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1. Introduction 

The physical transverse variables play an important role ín 
QED11-61 • They are aS80ciated with the Coulomb gauge, a unique gauge, 
in ~hich one has been a aucceS8 to calculate the O (~G) ~orrections 
to the L8mb shift (as in terrns of transverse variablee it ia easy to 
separate the binding effect from the radiative cor~ections). However, 
juat for t ransve rae fields a conaistent renormalization La not yet 

accomplished. 
In this paper we show, that the proof of relativistic invariance 

of tne transverse v~riable8 in gauge tbeoriea can bo accomplisheó 
on the leveI of the Feynrnan diagram and prosent a manifest relati 
vistic-invariant expression for tbe electron Green funot10n. 

2. Formulation Df the problem 

.It ie well known 17,81 that the difficulty of eleotroma~n~t~c 
field quantization i8 the singular Lagrangian. To removo th10 diffi 

culty, account is to be t aken of the term b.:.lJ 

a_.i.(~.A/,).z..- , 
wh~ch makes tt possible to que.ntize al1 f1eld oo~onontB on ~quQ1 
footing.
 

The introduction of the Buperf1uou8 longitudinal vnriaLlea
 

changea the aingularity of the e1ectron Oreon funotion
 
, '., _I..,.. -,-:í. (.I-d.)
 

G(f) "'-'(t--I1z,"'J ... /1. • (,)
 

In particular, for the 1andau (d.O) and tho D'f·ynman (d.') f~nuRos 
instead Df the usual pole the branoh po1nt appvnrD, one! th~ roo1due 

of the Green function 
·{1~Jl (fJ' -/Il) G('p) (~n 
p ~/,t . 

is equal to zero. To reconstract phye1cal1y r1ght nnalyt10al propD~
tiea, it is necessury to choose nonsingular longitudinAl prop~r.~toro, 
or to take into account the 8symptotical interaction w1th lon~1bud1~ 
nal componente. In both the casea we contradict the auppoo1t1on 
about quantization of alI fip.ld componente on equal footing. In tbn 
corltext of such a relativistic approach the dependence of the Oroon 
function on the choice of gauge ia to be conaidered 8S an inevltablo 
defect, of quantization. There ia a general opinion that fermion Greon 
functions to a certain extent are nonphysical quantitiea, as the1r 
analytical properties do not reflect the gauge~invariant content of 
R gauge theory. As ~o the calculation of the sarne quantities in th~ 
Harniltonian scheme of quantizetion of transverse variables, thio 

:2 

Bcherne now ia diacredited by tbe manifest relativistic-noninvariant 
expresaion for the Greenfunction. f 1,2,31 

On tbe other band there is a general proof Df relativiatic in
variance of QED on the leveI of the transformation properties Df 
field operators / 4,5,6/. The question arises why the relativistic 
covariant quantization approach leads to manifest relativistic 
noninvariance on the leveI of Feynrnan diagrama. 

To answer this question, let us consider the very Bcheme of 
the proof of relativistic invariance / 51 on ~ simple exarnple of a 
free electrornagnetic field 

iZt(.x).= _. r": ::=.- rs:».c,<:A· - t: l · (..' 
)..:2.--.L. 0. -;) )~, .:L c: -G- ': A é· '_ c·/ALo"9 /n/ .e. t ..e. :/'~ r/ ,..... • ()) 

In the Hamiltonian approach we first have to choose the time axie 
.x t.. c= t ; ~ &: (~.. q, C',;c) and to consider the equation for Ao =!f;t,J
I/' . ./ /

(the Gauss equation).')~ , .f '.:I 'd·dc 4. · a 'A: == ;}. ~A· J=:P Ac '= _.L 'd .r. & '= 1. a. d. A 
c t ( 'In /:i'-f/ él~' & t. (4) 

as a constraint equation• 
Lagrangian (3) on the constraint equation depende only on 

two variables 

cP ,'F (" J7J<- /- t" ?)-t
Dl- L/lt.,{/I.'J..~.j=,z = j '-c1- /-1 {(:~Ic. j./f/f; , 

(5 ) 
7

Ir
 

A/(~,).= 3;,:' Ate: ; J:.~ ==(;;;1< - ,~ él~ cl) 1 (6 )
 

wbich are in a nonlocal.manner connected with the initial field ff~
 
The nonlocal variablea (6) are gauge invariant under the initial
 
1'101d traneformation 

:! i'~ A,.7'(~..-/- ~- ~)= ~.r(A~·) . (7 ) 

iI' P'ormulae O) - (6) are not conaistent "i th the general scheme 
(, 'ot oh01oe of gauge conditione that is applied to relativietic gau
.; Foca / 7/ , one gauge-invariant condition (that does not fix gauge) 

1110"0 one to remove juat two nonpbysical variablee.awe have only 
• ~h. arbitrarinesa in the choice of the time axis ~ 4D(~,O,O,O).l 

'; ~~. OQn chooae as L;,0 any vector, connected with f by the 
\. I (\renh trl1nefonnation. 

I ; Th~ nonlooality of variables (6) does not demand a radical 
;l' 

. t~AnHa of tho Quantization procedure. Variablea (6) lead only to
 
· I;)' nonlaoal transversa cDmmutation relation
 

II'~ .,.(~~ t)J 1!(j"-:IJ!z: S;:cii'<27 -jl""') (8) 

. bha' mOQna tlho d1eappearance of the longitudinal electric field 

.J 
! 
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q'l:,'P=O in the operator sense (but not on the sta~e vectors 
~.t;./~/=o ). Just the nonlocal character of operators (6) and of 
the commutation relation (8) is a decisive point for the proof of 

. relativistic invariance of the transverse variables 15/. Another 
decisive step is the choice of tbe gauge-invariant energy-momentum 
and angular momentum tensors /5/ 

'TT~'_ C F _ JJ /tI ~'_jI3 _(. s - T.!;')''I'.u P - I/A...\V ~Y'oV) /"'-1'<. - c .z: ~,;. 7;", ~ cJ(1 

'/ (9) 

known as the BeIifante tensors / 10( The canonical tensor ~; = 
:=;:::;.. ;} /1,1 '- (} <'L differs from (9) by the total derivativa ~.~ JtI~ 
~A A <:7/'''	 S /

that	 gives an essential contribution to integral fl1~ (9). 
Due to gauge invariance on tbe constraint equation (4) tensor 

(9) is also expressed in terrns of the nonlocal .gauge-invariant va
riablea. (Note that the fieId A9 in eq.(9) does not pIay 

the role of the Langrange factor). 
The Belifante tensor (9) in terms of the quantum variables
 

(6), (7) produces a closed algebra of the Poincare group and the
 
following transformation properties of the operator ,~=(~A,~)
 

t"Aj"~ «s; [Nc~ )/ÇJ== ~cA; +~/I , (10 ) 

where ~c is the usual Lorentz transformation, and 

/1-==-	 éjC.:'.i.... é)c A :
/ é}:t- ,. 

ia an auxiliary gauge transforrnation which de facto meana tbat the 
field operator in the new reference frame satisfies a new trans

• .	 . /} b c <;0-0 LJ o
versall ty condition connected wi th the new t í.me axis 7' = ~ +cL 9' 
since after every Lorentz transformation (L) a new gauge appears
(L?O ), tbe Hamil tonian approach is not coneistent with the term 
"the choice Df gauge". Just this fact representa a basic obstacle 
for understanding of the manifest relativistic invariance of the 
Hamiltonian approach and for calculating the manifest relativistic
invariant Green function. For this reason we shall avoid the ternl 

"the	 Coulomb gauge". 

3. The one-loop calculation of the Green functions in ~~L) 

Let us consider the 4Ji:LJ 

~=-1/7r- ?[df(l~ .-e~)-lnlíjJ ; cr==jd'l,x~{x). (11) 

We cah construct the ga~ge-invariant nonlocal variable (see/10.11~ 
like (6) 

""7	 r-'1/tt (A,,-J= b (/(+ ~·)v -I J !/J= lJ~), (12 ) 
V/here..... t
 

f=ce7' 17== e1jPf!fr. ~:.~,/í;&J:=: e.z?~fi ;J. À; / .
 
(13 ) 

Tbe variablea are constructed by using the expIicit solution of the 

Gauss equation 8%A = O 
c 

Ao (At ' ) .::::- .J.. (13.: ».». '- j;)p.2. 'c (; (14 ) 

and by construction they are invariant under the gauge tr~nsforma
tion of tbe initial field 

~~i-= .f{~:"f-Jl)i'-I ; ~i'=J'2/i j (#= e~j>!/eA(,r;t)j)'(15) 
On a quantum leveI variables (12) coincide with the ones employed 
in ref./5/ • By analogy with ref./5/ is easy to show that the 
Belifante tensor 

r;~ = ~~,sv -t- ~Qv(/~ -e~}1jJ -Jf'"~·-t-i·é~ (ç;;'v 7J) 

r~" = f iJ;t ~\'Jov'-d'r ~ -Jy~ ~ 

expressed in terms of (12) providas the following transformation 
properties of the operator ~, ~p 

a-Aj=t"éI':!Nc;)Aj'I= ~oA/ r~/l 
-,tli7' , [ s )IJ 'l' 7 "O JJJ J? ' A u, r o.r = (,CIt Mt.k'j Y'" .I = 0"" r - te" 'r ,
 

A- r == (_ L A.T')
'7'
/' ;;1. /" J (; .

J7/1 (A 7' '177) -= é~ (J" A/t7' + dkAc ).
./ d.t 

(16 ) 

A general structure of tbe gauge operator /1 can be easily found 
on a olassical leveI by the usual Lorentz transformation of quantity 
V (13)

ó: (-/:i dl'A~)1 := ê;' (d~4k ~ o/<:,A~). 
;}i.14/ =0 í) 

Followin~ the Sohwinger metbod /5/we reproduced the relativistic 
tr~naformBtion Df tbe gauge-invariant variabIea (12). 

.
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Let ua calculate the electron Green function by the formula 
V/here 

y..	 ~ .w2YCQk y;;, q~ '-.~7:r.)ità~("'-'IY(C(r;).= .scl~c17eiP~··IIfY <ojT 1/(x) :rry) /0)	 B o = OI': OC -f- {JAO ~ -- o.«. .- '-'--4- q . 
/'C	 r- /()!~ /~ t 9~ / (22) 

(17 ) 

where	 l/r" ~T' are operatorB in the Heisenberg representation. 
In the one-loop approxirnation 6-~ has the form 

(70J '= Cc 51» to 6cfj»Lc;)Gc~) + O(cX~ , (18) 

~	 ~.where L- (jJJ ia the electron self-energy of an order e. which 
contains the contributions from transverse fieldà and the Coulornb 
interaction 

L r»=j(drJ f/d;j' _ .~~.). J;'6-/(j) r d;~.YJ;. ~-t-!, 
I . 11"~ Lt (~ f<-	 r.z (19 )(7 

where 
/: / ) e~·. 1'1' O -t. -t. .~~ ~ ........~ / /- r-.t:> Q:J

la? .=é.t.tl) 'I c C1 7' ; l/' == ~ - r == 7' ; "-/C. -= ~, <;- I . 

Let us prove the invariance of the Green functions (17) ~nder the 
Lorentz tranafonnation of tbe operators l/J r: :;;-'J7 • By "inva
riance" we shall understand the equality/6/ 

Gc Y'~.= ~/> ~ fJJ ~~/ (20) 

that is, we shall take into account the Lorentz transformation of 
the á -matrices. In this case Fi Gc 9» = O • It ia known /6/ 
that (19) can be represented by a sum of the invariant ~r 0P) and 
noni~variant L1.L 9» terms: 

2 r	 r;)= -j(dyJ"fi ~~,~ -' ~~cLr 0)= o 

Ll:2 ti) = ir. ~d~ 19G/f r t GD 9-1 -f- {G/11 , (21) 
~ f 

A ~.~ 

'/= dj!~} r: 7' . 

The response of L1L"(~) to the Lorentz transformation 
(20)	 can be got by changing the integration variablea in eq (21) 

i: c Cl -	 t:f.' c- c 
(,t. /	 c - 7'1c- .) o L C;fC. = '" 90Ú..-: 

5:""C A~( é'f(c19'J I- /........ --1 / J
 
(JL L..JL. CjJ == * .L -J,z B~ Gc r+ 7' 6 0 B)c ,

;:;,r 

The total Lorentz transformation for the Green function contains 
also the gauge transformation (16) 

'- r 'I y'	 , /: ~i'~ - l'fJ' 
$/1 I. ~) s 9'- 9)·iGCjJJ]= Ú:~JdY.x' cI-:t e " 

1 (rol r(~7?"l fj"7'Ij)/1(r1}/o) - f'íJ/T00 ~~ 9" r",j)/o)j 
~ . (23) 

Dsing the explicit forro for/1 (16), V/e get the following expression 

~~ = - t~j,rr:tJ.!,~ [ BÁ7:Ci 0-~ /7» -f- rj/- /17 )~. /8A" ], (24 ) 

. B f,Nf ( )where I< is given by formula 23. As
 

.......-.

eTc fi '-1) (,p -/]~) = .1 .,. Gc) (p.- r) Cf 

IreIe.) B,t =- o 
cP	 'Y f/ f"'" (25) 

we get tbat the total reaponse of (12) to the Lorentz transformation 
(16)	 is equal to zero. 

o;. i,t. L Ç!JJ == (8;.cJ ./- sz )L 0)= O, (26) 

Therefore, it is sufficient to calculate expression (17) in the 
rest frame of' the .electron ?/' == tj>c; õ) , for the cho í.cef "=(f., ~ ~O) 

":~"~0)=j(d9) ~:- -j~~)~c~~ 
'/ ~/ ;>-9 -1"111. ti 9 rl7l (27 ) 

!
h 

I / ~/)In another reference frame j}.'= {,p.. ~ jJ due to transforrnation (16),
h we have to take into· account auxiliary diagrama (23),i.e., to change
" 

tbe gauge 

~.Ar =? (7/-- ~/' ;:)~ (f) = O . 

1~
Finally, we get for ~0P) the sarne expression (27) up to the change 

J' -;0--"- • In the dimensional regularization the integral (27) is 
equal to 

~ L. V/) = .3- 1~71 (.32) -f- Y) - 2J(~~-/1'l)] f- L-R Cjj4) • 
YJl 

6	 ~ I 

I:	 
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where , I 
c!Z) = .1 .-;r + taf/l

f E. 

_ -o, .L2**)=:1'-: -t-jJx ,-;cj'-/77J&(i- .::'~)j= 
CJ 

:.=: .~ ( -"_m).t( p+;1,.!A( /l)~~t~' )1I~t- Pr;>1.. m )7_ /lj 
,;(Il f> jJ L" IJJ.l. /lI .2~.l J. 1".1. 

(28) 

The self-energy (28) has no infrared divergences (the residue of the 
electron Green function is equal to unity)and allows the renormali
zation 

-ç-, ..... ~ co» (,:, C) u \ 
L...... (f> '=112) = a rn. = -- voC.I +- './ ' 

Y4· 

L. /(i"= m) = ~ -.i; X::: 1- .~ SJ ~ 

These results represent a solution to the renormalization problem 
on the mass ahall for transverse variables. 

Misunderatanding refa./1 , 2 ,3/ conaiata not only in ignoring the 
right tranaformation properties (16) in the construction of ..:rÇPJ • 
but also in a nonphysical choice of the initial vector ~o (the 
time axí.a ); For example, in expression (19) where ~ = (jJO) 7;éo) 

the vector -?o==~ 0 0/ o) is choaen 'ao that the electron has a veloci ty 
différent from that of its statical Coulumb field. Thia choice leads 
to the manifest Lorentz noninvariance nonrenormalization, and infra
red divergence. On the other band transition (19) to the reat frame 
of the electron I~ '=: (~o J "7= o) doea not remove theae difficultiea 
~a we aimultaneoualy turn the initial gauge ~o (the diaagreement of 
velocitiea of the electron and ita field rema{na). 

Thus, tbe choLce of ~o muat be .defined by a physical formu
lation of the problem. 

It ia e8ay to be convinced of that the point tranaformatiorta/?~ 

A: = A.L. +dL'À(ALj 

(. 

t l . 

that effectively lead to anotber gauge, witb the aimultaneouB trana
formation of the electron operator 

.. '1 77= e? (úe~L) ljJ L 
(29 ) 
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{o/rt 1/7'P)/~2 =(ai T (e ~"e~~L. ~. L e'-&'€...I 1-)/o) 
~ L 

do not change result (28) 

If the right hand aide ia calculated in the gauge ~~L= O , then 
..-.; ~(A)= ~ de A/- oi f 0=(1',; 0 ~ o) • For the gauge L cL ,fixed 
by .the auxiliary -,rm - (~~)Y...t-d ,the function 
.),d(Á)==rJ~ de·A&:" and does no t depend an d , 

The operator transformations of electrons (29) lead to auxili
ary di:rrams that reconatruct re8ult (27) for the above gauges 
( L.;' L ). 

4. The discusaion of resulta 

The proof by Schwinger /5/ of relativistic invariance of the 
Hamiltonian approach of the quantization of the transverse variable 
is essentially based on nonlocality of thia variable and on the 
gauge-invariant Belifante energy-momentum tensor. The essence af 
the proof conaista in that the gauge of physical transverse non
local variables followB. the relativiatic transformation of the 
time axis. These covariant properties of the tranaVer3!! yariables 
are loet if we paes from the operator approach to the functional 
integral 

Zt.-r 7')=--=fd 'rI-r jy r ("'(.". 7) e·8.+t:f!~'(?;;0.~~7:';? ~"t 111 ql/J cl1v o ~~. ~ == 

-JtI~~çI~~lclY.Ajeor!L·$·.-/-~o/id~l'/:?eI}/J~~rI{cljl 

icl_ ;;-r ~',...JcI lcl_ -( ~ A- eL)( ( - ( e J /I - ;)~ c.-~ K • 
(30) 

On this leveI the nonlOCBl transversa variablea which follow their 
time axis.turn into one of the ordinary gauges (into the Coulomb 
gauge). Juot in auch a context there appear the atatements of the 
manifeat relativiatic noninvariance of the Coulomb gauge and of 
the dependenoe of Greep functions on the choice of gauge. As we 
have aeen above. these statementa become meaninglesa an the level 
of the Ham11ton1an operator approach that serves aa a foundation 
of tho funotional integral (30). Thus, the proof of manifest Lorentz
invar1anoe of the theo~y, based on the quantization only of physical 
tranaveree vnr1abloa. can be made on the level of th~ Feynman diagramo 
The reBulto of the papar Bolve the problam of renormalization of 

9 
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phyaica1 quantities on the mass she11 for the transverse varjab1es

/1,2,3/. '
 .. 
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IlepBYIlIHH B.H., HryeH CyaH XaH, A3HMOB P.A. E2-86-128 
K gOKa3aTenbCTBY HBHOH penflTHBHcTCKOH HHBapHaHTHOCTH 
nonepesnsrx nep ei-reaasrx B K3.IJ: 

ITPOBOgHTCfl KBaHTOBaHHe 3neKTpOAHHaMHKH B TepMHHax rrorre
pe xnsrx <pH3HqeCKHX nepenennsrx , Ha a cex e r anax rrOCTpoeHHH Teo
PHH: 1/ npn asrõope nonepevnsrx nep exeanux , 2/ asiõope TeH30pOB 
3HeprHH HMnYRbca H MOMeHTa KOnHqeCTBa AB~eHHfl, 3/ KBaHTOBa
HHH li 4/ orrHcaHHH AHarpaMM ~eHHMaHa, coxpaHHeTCH KanHÕpOBOq
HaH H penHTHBHCTCKa7l HHBapHaHTHOCTb. Bnepnsre gnH no nepe-nrsrx 
ne pexeaasrx BhlqHCneHhl penHTHBHCTCKH-HHBapHaHTHble COÕCTBeHHaH 
3HeprHH 3neKTpOHa H BepllIHHHaH xac rr, , Ilorry-remrsre pea yrrs r-a'rst 
nornro cr sro peuraror nna <pH3Hqe'CKHX ne peneam.rx npo õrresry nepenop-: 
MHpOBOK <pH3HQeCKHX BenHqHH ~a MaCCOBOH rrOBepXHOCTH. 

PaÕOTa BhIITOnHeHa B Jlaõopa-ropim TeOpeTHqeCKOH tI>H3HKH 
0115111. 

Ilpenpmrr OG'bCAHHCHHoro HHCTHTYTa anepasrx HcCnenOBaHHH. ,Uy6Ha 1986 

Pervushin V.N., Nguyen Suan~an, Azimov R.A. E2-86-128 
To the Proof of Manifest Relativistic Invariance 
of	 Transverse Variables in QED 

Iha quantization of electrodynamics in terms of trans
versa physi.cal variables is accomplished. At alI the steps 
of thc thcory construction: I) the choice of transverse va
riables, 11) the choicc of energy-momentum tensor, III) quan
tizntion, IV) tho Fcynman diagram description we preserve the 
manifost gaugu anu rclativistic invariance, For the transver
se variabloA tho rclntivistic-invnriant seIf-energy of the 
electron ia cnlculatccl. Iha resulta completely solve the pro
blem of renormalizati.on of physical quantities on the mass 
shell for the physical variables. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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