste ot 8 haltline atta­
ched to a plaae, 1.e., the 
dimensione are one and two, 
reepectively. The motlon in 

either part ls assumed to be free. Notice that one may regard.the , , 2 .' 
sketched a1tuation also a8 a motion in ,R 6ubjected to a point ~n­
teraction wi th some internaI etructure, (compare to Ref .8). Such an ln­
terpretation, however, does not sui t to the model we are going to..dis­
cuss, for which analysis of the motion on the halfline ie essential., 

Let us resume briefly contents of the following sections. First 
of ali, we construct the class of admissible Hamiltoniane as se~f-ad­
joint extensions of the operator o~tained by "glu~ng ~ogether" the 
free Hamiltonians for the motion on the halfline and the plane (Sec­
tion 2). Since t~e direct characterization of these extensions ob~ai­
ned from the von Neumann's theory is not very suitable for practic~l ' 
ealculations, we deduce in Section 3 an alternative elassification 
of them using singular boundary eonditions. In Section 4, we analyze 
the scattering ori the point singularity, with a particular attention 
paid to the reflection eoefficient for the partiele travelling initi ­
ally along the halfline. In eonclusion, we piscuss a p08sible appliee­• 
tion of the present enalyeis to modelling the quantum point-cç>ntact 
spectroscopy. 

2. Admissible Hamiltoniane 

Let us consider a particle, en electron for definiteness, moving on 
the manifold G which consista of two parta - of the plane ~2 and 
of the halfline [EC. =(- 00, O] which are qonnected at a point P as 
sketched 9n Fig.2 • The state Hilbert spaee of such a system is there­
fore Brthogonal sum of the etate spaces referrlng to the plene end to 
the halflin~. If we negleet the possible internaI degreee of freedom 
(spin ~~ theel~ctron, for instanee), we have 

2 

L2(G)R- ~ !jf== := 
(1) 

L2(1R2) fi L2(lR-). 

p 
Sinee the electron motion is sup­
posed to be free exeept at the 
point P, we start· construction 
of Hamiltonian with the operator 

Fig.2. The manifold G. 
(2)HO :: HO,t tJHo,2 

where HO,j are restrictione 

of the respectiTe free Hamiltonians on the two part~ of G, Bamely 

2
d


HO,1 -dx2
 
Oa) 

D(HO, 1). == C~(IEC" iOl) 

and 

H;0,2 = - !J. 
Ob) 

elO 2 1.D(HO, 2) = CO(li "tP ); 

O()
'fhe eymbol Co(Jl) denotes' conventi:onally the set of alI infini tely 
dlfferentiable functions with a compact support contained in ~ • 

The operator H ie not self-edjoint. It is'well khown/9/ that
O 

the deficieney indices of HO 1 are (1, 1), and' the same is true for 
H , 2 as we aha,!l, show a li ttie later. C'onsequently, the deficiencyo
Lnd í.cea of 'li0" are (2,2) 80 there is e 'four-parameter family of self ­
adj~int extensions. Le~ us copstruct them .in detail • 

'e use the polar coordinates in the plane with the centre at P 
L2 2)and decompose the space { R in the~ollowing way 

00 
2i 2 (R2 ) = L2(e,+.,rdr) ~ L2 ( 0 , 2.1/ ) G) L (1R+,r dr) ® íYm~ lin (4) 

m=-~ 

where the functiona 

Y Y.riJ.(f~ ..=. (2.1{)-1/2 ei~~ p€:[0,2".)
m 

form the "trigonometrie" orthonormai baaie in L2(0,2~) ."Using the
 
atendard procedure (cf , Ref.•9, appendix to Sec. X. 1), one obtaina the
 

decomposition
 

3 



00 

H02~D. (f) ~~ , Im~n ( 5 ) m=-oo 

where 

i 1 d m2 
hm ~ - dr2 - r dr + ~ 

(6)
D(h ) = C;(IR + \ foJ) m

and the domain Dmi n consists of alI finite linear comb1nations 01' 

the functions 'f: YAr,p) = f(r)Y (10) with s« D(h ) • The defici ­
m r 2 + m 

ency indices of the operators h.m on L (IR ,r dr) are easily found. 
The latter are unitarily equ1valent to 

d 2 2 1 
m - ­

h =-2+=-r 
m dr r 

on D(hm) = D(hm) , ao we have 

n(hO) 

( 7)Jl(h ) O for m~ O .m

The second relation follows from Theorem X.l0 01' Ref.9, while the
 
firet one verifies directly (a solution to the deficlency equations
 
wili be preaented below). The relationa (5) and (7) yield
 

<>o 

n (HO 2) ~ Z n (h ) = 
, m=-oo m (8a) 

We want to show that equality holde in th€ last relation. To this e_d, 
one has to check that the functions ~±: ~±(r'f) = H6~)(±;r r) , with 
~ equal to 1,2 for the plus and minus sign, reepectively, which 
span the deficiency Dubspac~8 (cf.(ll) below) belong to D(HÓ,2) . 
This can be performed in a straightforward manner using integration 
by parte and properties of the Hankel functions. The relation (2) then 
gives 

n(HO) = nCHO,l) + n(HO,2) = 2 
(8b) 

Any self-adjoint extension of H is therefore óí the formO 

H= K<fJh .. (99.) 

4 

... 

where K 1s a self-adjoint extension of the operBtor KO on 
2 - 2 + {l .L (IR ) 6) (L (IR , r dr ) @ Y05) defined by 

K : = Bo, 1. $' (hO @ I ) (9b}
O 

and h àenotes closure of the operator 

h := (ti h (9c)
me:l m 
mto 

which i5 e.8.B. due to (7). 

Now we must chOOlle su1table bases in the deficiency subspa-ceB 
~~ = Ker(K~ ~ 11) • It iu easy to find that l.. Ls s panned by the 
functions 

(+ ) (+ )lf', . = (f1'0) , ~2 = (0,f2) (1 Oa) 

where 

e = eJ!i/4f,(x) := e'x , 
( 11)

'/2 (l )f 2 (r ) •O- = (2Jr) liO (e r ) 

In the same way, the functions 

(-) :l' (-) ­'Pl = CLt,ü) YJ2 = (O, f 2) ( , os) 

form 8 ba s í.e f.n .t_ . The self-adjoint extensions of KO are now epe­
cified by isometriee ~.. -;I> 7:_ ' i. e , , by 2 x 2 uni tary matrices li. 

The von Neumann's theory gives a prescription how the extenaion KU 
can be conatructea. for on arbitrary U :its domain D(Ku) consiate 
of alI the functions which are of the form 

(+) (-) (-) ( (+) (-) (-)
f t .. c 1("P1 + u1 tlfi1 .. u 12Y'2 ) + °2 'f2 + u21~1 + u22lf2 ), (12) 

with 'Jf'GD(KO) and c , ,C 2E e , where are the elements o"t U.u j k 
One might write down an .exprcesion for KUf a8 a linear combination 
of KO~ and the deficiency functions. Instead, we are going to deri ­
ve a more transparent expreesion for the action of Ku' 

5 



3.	 Boundarz Conditions 

POr practlcel calcQlatlons, lt le ~ore convenient to characterlze ~he 

extensione Eu by appropriate bOQBdary conditions~ in this wey, we 
are able to describe Ku completely since KuC K; , and it ie eesy 
to	 see thet 

2 2 ~'*	 .í d cp, d JP2 1 ~ 
KOt= -~,-~-- d	 ( 13)

dx~ dr r r 

for each t = {~1' ~21 from. D(K~) •. The defic1ency fQBctione 'P~±) 
are, however, singular aroQBd P, but we can eliminate this difficul­
ty by deflnlng the regularized boundary values/10/ 

LO{~) := lim!1!l 
r~O lnr 

( 14) 

L, (ep) := lim r~(r) - LO{~) ln r] , 
r~O 

which will be used together with 

1ft (O_) := lim f1 (x) ~;(O_) • _ 11m (d 
x..O- dx lf1 )(x)x..O-

In particular, the standard expaneions of Hankel funetióne/11/ yield 

-L	 <f = 21LO( f 2) O 2) 3r 

• 1 2iL, Cf2) = '2 + 3í ~f - In 2 )	 (15) 

- 1 2iLl (f2) = 2 - ""F(I - In 2 ) 

where. ! =0.577216 ... ie the Euler's eonstant. 
Bafore proeeeding further, we ahall aplit the aet of the matrices 

U characterizlng the extenaions into five disjoint classes : 

Claes I contains alI U auch that 1 + u - u22 -. det U to, 
" Class 11 eontains alI non-diago~al U auch that 1+~1,-u22~ 

- det U = O , 
- , O ) 

ciasa UI eonsists of the matrices O ei'.> with ~H:{0,2.1t)( 

iAI 

C
e 0)Clas IV consista of the matriees O 1 wi th eu é: (-Ji,X) , 

Claes V conta1ns the matrix (-~ ~) 

6 

... 

Now we can ~ormulate the mentioned result 

Theorem: Every self-adjoint extenaion of the operator HO 1a of the 
form H : = K ~ h , where the operator Ku ie specified uniquely by

U U 
the following boundary conditions. If f = {~1'~21 belonga to D{Ku) , 
then 
(i)	 for U of the elase I, we have 

~;(.O_) A~1(0_) + BLO(~2) 
(16a) 

L , (~2.) C If, (0_) + DLO{~2) 

where	 the eoefficients Bre related to the matrix elementa of U by 

A = e(1- u22) +e{u , 1 -det U) 
(16b) 

1 + u - det Uu22 ­

B'- .'!-
"

u21
 (16e)- ~	 det U1 + u , 1 - u22 ­

u , 2
 ( 16d). 
det Uc 1 + u , 1 - u22 ­

D = f _ln 2 + !L. I +u , 1 + u22 + det U
 ( 16e)
4i	 1 +u - det Uu22 ­

" 
(i1) if U belongs to the elaaa 11, then 

LO{lf'2) E'f,{O_) 
(17a) 

L , (~2) Plf'1{0_) + G~;(O_) 

where 

2i 1 - u22 2i u , 2 Ez----	 ( 17b) 
Jr - Ji .,.-::;u11 u21 

p z r;; i. fe + eu" + iJ2 (1-u22)L, (f2)J (17c) 
,,2 u2 1
 

1.+ u 11
 _G li: J-	 <,1 7d ) 
J2 u'21 

(i1i) for U or the class 111, the boundary conditions read 

~1 (0_) = O ,. 
( 18) 

3t 4J 
L ,{Y'2) = '4 (.ctg"2) LO{~2) 

7 . 



I 
I 

(iv) if U belongs tó the class IV, we have 
u 

, , 1 {,J i k i k ( 21)u 

'I' 1-< 0_-' =J2 ( 1 - tg 2 ) ~ 1(0_1 -I:" u 11 - u22 - det U 1 + u; 1 - 112-; ..: det U' 

(19) 

LO(Y'2') = o 

(v) finally, i~ U -1 
O 

O 
1 

, then 

Y'1(O_) = L~(Y'2) o (20) 

Proof: Suppose first that U belongs to the ela68 I'. We exp~eas 

~1'r2 from (12) and insert into (16a) ; it yield8 the equations 

l + u = A(1 +u ... (f )11E 11)· Bu12LO 2 

u = AU21 + B[ L Cr (f ) ] 12ê o 2) +u22LO 2 

= C(1 + u11) + Du12LO<f2)u12L1(f2) 

L1«(2) + u L1<f ) = CU21 + DfL + u2 2 2 O(f2) 2 2L O(f 2)] 

Now we euba t I tute from (15), then the ao Lut í.on for 1 + u11 - u - det U f22 + O ia given by (16b-e). In a similar way, one obtaina the relations 
(17)-(20). 

Next ome has to eheck that the ma-pping from the set of matrices 
U 'to the set of boundary conditions ia injeetive. Thie ia eaay for 
the classes III-V • Assume further t he t. there are U, ti' of the claes 
11 both leading to the condi tions (17), i. e., E;. E'~ etc. Then we 
have O/E = G'/E' and F/E = F'/E' ao 

+ u + u e.11 1 1 + EU 11 
- 1 ­u22 :-u;; and 

u 22 

Now one has to multiply the second eQuation by e and to subtract it 
from the firat one. It yields u22;. u~2 • Substituting this back to 
the first eQuation, we get = u;1 • Finally, the relatione u- k, 

u 11 J 
;. for jk = 12,21 follow ~rom (17b) ; one haa to notice thatuj k ,<1 since U ia unitary and non-diagonal.lu j j 

\ The· argument ia most complicated for clas8 I • Assume again that 
there a;e U,U' which yield the same values of the coefficiente (16b­
-e). Then we have 

for jk= 12 and 21 • Moreover, the relations (16e) and (16b) after 

li 
substi tuting for ê give 

] ± u ± u 22 + dato U 1 ±. ui 1 ± u~2 ... det U'
1 1
 

1 + u 11 -u22 - det U 1 + ul-1 -u~2 - det U·
 

It further implies 

+ ,u e<,(1 + u11)1 1 (22a) 

1 - = ct(1 - u~2)u22 

where we have denoted 

_ 1 + u11 - det Uu22 - (,23 ) 
()(. - " ,

1 + u11 - - det Uu22
 

The relations (21) can be similarly rewritten as
 

(22b)u 12 =o:,u 12 u21 = ttu~1 

Hence (1 +u
2

[ ( 1 +ui1)(1-u~2) , and
11)(1-u22) +u12u2 1 =OC +u12u;1]

combining this relation wi th (23), V/e get {X,;.2 = IX • Since tX. ie non­
zero by assumption, we obtain C(. =] ; then U =.U· folloWB from (22).

• 
In this way, we have been able to characterize the operatore HU 

by meaDa of the boundary conditiona. The relations (16b-e),(17b-d) 
do not show explicitly which values the coefficients may sesume. It 
becomes more clear, if one uses a Buitable parametrization of the 

matrix U, such as (29) below. 

4. Scattering on the Singularity pJ 

Now we are going to discuss ~he extensions HU ' with a particular 
attention paid to scattering on the singular point P. We shall di­

stiguieh two cases : 

1 (a) U diagonal: going through the boundory conditiona (16),(18)­

-(20), one finda easily that they separate. We can express them in 

the form 

8 9 



1f;(0_) A ~1 (0_' (24a) 

L1 (1f2) =DI,O( 'P2) (24b) 

where the coefficienta are with the ueual licenee written as 

e + eU11 Clasa I : A = 
1 -t- u1 ~ 

(notice that both -A and 
non-diagonal matrices U 

11
Clasa III : A=oo , D = "4 

1 4JClase IV : A = 2"(1 - :tg 2) 

Class V : A=D=co· 

~ 1 + u22
D=f-ln2 +---­

4i 1 - u22 

D are real th1e remains true for 
- cf. DOa, d ) below) 

ctg ~ 
2
 

D=oo
 

Hence the system separates for a diagonal U into two independent 
eubeysteme and ito Hamiltonian ie of the form 

H__ - H (A) (!l H( D) (25)
-lJ - O, 1 • O, 2 

where H~A? i6 the halfline Hamiltonian (cf.Ref.9, Sec.X.1) specified 
by (248) ~nd H~~~ = h~D)5h ie the two-dimensional point-interaction 
Hamiltonian (cf.Ref.12). Scattering by this point interaction ae well 
as reflection on the halfline should be considered eeparQtely ; pases­
ge Of the electron between the two parte of the configuration manifold 
ie impoeeible. 

(b) U non-diagonal: now the transitions from ~- to ~2 and vice 
versa become possible. First of alI, we ehall diecuss in detail the 
situation ~hen U belonge to the claBB I . Let us consider reflection 
of the electron moving initially along the halfline towards P. Ueing 
the boundary cond1tione (16), it ie eaey to eee that the function 

U U 
tu = (11'~2) w~th 

e-i kx fU( ) - ikx +
I (268 ) 1 x - e eU 

U .... (1 ) 
!/2(r) = bUHO (kr) (26b) 

for a given k>O belonge loçally to D(Hu) if 
" (A - ik) [1 + ~i (.f - D +' ln ~ )}+ ~ BC 

, (278 ) a
U

=-
(A ... ik) [1 + ~ (! _D + In ~ )] + ~i BC 

2iCk 
b = -----....,..--------.,--~-- (27b)
U· (A + ik) [1 + ~i.(! _ D + In ~) J+ ~i BC 

Moreover, it holds 

~ '. d2 2 U 
1:\ (- 2 

dx 

';1 
( - A 

• so tu
! vector of HU' and Isul la therefore nothi~g but the reflectlon 
I 

coefficíent 8t the point e1ngularity.I 

I
I The relation (27a) ehowa that the reflectlon coefflclent depende 

on the choeen Haml1tonian HU ' In partIcular, Isul = 1 holda if U 

becomea diagonal so BC= O ; the electron can be then only reflected 
at P. On the other hand,occurrenceof the transitlon from R- to2 . 
R meana 

laul <1 (;?8a) 

We ehall check·directl~ that thle lnequallty holda once U le non­
diagonal. To thie end, we ahall use the followlng explicit parametrl ­
zation ot a uni tary 2 x 2 ma"trlx 

ei(C(.+d)coef> i 
e (1 -oc) einf')

iI ( 29) 
U = e ( i(/\:-Ó)Sinp -i (<<+$) coa/J-e e 

where oc,p,J,j are real paremetere (the flrst three of them are no­
thing but doubled Euler angles). It yielde the following expressione 
for the coeffients (16b-e) : 

A = {. (30a) 
~ 

liB OOb)
2-/2 

C _ i (30c)- - J2 

~é 
D = t - ln 2 - '4 ~ (30d)

i~ 
where,I

Ir . ~ ~:I Sin(Or:.+d+'4) C06j3 -sln(S+'4) 

- k )~1 = O
 

2 U
 
- k )'1'2 = O 

given by the relations (26) and (27) ie·a generallzed eígen­
2 

10 11 



:\ 
fi 

F 

! 
,\ where JD(k) i8 givnn by 

.{; = e'in(cX +J} cosf - ein S ' 

é = co s í OC" cf) cosf .. COB ~ 

notice that 2J i8 non-zero for the clase I IDatrices. As we have re­ I 
marked, the relations (30) show that the "diagonal" coeff1ciente A,D I 

are real-valued, while the "non-diagonal" anas are- complex conjugated 
fIup to a real multiplicative constant. Using these expreesions, we find 
\

~' r 2i '] i 2D 
( J - 1-k2» L(1 .. J[ ln k).2l.+ "2 t. + M e i n F>
 

B :: - 21' 1 i 2' (31)
 
U t.'1 + ik,v) [( 1 + Ji. ln k).2) +"2t ] + 2~ sin fi
 

eo after a short calcutation ~e arrive at the relation 

(28b)
2

1 - faUI =
 
____- ..;zv2.

k sin
2fi - - > O ,
 

~2(l- ~~ k ln k _ ~tk)2 + (~fe +~.f~ In k oi- 2/k + 2~ sln2~) ')
 

which proves (28B).

Notice that the aquared ~odulus of (27b) ie not the transition
 

coefficient, since it i8 not properly normalizado The relation (28b)
 
ahows th~t it ls b =(J2/k)1/2bU which fulfi1s Isul 

2
+ IbUl 

2
= 1 •
 

U
The foct 'that the aingularity is penetrable for a non-diagonal U
 

can be seen olso when one cunsiders scettering of the e1ectron moving
 
in the plane at the point P ~ The corresponding genera1ized eigen­

• U U 
function i6 f U = (~1'~2) with 

(328 )
C e-i kx 

1j;
u
t (x) U 

(32b)
U Jo(lrr) +dUH6') (kr)-Y;2(r) 

where 
(330 )c _ 2i B
 

U - 1f (A + ik) ( , + 2i ( iI _ D + ln ls )} + 21 BC

Jr d 2:1r 

1
d = - 2i k BC - 03b)

U 1 + Jr (r - D + ln"2 + A+1k) 
if we require f to belong locally to D(Hu ) . The 6eymptotics for 

u 
laree r can be found easi1y, 

.... ( ) D k 111 BC
21 CiO k f - + In '2 + 2: + A + i k 

SO(k) = e - k ~i - BO { 35a) 
6 - D + In 2 -"'2 + .1 + i k 

He~e do(k) represents the s-wave scattering phase shift and SO(k) 

16 the on-shell s-waVe scattering matrlx. For the higher partial wa­
vee, we get 

Jm(k) = O m=±l, ±2, ..• <35b) 

In general, the scattering matrix ia not unitary. Thia ie not surpri ­

sing, because the electron can continue 1 te motion inlCafter the scatte­
ring~ vanishing thus from the plan~. In order to demonstrate it expli ­
citly, one has to express SO(k) using the parametrization (29). 
A short calculation then givee 

1 - 180(k ) I 2 
= 1 - IaUI 

2 
(36) 

where the rhs ie given by (28b). Rence S ia non-unitary if! U i8 

non-diagonal. 
Let UB turn now to matrices U of the class II • In thia case, 

too, the electron ia able to pass through the singular point. The ana­
1yais i8 esaentially the same a~ above. We restrict ourselves with 
presenting the resulta. For the generalized eigenvector (26), we find 
now 

1 + ~i (f _ F +EikG + In ~ )
Qu (37a)

1 + 21 (-:;, =-~F - IkG + l~ .! )
 
"d E 2
 

21kGbU (37b)
1 + 2i (u _ 1...::..!.k!! + in.! )

Jt I E 2 

On the other hand, fOT the ecattering in the plane correapondlng to 
(32), one can find the coe1'ficients cU,dU" which give 

2icfo(k) ~-~+tl+ln! L 
4 E 2 2

SO(k) e (38) _ li' - ikG _ ti + in ~ ! E 2 2 

í 
5. A Possible Application 

The problem treated in the preceding eections may saem somewhat bizar­~\, 
re. Nevertheless, it can have a Quite reaeonable physical app1ication1}U ( 2 )\/2 ido(k) :Ir ~ (34)

12(r) =' ili e sin(kr+'4+ ÔO(k») + O(r- , as a model 01' the Quantum point-contact apectroscopy. 

13 

12 1 



li'"
For a metallic contact, one uBually expecta a linear relation I, 

between the applied voltage and the current according to Ohm's law. 
Thie ie true if the eize of the contact··~e large enough. On the other l' 

hànd, if ite linear dimension becomee comparable with mean free path 
of the electrone in metal, then interesting non-linear effects in 
the current-voltage characteristice can be obeerved - cf.Ref.13 for 
a review. tn thie case, the electrons are scattered at the orifice (
giving rise to a backward flow, which adde a negative and Tóltage-de­
pendent contribution to the current. 

i. ,.The re~ulte of the present analyeie cal1 be used'for modelling 
euch a contact whose linear dimension tende to zero. In order to cal­
culate the current through tne contact/14/, one haà to 'know the elec­
tron-ga8 deneity and the transmission coefficient through the àingu­
lar point. In the simpleet case, when the electrons are supposed to 
be free, the latter i5 given by ~28b) (or en enálogous expreesion for 
U of the clas6 11). If we add a potential to Hu which should des­
cribe the roetallic etructure of the system (8 wire connected to a 
thin plata), then the transmission coefficient must be celculated 
anew. It remains possible, however, to charecterize the admissible 
Hamiltoniane by the beundary conditions listed in the theorem 'of Sec­
tion 3, as far as the potential ia beunded. 

We are going to discUBS the model,which we have sketched briefly 
here, ~n a eub~equent paper. 
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3KCHep n., We6a n. 
KsaHTOBOe AB~euue·Ha nonynpRMOH npucoeAHHeuuoA 
K rutOCKOCTH 

E2-86-15 

B uacToRmeA pa6oTe paccMaTpusaeTCR cso6oAHOe AB~euue 
qaCTHQW Ha MHOroo6pa3HH, COCTORmeM H3 OAHOMepHoA H ABYMepHOH 
qacTeA. npu llOMOmH TeOpHH CaMOCOnPR*eHHWX pacAUpeHHH HaHAeH 
Knacc AODYCTHMWX raMHnbTOHHaHOB. BHHMaHHe YAeneHo, B qaCTHO­
CTH, TeM H3 HHX, KOTOpMe AODYCKa~T npOXOA qaCTHQW CKB03b TO­
qcquym CHHrynRpHOCTb; swqucneH KO~HQHeHT OTp~eHHR H APYrHe 
senuqHHw, xapaKTepH3yromne pacceRHue. 06CY*AaeTcR B03MO*Hoe 
~3uqecKoe npuMeHenae. 

Pa6oTa swnonueua B na6opaTOPHH TeopeTuqecKoA ~H3HKH OHHH 

CooCiweHHe 061.e.uaeHH9('0 BHClliT)'Ta .a,llepHwx HccnenoBaHHii. Jly6Ha 1986 

Exner P.~ Seba P. E2-86-15 
Quantum Motion on a Halfline Connected to a Plane 

In this paper, we treat free motion of a particle on 
a manifold which consists of a one-dimensional and a two-di­
mensional parts connected in one point. The class of admissi­
ble Hamiltonians is found using the theory of self-adjoint 
extensions. A particular attention is paid to those of them 
which allow the particle to pass through the point singulari­
ty; we calculate the reflection coefficient and other quanti­
ties characterizing scattering on the connection point. A pos-' 
sible application is discussed. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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