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I. Introduction 

The recent decadea were marked by an intensiva use of di!torent 
veraiona üf tbe byperapberieal eoordinatea in tbe quantum throo-body 
proble~ (060 refa. in paper1/ >. One ahoul~ empbaaize an important 
step flrat obv1oualy rnad€ by Delvea2 / and implying 8,nontrivial re
normalizat1on af the Jaeobi-partiele radiua-vectara; .. thia proeedure 
has been us ed in a number af aubaequerrt papers)/•. In reeent seare 
the use af tho Delvea c oor-d í.nat ea led to a cansideràble advanee in 
the atudy of. tho qunntum prablem of three partielos on a straight 
line 1~teroot1ng through phonomenological two-body potentials.4 / 

As' for 00 \\'0 ltnow. oxoept for ref. 5/. there were no at t empta 
to uoe thoae ooord1natl\1 in stu6y1ng the nlnas1esl three-body prob
lem w1th orb1trory mOODt)D mL ond po1r potent1ala VtJ' propor
t10nal to ~j 

-L whoro :via ~ha d1ctanoo botwDen part1oloa w1th num

bers LJj • '.2.'. 
Prob1ng or tho ooorcHnatoa 10 to eeme axtont 000101' wi th1n n 

claas10Bl vero1on of the &,roblom • It ro~ulta in Q further mod1fl
cat10n nf ooord1nntco nnd may provido nome naw roaulta in tbo 01no01
cal reg1on, whioh aro intoroat1ng thomoclvoa. Moat or thoao rODulta 
may aloo ba trancformod to Q qunntum vern10n of tho problom, It ia 
alaD ul)etul to otudy tho oloDajoal, pro'D1om tor oonatrualling a qUQo1
olBooioQl approx1mation ond a path 1ntoRrQl for tho quontum onaa. 
Wc 1nton~ to utudy thoao probloma in G aoqual Df papara bo~1nn1n8 

trom th1a ano. 

2. Laborator,y and movipa trpmoe ar roforqnoq 
In tho la'Doratory reforonoo framo 2:' Qttor 1ntrodu01ng tho 

Jaoob1 ooord1natea (1'1g.1) tho k1net10 onorgy of tho throo-pBrtio10 
ayatem ia 

.!.,l. " L f:rl..
T = ±-.f4Jlo R.+ ,ff'12)~rc + ±t1KC M ~ (1 ) 

where 

-1. -1 -t -1 ~1.1 

JLIJL :: m1 .... mL ) )tu" =- (rn,~ml.) t- n\3 (2) 

are tbe Jaeobi qU8sipartiele massaa, snd f1 ia tho ayetam total 
m88a. 

Tbe moving reference f'rame b ia introduood ao thGll 1n 1t 

n 
~ 

=0
"'eM 1 cn 

2 

TU 

.- -1 ~ _ RR ~k , (4) 

where k= (O,Oli} ia tbe unit vector towE!orda a positive direction 
of the axis OZ. At the angular velocity W ar' rotation 
Z with reapect to L. I. w~' have 

Ir 1 ti. [R"..z. R2.. ~ Y)2J i (4'-"")2= 2.erfJ~ T (w X k + l.r-fZI~ t -rWX'v • 
(5 ) 

Fig.1. The triangle 
f1lm\rn2,m~) . rn , < '):e 'm 2 

We ahal! describe motion of the three-body ayatem in the stan
way (see, e.g., refa. 1,5.6/) uaing the s~liddard atate motion 

(tranalation and rotation of the triangle S( ml,ml. i 11l~) "ad ded 
by deformation (of the same triangle). 

3. CoordinateB of the triangle deformation 

The triangle deformation LiCJ)'L.\11z../,n}) will be deacribed 
by the coordinates (ç)~)S) Lntr-oduc ed according to the f'ormulae 

I 

n R= (L?::J c05 'P f (_00)00) , (6 ) 
- I ,r /,1 

l' 
.~,~ 

\ 

r-(Y·)Í f:- (_00 ,QQ) ,- r .,';} ..f s in 'f (7 ) 
lJ

Ç) n ~ -1 
COS v :: K .'0 (R r) E; L-i )1J , 

(8 ) 

whore 

~ E: [o .00) , '~t: [o, i:«) , 3 é lO l ~J . (9 ) 

Our cboice of a region of valuea of the variables differs from 
the standard one1-4/ Its advantagoa are a continuous deecription of 
the whole apac e of variables {R ,r} = rR (21 ,which ia essential 
ror Q oontinuoua deecription of alI configurationa of the sYBtem 
whl1e mov1ng along a atraight line. Moreover, the angle ~ 

dif.foro trom the Delves angle 

~ .n 
o( =r- T 

' (10 ) 
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which ~urnsout to be convenient in what followa. 
w& get ~or tbe kíne~ic energy Df tbe ay~te~For ôrevity we introduce tbe notation
 

- 1 -ZAl. FI
 
-..... .... . -1 T = (ff + J 1. 1 )jl.,r J (17 }S .:: St.í1 'f' , C; -CO'S \J)., r -= t, r ·	 (11 ) where
 

Then, toe kinetic energy in new variablea acquires the form
 1\1. _:: p2. -+ 5-'-l'Ll -rC -Z l Z 
j\ ff t ~l • 

(t8 )
ia a large angular momen-tum oi' tbe áyatem and:T = rIr l 

-+- r'~l fZ ~s2:Cf + wx rl-+.cl(W x k/J1. 
(12 )
 

~ne can eaaily derive a formula for a moment of inertia
 I""j!> ti,,'=' C-Z~l .... S~rllJ 8/
of tb~ system refa. 3 , 5t (t-9) 

2 ' " 

I =tr' \I t~,ell = Jv..fl • Lz =5i:.n-le~·& +(d~~2e.-2sin-Yç~8c~S+c~~}ft + feZ.+
(13 )
 

Simplicity of expressiona í12) and (13) in compariaon with the
 
+ Zstnie-(si.fl'l'"dgJ - c~ @) ~ ff" -l5úl

t
ews\(~ 1) -+ 2. (:05'fd:~e p~ ~ +relevant onea in other variables (see, e.g., refa. 8 , 9/ ) enablea one
 

to understand better the meaning of' tbe hyperradius'p and still
 
+2CEl5-'l'" ct%J)-~ ~ t- ZsLn'Y ~ 'f~ ·	 (20:.)uncertain parameter JL : tbe reduced tbree-particle syatem 

maas. For the total mechaniaal moment of the sysfem ~
 
-4. Coordinates cf the triangle rotatit>n
 

K= K'JL + K'2,?l =cf~/2.R x ( R+ Wx R),..J~12~~i Xet Te:) X~)To deacri·be tbe tria"Ilgle rotation Ll(~Íl'JmZ,n\) as a solid (21 J 
state, we use tbe standard Euler angl~s ~'~Ie 7/. Then 

W-e- get in the system Z : 
W := ~ sin e.s~ntV + GtOS \f:' ,x 

,K, = c~'V., Pe + Stn:9SU1~l~ - ~LDSe} }W.y -= l.P 
• 

Stl1-9co»'i! - 8
• 

si..(\0/. . Ky =-5lJ)f ~ + 5LO &t..os'f(-~ - Fj,eos-61} ,
<P UlsQ + 0/	 (14 )W.l 1K =' o :- " 

l \.z I~ (22) 

requirement that r lias in the plane OXZ at an angle 
Supplementing the definit10n of the aystem 2: by the 

and in toe ayatem Ze : 
j to 02	 , L, e. r = (~í.f"~ ,0 lco)j) 

Tben ' '<X.l =SLn<P Pc, ... sLn-fgwscP ( €'O~e ~ - P) ,
f 

.... ...., 1. • I • 2 «,..-W~<P p" +-sin-leSinfp( tOSe ~ -Pi) , (LV X k) = e + <p 5i.112.G 
)	 

(15 ) 

/. Kze - ~	 (2) ) 
~ ~ - 2, , • -z.	 2(r +WXf) =(Ji"WyJ t(w"wsj -Wz;SLI1S) •	 \. -{16) It ie Been that the components of ~ are independent of the 

defo-rmationp:oordinates tf l '-P )3) and its square is5.	 Hamiltonian variablea and the totaL angular momentum
 
of the syatem
 

Kl 1. 2 -Zo ( n':;" '2. 1 -2~ /\ )2'Performing a standard transition from generalised velocities \ = R ~ o + 5[.11 (7 8. - co:>o'/Pi.l = O + O + sin(1l~c.O(~ ;.. ~ '. (24)
e I.~ .' : Y ~ /9, fi, f.,Ir.4',) )~ , 'Í! lê} to generaliaed momenta { P ,P'f') P, Ip~ ,er J p~.~ r

f 

4 ,J,5

x 



6. Partlcle interaction poteàtia~a 

Conaider ayatems of tbree particlea wlth tbe pot~ntial 

v=~Z + ~~ "'V:, , (25 ) 

where' the two-partic~e potentiala v-..à are 

-1" e~ej for-electricity'\ 1 -1 ~ (2b)

Vij ~ ti; oli.j , cx..i.j ::: t-m~ ()~ :' for gravitation
 

The diatances r'· between -particles in our variables are• ~J 

r r;r = (f:;/p 1c I 
{ r;~ ':{~m)tp~r5-Z.-M-/-f)-"\-3---Z-'r:~=m=IM:=:/:=:m:::::J,:::::m::::;~i-~-c.-c-o~3~;;~ {27) 

1 'r),L \J. ' ,~	 -,l 5't '=, Ll'lj ..m J. f ys:J.t\/m~ +21mi 1/mi m'J S cc.os3 ,.. '/-1?1z.!m.,
1 

Hence ~e get 

v= f-i o<. ('-P J 3 ) 7 (28) 

where 

ex (~)3):= ~ (f ~~t CÂ. L)	 
,. 

(29 )
J 

de~ends only on tbe d~formation angles ~ and j 

7: Reduction of the yroblem to the sJstem with four 

degrees of freedom 

For the ayat~m with tbe Hamiltonian 

H=T~V~ {30) 

where 1l ia def~ned by expresai~ns (17)-(20) and' \J by exe

preesiona(28), {29), the total moment R 'ia conserved, i.e.., 

[K }HJ~O _, (J1 ) 

where ia the Poisaon bracket.. The reduction of the problem baaed 

on tbis fact goes bapk to the papera by Lagrange, Laplace and Ja
cobi (~ee reia.7,9/). Takincg into account .that·~ ia a , .	 l 
cyolic coardlnate we cboose thesystem L so that in it 

-6 

-K:=(-OtO.jKJ. ~.e :(32)
 
Unde r -auch a cho c e the 'p Lane -OX ye ~oinciae~ wi th -tbe fixed
í 

Laplac~ plane, t" is the angl'e betweeIl tbis plane and tbat -of tne
 

triangle A (m, ,ID2 ,m.; ) and li =K=eonet... 'For varioua .poeeibiJ.i~ies. ,
 
(-81n-& ~"O , or ein 8 = O J, from eqa , (23) -and ()2 ~ we get severa"!
 
types of moti-on: 

I. Motions 'l(i th;K;' O when , according ~!l V'leierstra-as:'s-Sund:
man's th~orem, the triple col1iei~n is ~mpo8eibl~r .
 

1. Tb~ general cae~ ~f tbe tbree-dimensional motion Df partic

les. Then,. from (23) and {32) we find
 

2Gr =K _ Pq,' +Z~K2 - r; '(5Ú1!'ásJ~- co~1Ji"~) +{;t:s~f: ~ (3) 

' i{ 2 -J 2 -2 -2( L ~ -l.t;> Z,\T =l.,f- e, +- p~ +f S 1l + SLn v!t j r
 
'rfZc-2Lccos1f~K'--~' - &/+(5ÍJ1'Y~K1._p;' +~.3 p)?-JJ .
 

(34 ) 

Ueing -the components of t he vector'l of the arl,gular momerrtum I 

of' particle -m3 with reapect to -the c s m, Df the syetem rrl1,m2~ 

ef =-5il1o/P.9 --~~8W5i'~. .t; =C05\(&-c~t95U;r.f,yJ i,3 ~~ J	 I· 

..z. 2. . -21;) 1e = 8 + SUl v R , I{j ~ 2. ~ 
l. 2.  l'Ne may ejt-pr e S 9 L. , Lz anã K through e: 

2 K21 _ -2.f)2 2. -2, -2.0 e2. j 2 _ _ Dl. tfJ2j e'z -lO r- 'Z._ 1J.2..' li!LI, - c c.. - S c SLn (/ 3" u.l. - {.. ~ +- Cã ~ c'l K LJ ~	 I 

j 
L ~..,	 l 

-/\1. =02. +- -2.p2. + -ZT!2.to ( }c'--e2. ._ e)2.J	 l,,'
1 \ l'f S t, C to-t-.r 1-. .(3~)j 

It should be noted that in th~s case cos8=1~,/~ ao that the 
111 

<àegrees of freedom connected wi th tbe angles <.P arid 9 are 

completely eliminated from further consideration. I 
2. The ca~e of plane motion. Then 

Py = O , '1'" =- O J	 (Jt; ) 

so that the triangle !:J. (m1 ,m2 ,m ) remaina always in tbe fixe'd3 
Laplace plane. In thia case t:

1
=B2./ d- , L:.z..=K.2.- 2KP8 and 

J {' 2 -2.[ 1. -.2. i -2 2.]J'r -=.:- ~ i- P Pu + 5 o' + C (K _.~)2!- p, lf I tJ	 • t 37 ) 

'7	 
-, 



3. The collinear motion _a~ \\~a • It turna out tha~ in tbat leads to a phyaical unce-rtainty af the ~c~lea 9' and J': 
thia--cas.e the- ay~toem 

, 2 (.KJ 9. '8=.K'f)in "p .. .;t =o)~ 
. 

of the- equation 

has 

t 

only one degree of freedom ailica PD=u,Bcf,.. 
,(te) "'p =0 ~- and I{> s: COflst ia tbe aolutian 

I{l

j. 
taken ind€pe~dently. In thfe .connection 
baaing on formal reaaoninga (simplicity 
wave function)~ ,propoaed to fix JA 

Delve~21 {aee alao ref.}!>, 

of normalizat±on of the 
by the foruiula:e 

'L o< (~ J j> = O,1f") = O• 
()fIl , _ 

ExpreasioriB for toe kinatic energy include 
centrifugaI type a 

a 

(8) 
" 

potential of the f 
Ju... = jf-o = ~m2.m31 {m. l +-r'l'lz."":l"llY 

In ref'.1-0/ another reduced maaa waa su,ggeated 

(45 ) 

t-:-r _ 1. Pc' +
J - 2.J f 

i-. -2. J\<~ 
J..f f (.J9:) 4 r == Jl.A..c.. =. mlml..rn~ /(m, ..mz..'t"'I'l"'.,}2. (46 ) 

and the potent1'al ene'rgy or the ayatetn la V::::. i f 
o(fItJ, where ~t{. ccnsé 

In i~terature,- the choice Df a value of .j~ ia thought to be S 

nonphyaical problem1,2/:- this ia verified by the argumenta concerning I 

~I. Motion~ with KsO when .. according- to Wie~~traaaFa-Sundman'a the moment Df inertia of tbe syetem. The identity 
l:" 

theorem, tbe tripla colliaion ia posaible. 
1. Plane- mot í on, Then· t.:-.z. -::.. Q and 

T =~ (r/ .' .f'i\:L ) 
.{ 

(40) 

2 2. 2. 2 MM'"rtl./r.'J .;. rL'Jifi 1" r;ll.r~ ~.P y :- /m/ltLl1'l " 

wbere U·,:, mí I ri*" and rt ia some normalization maaaJ l 

without 11mitation on ~ t2 re~u'.ire· , 
allowing, 

. 

I 
" 

2. Motion on a fixed straight .. li~e. In contraa~ w±th the cplli
near caae with KFO, now the ayatem haa two degreea of freedom and 

the ~elát~ona 

(41 ) 

(42 ) 
, -3 =O ,~~ =0 

,lo 2. -2 --2 2.. 
I\. =0 +5 c O 

t.'P, f2J 

reàult in the aimpleat expreBaion for the kinetic energy 

where 

w· 

(47 ) 

.!. 
e~Kz.e' . -2Jl.t --I~.r.f-Kf) 

j<-l'1f1. ~ m1(1lLm~ 

Thf:3n, under normalization M"" = JL.l we get -(45) and under; nor
malization M1t- = 1'1 (46)~ The choice Ç>f' y. ia stil1 

formal problem, . ) 
b-)' At the. electr±cal two-particre' interactl.on V=Vte 'thé 

Hamiltonian (30) ia invariant with ~espec~ to the changes 

1 

~~'l 

!' 

~ (' z. -2 2.)T = 1...f ff +-.P ~ • <'4 3 ) 

It ia to be noted that additional condttions Df the type (36), 
(33) and (42) ~re not conatraina in the phaee apace of the eystem 
but are the dynamic condi tione limiting the c hoãc e of initial data', 
Their fulfillmeni resulta in apeciàl claseea Df Bolutions Df the 
general three-particle problem. 

There ia such an invariance in the N-particle problem at any 
N;;;Z ~ However, We are not free of changing tne ph-ysical m-ea
ning Df charge determineã from the two-partiéle problem~ Conaequ
ently, the e~ergy v~lues E~~1 Df the three-particle proQlem 
allow one to fix a phyaically correct va Lue, of ,Jl' at the value of 
charge e determined from the two-particle problem. 

c) Maa-Bes Ji-D and YL.: behave differently as one of 
m"l.,!> tenda to 00 , For instance, as m~ -'> <P • f-D'~im,m;~' whereas 

8. The reduc.ed masa of' the three-par';icle eyetem j-kl--~O that is inadmissible from the phys í cal point of view, 

a) at V:O the Hamiltonian õf the three-particle eyetem, like 
alI relevant physical quantitiea are invariant with reapect to the
changea (at K> O) 

(44 ) 
-2

.J- --KJL J.f - Kf 
r 
'It 

~ 

,I 
(48) 

. H4 
Cons-ider à syetem like' e wi th two light -masaea ffil=m2=m 

one heavy.mass t1l-3:M»Vff , Then 
_i .' . . ~ 

jio:: m (1 + 2. miM) 2 = rnl1 -(miM; + 3(m/i'1} - .. IJ 
and 

This property can be used while chooBing a correct expression for 

cf

f 

.8 9 



,I
 

.d1.ffers· .c-onsid-erably from _1 

t!-fliL =.~{m/M}(~I;~2cn/M) =m{mAV\){l+;··.I, 

and one can easily compare the~r agreement with the exper~ental 

data. 
Under these conditions J4 D with an accuracy up to 02.(m/M) 

c~lncid~s with the two-particle reduced maaa 

JI)" = mMjem+-t1 ) ~ m[1-(m/M)'" (mft'\)2_ ... ] • 
(49 ) 

Gomparison with the experimental data allows a únique choice
 

of maaa ~ as a proj)erexpression for .f- O •* )
 

-*)Since the nata are available for tne quantum three-particle prob

lem, w~ shall only outline in this papel' ~ome reasonings. Consider 
. A 

a special c Laaa Df motiona for which 'P::O «\f>}~O for the quarrtum 
case}.. Then; the heavy maae M remains alI the time in tbe 
c ..m.s.of m.,ffi L ( f i g . 2 ) , t hat -is well rulfilled in He'4 for the states 

of two electrons properly chos~n (without taking into account spin). 

~1 ~r:'2 ~3, ,,'f 

Fig.2. The case f:i Q. 

'Ir L
From(27~ - (29) it'ia aeen that V-=' re /.p where r... c.o(t~t.·,...Z:=.l., 

i.e. tbe problem becomea hydrogen-like. Neglecting tbe contribut~on 

o~ tb~ angular àegrees af freedom to zero level -of th~'~Y8tem, we 

get an Bpproximate estimate for tbe ionization potential of He4 

E '"'J~'" 2.e"p.. • 
• ~j 

On the otrer band, by .tbe perturbation tbeory for He4 12/, we 

get in the zeroth arder 
Lif(~) =. .z.Ze~ /2. _, 

tbat is in ~greement witb the experimental data witn sufficient for 
our aims accuracy. 

Since for He"Jlo and jA-L. differ by .a factor of four and J1-o 
-~I.( 

c aí.nc í.dea wi th j{ witb .an accuracy af 10 according to (48) 

and (19~, tben it becomes evident that tbe experimental data agree 

withthe cho í.ce of=JL-o 

~. The triangle of masses 

Baaed .on formula (4~) we ,intrpduce tbe foll:owing g~umetric 

construction,tbe t~iànge Ll(P.1.Pl?' '~I); ~ 
" 

figO' J. It 1-s undquely ,~d-eteT-. 
mined by·the masses roi that define its sides 

;! 
T' rn1J11~~:m,,-rmz., ~2.~o1~ml..t"m3 '~') J;2. ~ro) 

11' 
I" 1f2 

Fig.J. The tr1a,ngle. 

b(~1.)P2..':l)R,t) 

I, t 

j As ~'Y\!.:v.o ,
I
I b.("?'11~}J 1)31 , 

I 'Now we . 

, I 
11 

I and assume 

~1Fh 

t4ese sã des satisfY inequal,ity for the triangle and 

always exis~...'. .: 
àetermine tbre~ angles .,. by the f~rmula' 

l. 'li lt~=r.~~t ) 5i.=S~t1~~ 
.1. 

~ Tben from (4'5) and t he summation rule of tangents" 
'.i eal3Íly obtain 

I~I' .....11 +- ~ =..-sz:.
'fi 'f2, .3
 

\ the .elémentaz-y geometry that~.t.
 

',' 't'~,L,~, 

tVt ::: o.rct~ (mi./Y J é'[o,fJ 

C. :. COS ,i i. 

(50) 

{51) 

one can 

(-52 ) 

It 'is clear from are tbe angles 

!
I 

between bisectors in .cJQ1'B..".) P~l) • The reduced maas ~ is ,the
II 

radius of the circle inscibed int,oLl·(~l;Pt.~1P31) - fig ..). 
-This enns t ruc t í on can eaai..J.:y be gen-eralised t.o the problem wi tb 

1\ N particles wben the t~iangle is changed by a figure ±n ~he relevant 

multidimen13ional -apace ·(te.t-t'ahedron. -e-tc,.J and the c Lcz-Le by the in...·I~ ~crlbed (byper) s-phere witb .rad í.ua Ji=.MC;; •.•• f~(}l~N-") / , 

P 'where M=-m1+~' ,...m... • 
Wit.b 'tbe q:uantities introduced we can writ'e in a simpler form 

\

'I
J\ 

'.
tbe distances r.::i betwe~n. partd.cl:~s 

I 

10 
11 

2 



4

.. ~~ =f'(S~/5f5~Ji: te I 
f .fr-------'--.-_.- ). 

.''l:~' ~ f (Sf/S:...5.;-t vi;52.' -= 2..~l-c2.. se.cos$ +c; elo 

. Ç1 .:.p (5;"/S/5j t Js~sz: -+- Zs,Cf~·ccos8 "*" cfc2 
(5}) 

aa w.ell as the quantity OC:{I.PJj:)-~rom (2B.). (29) 

-te z ._1 -1 
0<.::.!fi~C t ..".ff.l5~5 -ZSz.ClSc. ws8 tCl.t.~ e: -+-f3f fSf'>2..,.IS~fiCf..D5ff+cJ'c1,(~ ) 

where .t. 
(3.. ;:: f 5 -s·lcs~.)~ 0(:..• 
~'-J t:J' ..... 'd 

&ifup~ exâbt relationa of 
new'evidence. in fevour.,of" the 

f ~#j::j:.t<.·Fi.. 
{55) 

the geometria nature ~50)-(55) are a 

cb?ic-e of JL in the form of (45 l. 

10. Compariaon with· O'ther choices of hyperaphericl'\l anglea 

Wê have arríve~ at a veraion of hyperapherioal angleB~ that 
aomewhat· differa from those deacribed in literature. (aee refa ..1 , 3 , 5, 6/ 
and refa. thereint. We consistently kept the deseription with a se

pa-ra.ted particle ffi) bo1;:h in chocaãng 1;:he syatem of coord-inatee 
L:; 1;,-. and Euler angIea f~ ,'lt I fl Jand .in chooaing t.he- angles 

{e, 'fi for ·-the deec.ription of the triangle deformation. Our .exprea
aiona [ar ~be kinetic energy of the syatem are mere convenient for 
aolving the clasaical problem as they do not Iean to diacontinuoue 

change~ of angIes described in ref. 5/ This will be shawn elsewhere. 
The introduction of anguã.ar- hyperspberical coordinates for, the 

classical problem of three particlee democratic with reapect to 
threeparticlea is preaenteà in rer. 5/ It ia based on a modification 

of hyperapherlcal coordinates fromref. 3/and differa from ours both 
by the cho-í.c e of a rotating aystem of coordiJ?stes and:;'·the choice of 
th~ tríangie àef~rmation angles. ' 

For a detailed compariaon Df the two Yeraions of the choice 
of tbe triangie'de~orm~tionanglea,~'it 1s convenient to represent 
tbem aa anglés on the two-dimeTJaional s.pbere ~ S''lI~(fig.4)-.: 

In order to put pOints{4l=O;! '. ..Y-,arbiJ{SryJ(see eqs, (h)
f9) and figo 1). in the poles of the aphere $' " one should 
doub;le. the angle l.f , i. e. t pass to tbe angLe '~i 

,t~: t 
cp = 2I{? • ';;-."}:

,,' 
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Fig.4. The aphere 
~
's) (.2.) N. 

r .N J 
j 

r. 
~ 'I 

il~IN r 1151~ 

Then, wi th varying in the interval \p.€ tO,21il te'be point ona:. (2.~ 
tl' moves along the circumference .whicb in it8 tu.rncove.re up once 
tbe spher.e with varying 8 in the int.erva,l [O ,fj;) 
The choice cf (9) for I.P E [O )l~J leada to 45 E fo /1~ J ~ -i. e. , 
to the ~wofoldcoveringof the sphere. This .resulte in a 

continuous deecription of configurations of the ~ystem~nd as we 

aball aee ela.ewhere 'co:r;reaponds to the constructíon of some twc
~heet Riemann aur~ace for the claasical motion. 

C{11
On the -aphe-re..v t here. la a phyaic,allyseparat,ed ver

1;ioal circumfe-rence C -( J..= O) 
near c onf í.gur-a t Lona of' particl.ea. On C 
with angles lP,} tfz. ) lP~ that correpont 
particlea. 

Under our c ho í ce of ang'Lea {CP) B} 
spheres are on the circumference C 

A demooratic i~troduction of.anglea on 

correaponds ,to the rotation ofaxia NS 

• t They are simply related with angloa 
refa 1,),5,13/ and lead to 

• 3 

o<.. ::=. L: (3~i fI [1 - SiH7J cos(6I,Ii 1(:1 I J .~ 

corr.esponding to -eolli
there are t1rr~€ .pointa 

to .pair colliaions crf 

the poã ea N and S 

a9 i6 abown in fig.4.
-4;:,(2.1

tbe Bphere ~. 

to NS ,i. e., 

the introduction of new angles 1''9 ,I.-J by formulae {aee fig.4) 

-e052 <p = SLn 1) C05 t. cosry .:. sLn3sLn 2lÇ .' 

of the tri~ngle defcrmation 'in 

- \P..JJ
_1 

z: 

for the function ~ from (28). A drawback of such a cboic~ 

ia the -occur-rence of nonphysical coordinate singularities a t points 

13 
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N1 5 on $\2~ with r-sapec t to wbich tl?e circumpherence Df 

col~inear conf~gu~ationB ~ becomea tbe equstor. 
In a Bubeequent paper we aha11 app1y the afore-mentioned re

eu1te to- a further etudy.of the claseica1 and quantum tbree-partic1e 
prob1em, ih particular, tÍ1e motion along the at raí.ght. 1ine wben a11 

depenctencea are extreme1y simp1ified. 

.' 
Acknow1edgement 

Tbe authors- are deep1yiindebted to A.V#Matveenko for numerOUB 
discusaions and e1u~idation of varioue questions in tbe tbree-partic
1e problem tne etudy of which was- initiated oy an intereating paper 
14/. Tha!,lke are a Lso- due to B#M. Barbashov, A.D"Donkov, V"B.Be1yaev, 
Ya.A.Smorodinsky and V"A.Mescheryakov for fruitfu1 discusBiona, 

he1p and Bupport in preparing tbis paper. 

References 

1.	 K1ar H.: J#Math.EhYB. 26, 1621 (1985). 
2.	 Delvee L"M.: Nucl.Phye • .2, 391 (1959); 20, 275 (1960). 
3.	 Smith F.T.: Cbenr.Phys. 31, 1352 (l959); Phye.Rev. llQ, 1058 

(1960); J.Math.Phys. 2, 735 (1962); Whitten R.C., Smith F"T.: 

J.Mat.h.Phys. 2,,1103 (1968). 
4.	 Hanke ~., Manz J., Rome1t J.: J.Chem.Phys. 73, 5040 (1980);
 

Manz J., Shor R.: Chem.Phye"Lett. 107,542 (1984).
 
5.	 Johnaon E.R.: J.Cbem.Phys.• 79, 1906 (1983); 11.,5055 (1980). 
6.	 Smorodineki Ya.A., Efros V..D.: Sov.J.Nucl.PhYB. 76, 1Q7 (1913);
 

Kupperman A.: Chem. Phye.Lett. E, 374. (1975); Schatz G.C.,
 
Kupperman A.,: J.Chem.Phys. 65, 4642 (l976h Soloviev E..A.,
 

Vinitsky 3.1.: J.Phyo. ~!ê, 557 (1985). 
7. Landau L.D., Lifachiz E.M.: Mechanic8. MOBCOW 1958 (in Ruasian) 
8. Whittaker E.T.: A Treatiae on the Analytical Dynamice. Cambridge 

1965. 
9.	 Zare- K.: Celestial MechanicB-, 24, 345 (1981 >. 
10.	 Para L.A.: A Treatise on Analyt1ca1 Dynamica. 1ondon 1964. 
11.	 Linderberg J.: in: New Rorizons oY Quanturo Chemistry,Dordrecht


Boeton-London: Reaé1 Pub1. Comp. 1983.
 
12.	 Bethe H., Sa1pete~ E.: Quantum Mechanics of One- and Two~Electron 

Atoms, Ber1in-Gottingen-Reide1berg, Springer 1957. 
13.	 Rori S.: Supp1. Progr. Theor.Phye., Extra Number, 80 (1968). 

14.	 Matveenko A.V.: Phys.Lett. B129, II (1983). 

Received by Pub1ishing Department 
on February 28, 1986. 

14 

: I 

I" 

, ~ ~ 
! 

q. 
I 
J l~ 

L 

, I 

h 

II 

~H3HeB TI.n., ~H3HeBa U.~. E2-86-119 
KJIaCCHtlec.KaH 3ap;aqa Tpex qaCTHI.J;. 
Mop;mpHKaI.J;HH rcoopznma'r ,I:(eJIbBec.a 

PaCCMaT,pHBaeTcH HOBbrn: BapHaHT r-anepcóepaxe cxax KooPAHHaT 
B 3ap;aqe Tpex qaCTHI.J;, KOTOpWH npHBoAHT K MOAH~HKaqHH KOOPAH
HaT ~enbBeca. TIOJIyqeH BHA KHHeTHqeCKOH H nOTeHI.J;HaJIbHOll 3Hep
rHH CHCTeMbl o ,QnH p'a3HbIX cnyxaea KJ:IaCCHqeCKOrO ABIDKeHHH npOBO
AHTCfl peAYK~HH 3agaqH B 3THX KOOPAHHaTax. PaCCMaTpHBaWTCH 
CBOHCTBa raMWlbTOHHaHa rrpa MaClIITa6HbIX np eoõpaao aaaaax , '113 qlH
3HtIeCKHX cOOÓpaJKeHHH or-oõpaaa <popMyna WIH npHBeAeHHo!1 MaCChI 
TpeXqaCTHqHOH CHCTeMbI. BBOAHTCH TpeyrOJIbHHK xacc H CBH3aHHble 
c HHM OCHOBHbI€ BeJIHqHHbI H COOTHOIlIeHH.H. 

PaÓOTa BblllonHeHa B na60paTopHH TeOpeTHqeCKOH ij)H3HKH OI15IH. 

Ilpenpmrr OÕbCJlHHCHHoro HHcTHTyra 1IJlepHbIX HCCneJloBaHHH. Ilyõaa 1986 

Fi2iev P.P., Fizieva Ts.Ya. E2-86-119 
Th€ Classical Three-Particle Problem. 
A Modification of the Delves Coordinates 

A new vetsian of the hyperspherical coordinates in the 
classical three-particle problem is cons1dered, that leads to 
a modification of the Delves coordinate.s. A type of the kine
tic and potential energy is obtained for the system. The prob...l 
lem is reduced in these coordinates for different cases of th~ 
classical mation. The Hamiltonian properties are considered 
under scale transformations. From physical re-asonings a formu
la is chasen for the reduced mass of Three-body system. The 
triangle of masses and the relevant basic quantities and re
lations are introduced. 

The investigation has been pérrormed ~t the Laboratory 
of Tb~oretical Physics, JINR. 
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