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I. Introduction

n models with dynamical symmetry the Goldstone and
the gauge fields are on the distinct status. The inva-
riance under some group of dynamical symmetry is
achieved via appropriate interactions with these preferred
fields.

It may happen that some Goldstone and gauge fields
are, in fact, unimportant, superfluous for the content of
theory in the sense that one may express them in terms of
other preferred fields or remove them by a redefinition
of the latter. For instance, in the case of spontaneously
broken gauge symmetry it is possible to rule out all the
Goldstone fields from an invariant Lagrm§1an by the
gauge transformation (the Higgs phenomenon/! 3/

We would like to call attention to the fact that in non-
linear realizations of symmetries /4-8/  there exists
a possibility to eliminate superfluous Goldstone and gauge
fields by imposing invariant conditions on the Gartan dif-
ferential forms.

The crucial point is that any covariant Cartan form
with the homogeneous group trainsformation law can be
put equal to zero with preserving all the invariance pro-
perties of theory. If the resulting covariant equation is
solvable relative to some preferred field one may express
the latter in terms of remaining variables. Those of initial
fields which cannot be eliminated with such a procedura
have the meaning of the ’’true’’ Goldstone and ’’true’’
gauge ones.

The exclusion of unimportant variables by putting the
Cartan forms zero we call the inverse Higgs phenomenon
because, when applying to the gauge fields it is opposed
with the usual Higgs phenomenon in three aspects.



First, they are opposed in essence.

The Higgs phe.uomenon is usually meant to be sponta-
neous generation of mass for the gauge field ‘Z asso-
ciated with the tra sformations under which the vacuum is
not invariant /1-3 .One may alsotreatitas the possibility
to choose the ’’unitary’’ gauge in which the Goldstone
field £f(x) disappears from an invariant Lagrangian (the
gauge £1(0=0) and the field 32/ satisfies the condition:

Zuleco =T Vué 'ela, £'043, 10 +0(6) . @D

where v, ¢' is the covariant derivative of £, f is
a constant Thus, in the case of the direct Higgs phenr.-
menon, the Goldstone field £'(x) is eliminated, being
absorbed by z' . On the contrary, in the case of the
inverse Higgs phenomenon it is just the field 2§ that
is eliminated. One expresses E;L by means of the
covariant equation

V#E =0 1.2)

in terms of both £i(x) and the true gauge field 0 %(x)
which is associated with the algebraic subgroup (leaving
the vacuum invariant).

Second, both the phenomena differ in range of applica-
bility.

The direct one occurs only for invariant Lagrangians,
when the gauge symmetry is broken only _spontaneously.
If the external symmetry breaking term+2 i Zi + G 02 i
is added to an invariant Lagrangian, the Gol stone nelds
become physical ones and cannot be ruled out.

At the same time, the inverse Higgs phenomenon turns
out to be constructive just.in the case of externalgauge
symmetry breaking. In this case the exclusion of field
Ry results in nontrivial models where all the restric-
tions of underlying broken gauge symmetry hold and which
deal with fields £i(x) and 02 only unlike the conven-
tional approach where the canonical gauge field 321 is
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present also *. If the gauge symmetry is broken in
purely spontaneous way, condition (1.22‘ means no more
than the requirement that the field 4y |¢é=0 be zero
that, of course, contradicts nothing but has no physical
consequences.

At last, both the phenomena are opposed in the sense
that the kinetic term of the Goldstone field .V, £iV ¢gi
in the case of direct phenomenon turns into the mass term
of 21 |¢-.o while on using ' the inverse one the mass
term of field Zi gives the kinetic term of the Goldstone
particles. # .

Besides applying the inverse Higgs phenomenon to
gauge fields it can be used for eliminating superfluous
Goldstone fields, for instance, in nonlinear realizations
of space-time symmetries /10/ , Its applicability in this
case depends on the structure of given group.

Remind thatnonlinear modelswith spontaneously broken
symmetry are nonrenormalizable and pretend only to
describing low energy phenomena.

The paper is planned as follows. In Section II, the
general treatinent of the inverse Higgs phenomenon for
gauge fields is given and two examples are considered.
At first, we briefly discuss the model of SU(2)»SU(2) -field
algebra without canonical axialfield /!!/ (thatis the chiral
invariant theory of massive Yang-Mills field 7, inter-
acting with conserved isospin current). Unfortunately, its
predictions are less satisfactory than those of conventio-
nal approach with A, -meson. The second example
concerns the nonlinear realizations of supersymmetry in
the approach by D.V.Volkov et al. /12,13/, The inverse
Higgs phenomenon helps in eliminating the gauge fields
connected with spinor translations /13/.

*To come back to conventional approach one needs to

replace (1.2) b% otch_e(r )covafr nt condition -
1(X) = ) ,
where field Zj" "~ 'is de!in%d to transform likeV,¢!
(Such_a condition has been used, in fact,by Kawarabayashi
and Kl}ak/ado for the case of chiral SU(2)xSU(2) -Sym-
metry /9/ ). It is the same to formulate the standard
scheme in terms of ¢!  or in terms of gl .
I I



In Section III,the inverse Higgs phenomenon for Gold-
stone. fields in nonlinearly realized space-time symmetries
is studied. We formulate general conditions under which
some space-~timg symmetry group permits certain Gold-
stone fields to be eliminated. Two instructive examples
are considered. These are the spontaneously broken con-
formal symmetry / 5=7.10/  and the nonlinear realizations
of projective group, isomorpbic to the group SL (5,R).
In the first case the inverse Higgs phenomenon is respon-
sible for the known fact /14/ that conformal invariance
can be ensured through interactions with the only dilaton

o(x) which is just the true Goldstone field in this case.
In the second exampile the only true Goldstone field is
shown to be the tensor one h,,(x) asscciated with the
proper aiffine transformations. Thus, the nonlinear realiza-
tions of projective group reduce effectively to those of
affine subgroup P, &GL (4, R)treated in detail in papers /6,10/,

IO. The Inverse Higgs Phenomenon for Gauge Fields

Let G be a dynamical symmetry group with the fol-
lowing algebra of generators:

1z,,z,1 - ic'*t zg v ic*%v, 0
Loaik .y
1v,.z,) =ic*'*z,

[V, Vgl =iC*PPy,

where C are the structure constants. The generators
V; form the algebra of the stability subgroup H . Note
that the translation generator P, should be included into
a setof Z; in the case of space-time symmetries /7/ .
If G determines a supersymnieiry some generators
Z; are meant to obey anticommutation relations /12/ .
The group G Is realized in the space ofleft cosets G/H

(that is the quotient spaceover subgroup H )parametrized
by the Goldstone fields ¢ '(x) /4-8/



6(&) =e' %k ., pG()me kT Wall 0 Ve (g

Shift (iI.2) induces the nonlinear transformation of field
' (x):

8&EH(x) =Fik(g) ghagmemPyP, (11.3)

where Bk ,n P arethegroup transformation parameters and
the matrix F'*(¢) is a nonsingular one.

An arbitrary field ¢ (x) andalsocovariantdifferentials
of fields €! (x) and ¥(x) , w!(d) and Dy, respectively,
transform under thegroup G according to their represen-
tations of the subgroup H but with parameters -~ func-
tions U, (¢.g). :

We are interested in the case of gauge symmetry,
where parameters ,sk and aP are space-time dependent.
The covariant differentials ! (d) and Dy are introdu-
ced by standard formulae /+~8/ ;

G (&) {d+if (B,Zy+0,Vg) 1G(E) =in® (D Z+i 6%V, ,

) (IL.4)
Dy =dy +i0% AV, ¥ ,
(I1.5)

where Va are generators of the subgroup H in the
¢ -representation. Tlﬁe quantities %4 and Ga arerela-
ted to gauge fields 53# and 0 as:
3 k M
Zk = z# dx
‘ (I1.6)
6 = Ua dxH#
a K
and possess the following transformation properties:
~ Fki aki o Ppi | 1
le —zkaC +Ga ﬁkC +.6papC ---f-—dﬁl (11.7)
_ e 1 1.8
SGPP—-GP- aﬁcp'ﬁf‘ +5k ﬁECkEP__f_daP . ( )
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where f is a constant. The quantities »k (d) and 62(d)
in decomposition (I1.4) are the Cartan differential forms.
The covariant derivativesy, &, and Yy y are related
10 w'(d) and Dy by formulde:

wi(d) avpéinll (d)

Dy = Vpvojh(d).
Here o) (d) is the Cartan form associated with the gene-
rator oiF 4-translations P# *. It is crucial for our analysis
that the Cartan form o! (d) (and, respectively, the
covariant derivativeV M £, ) transforms homogenecusly
under the group G.

We shall show that there exists the nonlinear func-
tion of fields £!(x) and U2 (x) which transforms uncer
the gauge group like the fleld %, (law (IL7)). So only

the fields ¢, (x) and (2 (x) are of need to construct in-
variant Lagrangians. ¢

Let us put the following condition

o' (£,d€,2,0)=0 ©(L9)
or

Veé =0 (wf @)£0). L9y -

Since the Cartan form « d) transforms homogencously,
egs. (I1.9), (II.9’) are covariant under an actioa of group.
Equation (II.9) is solved in the Appendix:

2'(6,0)-- 2 e " 1,5, ™. i)

Using transformation laws (II.3) and (II.8) and also the
Jacobi identities following from group properties of trans-

* Hereafter the generator P, is assumed to trans-
form under subgroup H independently of remaining gene-
rators 2z, for the form P he covariant. Note that in the
case of internal symmetries

(uz = dx#



formation (II.3) one may check that the function Z' (¢,T)
transforms according to law (II.7). One can easily
be convinced also of that expression (II.10) is covariant
with respect to an arbitrary canonical replacement of the
field ¢,,.

It should be stressed that if some function %1 (¢,0)
possesses transformation law (IL.7) and one substitutes
it into the Cartan form o (£,d¢,%,0) for the field 2, ,
condition (I1.9) is satisfied identically. That follows from
the evident properties:

2"(£,4¢,0) |, =0

. o 5 m
ml(fsdfsz,(s)l€=o =fz lf=0=
and from s2Xxisti.g of the gauge transformation gg such
that

wl (£,d¢, 2 8) fo ) (0,0,0,60).
Thus we have proved the following Theorem.

Theorem 1. In nonlinear reslizations of nruge symmetries
it is always possible to construct the function Z '(¢, U5)
with transformation properties of the Fauge fleld 3; by
putting the covariant ‘.artan form o'(£,d¢, Z,3) be zero.
Inversely, if such a function exists, its substitution into
the Cartan form ! (d) for the field %; converts
this form into zero identically.

It is important that the gauge field U; cannot be
omitted because there are no Cartan forms with the
hemogeneous transformation law which equating to zero
would result in equations solvable relative to Uf .
The field 0% is the true gauge one and has to be
introduced as a canonical field. It is worth noting that
now the transformation law of field O is nonlinear
in the Goldstone field. The unessential field Z# may
not be referred to at all.

Note that components of covariant derivative Vu €
which are irreducible with respect to the subgroup H



transform under the group G independently. Therefore
it is possible to put conditions of the type of (II.9’; se-
parately for each irreducible H -representation con-
tained in v, £, . In other words,one may eliminate not
all fields 2,} but only those which belong to a given
representation of the subgroup H. In this case, generally
speaking, it may happen that solutions to equations of type
of (ll 9), (11.9’) will be dependent on the remaining fields

Such a situation, for instance, occurs in nonlinear
realizations of space-time symmetries where it makesno
sense to put the Cartan form P (d) zero because this
form determines the invariant space-time volume element.
Therefore the gauge field associated with the translation
subgroup is the true gauge one and should not be elimi-
nated.

When eliminating not all the fields .‘Z.' ‘one obtains
in general more complicated expressions than (I1.10). There
is a simple case where formula (IL.10) is still valid.

Let Z;- generate an invariant subgroup of G:

(z,z,.1 ~z,., [v,z,1~2..

Denote the Goldstone and gauge fields associated with
other generators of nonlinear transformations by &

and Z " " Then the following Theorem holds:

Theorem I It is possible to express the gauge field 2
in terms of ‘fk" and C P as follows

zk S L (g (.5"))k T (dgpn 4B .,zspcs'?’“)"(n 1))
where ffk”z (E }is the matrix of a nonlinear transformation
of the field &, ~:

5 Ek"= f}:k”z “(f ») B zu

Taking into account that £/ transforms under G in-
dependently of £’ formula (1I.11) can be derived in the
way similar to the derivation of (I1.10).

The exclusion of gauge fields by imposing the invariant
conditions like (II.9) is opposed with the well-known Higgs
" phenomenon /1-3/  and therefore can be called the inverse
Higgs one. Indeed, in the present case one eliminates the



field Z ! expressing it through ¢ (x) and U%(x) while
the Higgs phenomenon leads to the elirninatibn of the
Goldstone field ¢!(x) which is absorbed by 2 (the
choice of the gauge ¢&(x)<0 in aninvariant Lagrangian).
The inverse Higgs phenomenon, contrary to the direct
one, leads to nontrivial results when the gauge symmetry
breaking term is added to an invariant Lagrangian. In this
case the inverse Higgs phenomenon makes it possible both
to maintain all the restrictions in.yosed on the field coup-
lings by broken gauge invariance under algebraic subgroup
H and to achieve the invariance under constant parameter
transformations of the whcle group G, without including
%} The latter invariance is achieved now via an appropriate
nonminimal interactions of fields & (x) and O} (x).

Note that the kinetic term of Goldstone fields now can
appear only from the bilinear in 2} (£, ) part of gauge
symmetry breaking:

- ~ 1

z‘:(gazj) zL(EsG) = _fﬁal»‘-é“ al»‘- gi + .

The invariant kinetic term of the true gauge field Uﬁ

can be constructed in a standard way using the covariant
curl R%, defined as /13/

P P
7@, 4o ) ol (d,) e f(d)IRE -

= d,6%(d,) -d,0° (dl)-caﬁmﬂ(dl)ey(dz),

where the Cartan form 0%d) is defined by decomposition
(11.4).

Consider now iwo examples of the inverse Higgs phe-
nomenon in gauge theories.

1. The model of SU(2) xSU(2) -field algebra
without Aj-meson

The model of SU(2)xSU(2)-.ield algebra with an appro-
priate function A,(x,p ) instead of the A)-meson field



has been discussed first by Gasiorowitcz and Geffen in
review /11/,

In parametrization of nonlinear ¢ -model general for-
mula (I1.10) gives

R (n,p)=- Zp 1 (0, #-g, B, x# ), (1.12)
[ g \/—m—r [ (S
r T
where g, and Zp are, respectively, the universal coup-
ling constant and a renormalization constantof p -meson,
f;~ 94 MeV is the pion decay constant.
The invariant Lagrangian is of the form:

1 7 > 1 e AWl -
v T W e, 2, - E(ﬁwﬂ)(pyy M1, (1.13)

¢

Py =6# P, —ayp# -8, xpV—gPZPK #( mp) A (mp)(I1.14)

The p -meson mass term is determiged uniquely by
chiral invariauce and by requiring the p -field be con-
nected with conserved current:

1 2 - -» >
Lg, = ———mp (ZPA'\ (m,p) A,\(n,p) Py Py ). (11.15)

2
Note that conserved vector ana axial currents calculated
by making use of Gell-Mann-Levy methcd obey the stan-
dard commutation relations of SU(2) xSU(2) -field algeb-
ra 13/ despite the absence of the A -field in the axial
current.

Thus, the p -universality and the chiralinvariance can
be combined consistently without including the conserved
source axial field. The only way to choose between the
model in question and the conventional approach with

A j-meson is to compare their predictions with experi-
mental data.
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For the correct normalization of the kinetic term of
pions in (II.15) it is necessary that the sum rule

2 2,2
m?ag2e2 (I1.16)

be valid / 11/ This sum rule is inconsistent with empirical
KSRF-relation /16/

2

Mo

= 2g§f§. (I1.17)
Mainly due to this discrepancy, the given model leads
to p -meson widths too small as compared with those of
conventional approach /117,

It seems to us that a more serious defect of the model
in guestion is the impossibility, due to vanishing of the
pion covariant derivative, of constructing a gauge - in-
variant N -interaction involving the pseudovector coup-
ling -N y;y, *No, = Wwhich is nee?ed for description of the
p -wave pdrt of’ 7N -scattering /17/.

Let us make one comment concerning KSRF -relation
(I1.17). It is known that one cannot obtain it within the
framework of p-universalityand currentalgebra only/18/,
On the other hand, both the assumptions that the pion
covariant derivative is zero and that the symmetry
breaking is of form (II.15) together lead necessarily to
sum rule (II.16) which is incompatible with (II.17). There-
fore for the KSRF-relation be valid it is necessary that
the covariant derivative of pion be not zero, i.e., that the
part of axial current with the quantum numbers 1% be
dominated by A;-meson (this condition, of course, is not
sufficient). N

It is interesting that the model with A (7,p) (II.12) can”’
be achieved by taking the limit m, » = "in conventional
model with A|-meson.

2. Elimination of gauge fields in the
Ssupersymmetry case

In papers/ 13/ D.V.Volkov and V.A.Soroka have shown
how to introduce the gauge fields into nonlinear realiza-
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tions of supersymmetry /!2/, It has been argued there that
gauge fields which correspond to spinor translations are,
in fact, unessential ones and can be replaced by functions
of other fields. ,

Let us show that the resultof papers / 13/ is reproduced
simply by applying Theorem II to the present case.

In this case, the quotient space is parametrized by the
Goldstone spinor fields ¢, , ! related to generators of
spinor translations (subscript a denotes an index of
some internal linear symmetry) and by the space-time
coordinate x, serving as the ’Goldstone field’’ corres-
ponding to the usual translation subgroup /17 . The gauge
fields associated with the spinor translation generatorsare

/13/
¢h(x) + gk (x)° .

The space-time translations are an invariant sub-
group of the supersymmetry group, therefore Theorem II

can be used. Applying general formula (II.11) to the fields
¢k one finds:

1 . 1 w . a
¢ = - —Q# B ,
o) b(X) = - lawa i Q,opry"['b HVEL &) }
where Q* and V& are the true gauge fields associated

with the FM)mogeneous Lorentz subgroup and the internal

symmetry subgroup, respectively. The matrices pr ,
1" are generators of these algebraic subgroups in the
representation by which the field ¥, transforms (i.e., they
are the structure constants in the commutator of the spinor
translation generators with those of the Lorentz and
internal symmetry subgroups)

aI. The Inverse Higgs Phenomenon for the
Goldstone Fields

Equation (I1.9°) is solvable relative to Z, because
this field enters into the covariant derivative Vu &, li-
nearly and additively.

If some covariant derivative contains a term linear
and additive with respect to some Goldstone field one

4
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also may exclude this field with the use of equation simi-
lar to eqs. (II.9) or (iI1.9’). Such a possibility existg for
instance, in nonlinear realizations of a number of space -
time symmetries. It is natural to call the exclusion of
superfluous Goldsione fields, by-analogy with thatofgauge
ones, the inverse Higgs phenomenon.

This Section deals with space-time symmetries.

Let relations (II.1) determine some space-time sym-
metry. Then subgroup H contains the hon:ogeneous Lo-
rentz group. We denote generators but P# and V., by
Z{ and corresponding Goldstone fields by ¢; . Thus,
the quotient sl}ace G/H is parametrized by coordinates

L€, (x)/78

We' confine ourselves toc symmetries which satisfy the
following conditions.

i. The product of any representation of the subgroup
H is fully reducible with respect to H.

ii. The gererators P, and Z; transform under the
subgroup H independently.

The condition ii has been meant throughout Section II.
It ensures that x, and ¢; transform under subgroup
H by different representations. Let the field £; form
basis of some representation D(h) (hcH) whlch can be
expanded into a sum of irreducible representations Rn(h).
Then ¢; breaks up into a set of comporents ¢ iy which
are irreducible with respect to H. The derivative o
transforms under H by the representation TF(h) as well
as the generator P, itself does.

The quantity G(¢ ) defined by (I1.2) can be written
in the present case as
G (x,6) = e uPu e i6iE] (L)
The Cartan forms o'(d), N P(d) are introduced through
the decomposition:
646G = e 161 2] ip“dx“e“fizi +e“fizf de 16120
(111.2)

.

=iw!(d)Z’ +iwP ()P +i62 (d)V
i u " a



Let us now formulate a Theorem which enables one to
determine whether a given space-time symmetry permits
some H -multiplet &y of Goldstone fields to be elimi-
nated by using the inver.e Higgs phenomenon. It turns
out that it is crucial to know the structure of commutator
of Zjy and Py:

(z; P, 1=ic'M'z o, (111.3)
N

the possible terms ~V, and ~ P# in the right-hand side
of (III.3) being unessential.

Theorem III. It is possible to express some field &, in

terms of remaining Goldstone {fields if and only if:
a) The product T P(h)®D(h) contains the irreducible

representation Ry(h). }

b) There is an index t for which the structure cr
stants C IN!'AUIN are not zero (the symbol {utiy denotes
a combination of indices x and t whichcorresponds to
the irreducible representation Rp(h)).

It follows from definition (II1.2) that under these con-
ditions the covariant derivative V, £, includes a term
bilinear and additive in & y.Then, taking into account that
cintin _gsiNktIN by the Shur lemma and 840 because

of condition b), one may express ¢; N’ solving the covariant
equation

\% fu f”N=0 , (11.4)
in terms of true Goldstone fields:
fpéd
fiy= -0 N0
The necessity of conditions a), b) is proved in Appendix.
Note, if several different combinations {utl n, lutiy,

{uti .. correspond io the same representation Rn() the
most general covarian: equation is the following one

ANV fllN+a'NV|#§ ”,N+al’\l‘vmfl!,l\,l+,_, =0
whence



! ] 1 s bpstN e ot 2 UN
é’-le —-B- Fé:l ——BTN(BNa “fl N+aN6 Ff +---)l

where ap,afp,ap..- are some numbers. If there are seve-
ral different irreducible components &;, , & Ng
N(h) Nthe

which {ransform by the same represengatx

inbpl iNtip}
structure constants C N ' ''N ¢ N N... being
not zero, the excluded field ¢ ‘N contains fi& N iy
additively:

le"'_-‘Ba“‘f -'7351 ll(1““‘N+

On imposing condition (III.4) not all the invariant
kinetic terms of fields &, ¢, ... are independent. To
make up shortage of these“ terms one may use covariant
differential forms of the second order in field derivati-
ves. Summing these forms over different pau's of indices
one gets terms ~d, £, 9 and - ¢, of/10/,

Let us give twc“ 51mpfe examples of the inverse Higgs
phenomenon in space-time symmetries.

1. Spontaneously broken conformal
symmetry

Nonlinear realizations of the conformal symmetry with
linearization on the Lorentz subgroup have beendiscussed
in papers /5-7.10/. The general theory in this case pre-
scribes the Goldstone fields ¢ x(x) and o (x) to be
introduced. These correspond to the generators of the
special conformal and scale transformations, K and

D, respectively.

The commutator of P, and K) contains the dilatation

generator D in the nght -hand side

[P, K, 1 =2i(8,,D-L, ),

where L, are the Lorentz group generators. Therefore,
by Theorem III, the field ¢, (x) can be expressed
through the true Goldstone held o (x). It has been empha-

sized in papers /7 and /19/ that the field ¢ p (x) is
unessential.
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The covariant derivative of ’’dilaton’’ o (x) takes the
form /3-7,10/:
vue(®) = e 75 a(x) —2¢ (x) 1.
® [ [

Putting it zero one finds /10/
1
By (x) = 5 9, @ (x) (I11.5)

Note that with condition (HI.5) taken into account the
invariant action part depending only on the field o(x) can
be constructed coinciding with such a part of the action
for the case of nonlirear realization of scale invariance
alone.

The interaction of dilaton with an arbitrary field
& (%) is determined by the form of the covariant derivative

v w (x)/10/

® (x) -a(x)a (x) +1i -U(x)a ( )L‘/’ 111.6
V#l[lx =€ #¢x+1e ), o(x #VI/;,( .6)

where L‘p are the Lorentz group generators in the rep-

.resentatﬁ)'ﬁ to which the field ¢ belongs. In expression
(II1.6), the first term, minimal with respect to nonlinear
realizations of scale symmetry,and the second, nonminimal
ore are related (in the case of scale invariance alone they
are covariant separately). This connection is the sole
trace of the dynamical conformal symmetry that remains
after eliminating the field ¢, (x).

2. Nonlinear realizations of
projective group

The projective group is isomorphic to the group
SL(5,R). The action of the latter on space~time coordinates

X, is determined by means of the following identifica-
tion:

Y . .
x#= 75—(,1.:1,2,3,4), X4=.IXO, Y4 =ly° 1y
where Yu »Y5 are coordinates of 5-dimensional space on
which the group SL(5,R ) acts linearly:



Syy=ay vy (i=1,2,3,45), a;;=0.

Then
5 x# = a#vxv-a 51/xu X, - 55x# +a §s a## =-a..
where parameters a,,,, a , a5, correspond to the

linear subgroup GL (4, R),t the translation subgroup Pi
and to the projective tran ,formations respectively.

The algebra of the projective group 1ncludes 24 gene-
rators which obey the rela\‘.lc\ns

._.I,_.

(RupRoy) =8,,Lp #3, Ly +(umv) @

1 b
T Ry Ppd =8, Py s (pwv ) ®)
1 (©
T[R#V’Fp] =—8P~PFV+ (p-v)

[F,,K,1=0 @
Lrr py1--L¢s,R R \:Loy)

Tt A = O AR ppt RpArtod 7o (e)

(I11.7)

where one has omitted trivial commutators with the
Lorentz generators L, in the left-hand side. The gene-
rators Ryy, L ¥, F‘u)\ form the algebra of the affine
sibgroup P, & GL (4,R) (20 generators). The projective
transformations are generated by F) .

Let us consider nonlinear realizations of the projective
group when the algebraic subgroup is the homogeneous
Lorentz one.

The quantity G (II.2) in this case can be represented
as follows:

1
G (x,6) =e'*nfp & TR 1, (1I1..8)

where 4 #v(x),q)‘ (x) are the Goldstone fields.



One may check that the Cartan forms mP '

o) o F are related to the Cartan forms ot nonl)ﬁe
reauzaﬁgﬂ's of the affine group cuP , ml“” -
~Pp P
@ M = M {a)
~R P P P
w#v=mlw-(qvw#+q#mv) -ZSFVqu Y (b)
~F _ R _ L y_ L
oy =49y +(qe, -q,0 ) -q,(q,0,) ()
Gpy=ohy -(q#w,, q, E ) (@)

(HI1.9)

The covariant derivative of the field h v (x) takes the
form:

hyy(®) = Wby, (x) <q,8,)-q,8,,-20)8,,, (LIL10)

where y) h,,(x) is the covariant denvatwe in nonlinearly
realized affine symmetry itself

Since commutator (IIl.7e) coniains the generator R,
in the right-hand side, it follows from Theorem III that
the field q, (x) is unessential and can be expressed in
terms of the true Goldstone field h »(x). Solving the most
general covariant equation

Fabuu +b y  hyy =0 (IIL.11)

relative to q) (x) we find the one-parameter set of solu-
tions:

1
W) = e (Vah 40 g ) bl 2. i)

Note that using condition (III.12), one may represent

the covariant derivative of an arbitrary field y (x) as
follows
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vybel=dy +2L(5;4V+v#v )u’;wga , © (IIL13%)

wihere
Vo™ La( Vll-hv/\ -yh y)«)’faz(a#/\Vrh rv =AYy b, Naf

(I11.14)

and a],agare arbitrary parameters. At the same time in
nonlinear realizations of the affine symmetry alone the
general expression for the covariant derivative vaY
includes three arbitrary parameters

P_ ic,L W
V)\l/l wb - dy + 5 (ml“’+ V‘w )L #V'/l (1I1.15)
VI‘V =lLe¢ 1 ( Vp hv)t - Vvhp)t) +c2(8 /.L)tvvhpp_av)t thp(2+
p .
+C3(8#" Vphpv_sl//\ Vphp.p)]m)t (111.16)

Taking into account formulae (III.9,d), (II1.10), (III.12) and
comparing (III.13) with (III.15) one may show that for
V, ¢ be covariant with respect to the projective group
it Is necessary and sufficient that the following relation

1 + ¢y =-7¢94+10c3=0 (I1.17)
hold *.

Thus, on using the inverse Higgs phenomenon, the
dynarmaical restrictions of the projective symmetry reduce
to relation (III.17) between constants of minimal and non-

*Jt has been shown in paper /19/ that for co=c3=U,cp-1,
Vu is covariant under the conformal symmetry and,
at the same time, under the general covariance group. This
choice of parameters c), ca, c3is consistent with condi-
tion (III.17) that is natural since the projective group is
a subgroup of the general covariance group.
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minimal couplings of the true Goldstone field h ,“,(x)
with a field * (x) in nonlinear realizations of the affine
subgroup.

IV. Conclusion

Throughout the above consideration we concentratedon
those aspects of the inverse Higgs phenomenon in which
it differed from the direct one. It should be pointed out,
however, that there exists one analogy between these
phenomena. Both of them lead to a reduction of initial
symmetry to lower one. As seen from examples conside~
red, on using the inverse Higgs phenomenon the massive
Yang-Muls theory of gauge fields 2) , 0§ reduces to
that of field 02 alone, the conformal symmetry reduces
to the scale invariance, the projective group symmetry
reduces to the affine one. In all the cases, the only trace
of higher symmetry is relations between minimal and
nonminimal coupling constants of true gauge and true
Goldstone fields of a type of sum rules (II.16), (II1.17)..
Analogously, after eliminating the Goldstone fields from
some Lagrangian by the usual Higgs phenomenon the only
manifest invariance which remains is the invariance under
a subgroup of siability of the vacuum. In the ’unitary
gauge’’ the whole symmetry one begins with manifests
itself through relations between parameters of Lagran-
gians (i.e., masses, coupling constants).

We would like to note that the main purpose of pre-
sent paper was to treat general aspects of the inverse
Higgs phenomenon. The examples should be regarded
mainly as methodical ones. The applications of the pheno-
menon in question to more realistic models will be
presented elsewhere.

The authors are grateful to D.V.Volkov and B.M.Zup-
nik for useful discussions znd to R.Lednicky for valuable
remark.
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Appendix

Let us solve eq. (I1.9).
We define first the nonsingular matrix A ,(£)

e"fizi-s_g_e VELL iz A (E) ke (A.)
t

In (A.l) and subsequent formulae we are interested only
in coefficients for generators Zi-

Using the basic law of nonlinear realizations (I1.2) it
is easy to find

elkz e itz A (OF (O 4 ... (A2)

m mn
e—lszkvae“szk ~Z A (5)CPhg ... (A.3)

Taking into account relations (A.1-3) one may represent
the Cartan form «i(d) (i1.4) as

o (d) = Ao(8) (A€ 4 £F, () B+0C T (Ty).  (A4)

As matrices A;; , J,, are uonsingular, eq. (II.9) is
solvable relative to 2; . As a result, solution (IL.10) is
arrived at.

Let us prove that conditions a) and b) of Theorem III
are necessary ones. '

Suppose that the analytical function fin (x,€,,3€) (Hiy)
with transformation properties of field  £iy

8fiN=BiN +0 (61 !x’; ’ apgq_) (A.5)

exists, where B,y is the parameter of the group trans-
formation with generator Z {y .It follows from law (A.5)
that expansion of f;y  in power series of &, ,xy ,0p &
starts from terms of the first order in the fields. It is
not possible for additive term By in(A.5)to appear from
terms of the first order in x, orin £, because infinite-
simal group transformations of x p and £, contain
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parameter iy in higher orders in x, and the Goldstone
fields. Hence, the addition Siy may appear only from
terms of the first order in the derivative 9, £,. The
function fiy transforms under the subgroup H by the
representation Ry(h) therefore the linear in d,¢, term
in this function has to transform by Ry (h) \t.‘oo, that is
possible only if the product TP (h®D(®h) contains the rep-
resentation Ry (h). The necessity of conditiona)is proved.
Thus we may write:

F=rotteting

Using the basic law of nonlinear realization (II.2) anc
ccmmutation relations (II.1) one easily finds the infini-
tesimal form of transformation of the field &in in the
lowest order in parameter Biy and in the first non-
vanishing order in the Goldstone fields ¢, andcoordinate
X 7] .

36, -0 C Y - iy & C N0, B) (ki)

that results in the following transformation law for the
function le -

56 -8, VN Loxa, 6). )

It follows from the Shur lemma that
Cil\ll’l'l}N =ﬁaiN“"llN

Comparin% (A.5) with (A.6) cae finds then that 40
and A == that proves the necessity of condition b).
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