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А А Д -plot is a plot convenient for investigating the 
interference of identical particles. The closer the momenta 
of two particles are the stronger the interference between their 
two-particle states is ' \ it is natural to introduce She plot 
on which the dependence of the interference upon the difference 
A p ^ D ^ - P j is seen. We call it AA-plot. 

Since momenta are vectors, the -plot should have three 
or four dimensions. But as we c«n see, in fact two-aimensional 
plot is sufficient to show the effect or interference. We have 
chosen such components of 4-momenta: 

1) Д CO = CO^-CO? is the difference between the par
ticle energies. 

2)Др х= р А — p 2 is the difference between their 
"transversal" momenta. But we determine 
the last quantity not as usual. Find the 
direction of the sum or particle momenta 

n=(&+p a)/|pl+p a|. (-0 
Project onto n the difference ^ = d p -Pj_~Pe 

< h a V " - ( 2 ) 

Then by definition 

ApJ. = "$J.= ^ - V r - ( 3 ) 

It i s easy to see that 

„-«•2 -*2. -*-Z 2. /, П П Ч - 1 ?l Pi-(jvpLf 
c*) (ft*?*)' 

or in an invariant form 

A-*z / А.з(р,Р1,рО А _ P , (V 
ГХ ^ ( P . p ^ f a ) ' (PT 

Неге Д . i s the j x j Cayley detenainant/ 2 , / i 4-vector p i s the 
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'I—momentum of a group of particles in whose CMS we want to deter
mine ACO and Ap± . 

Tho two-dimensional plot, which shows the dependence of the 
number of particle pairs upon ДСО , A p j . , is referred to as the 
A A -plot (fig. 1). If there is no interference, this number should 
be distributed as the dotted line shows. The interference of two-
particle states of spinless like bosons (X +3t , 3t Jl,etc.) should 
increase by a factor of two (and that of like nucleons should de
crease by a factor of two) the number of pairs in the vicinity of 
the origin. 

In this paper we show that the A A -plot is useful for a 
search for the like particle interference. In Section 1 we show 
that for this aim the two-dimensional plot indeed suffices (and 
the one-dimensional plot may be not). In Section 2 we esteem the 
phase apace distribution over the AA -plot (the background of 
interference events). 

1. THE CHOICE OF VARIABLES 

We are not obliged to choose the pair A(x> I A P X a s fche 

only possible variables on the AA -plane ; another pair, e.g., 
2. 

ДП|| 1^Рд. i could be chosen. The reason why the first pair 
has been chosen is that the simplest models of the processes, in 
which the interference can show itself, predict its dependenoe on 
ДСО ( 4 P x . Consider, e.g., the model in which several mesona 
are emitted from an excited volume of a radius R. All emitters are 
independent point oscillators which are switched oa simultaneously 
and have the life time " t » R./C . Then the possibility of obser
ving the like meson pairs is '*•*' 

p»„ 1 + .1(1 «МЕЗ , 
1 + (дсо-п)' 
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*ar &"Ы 4W=fy, 

Fig. 1. Expected distribution of l ike bosons, l ike fermions 

and unlise p a r t i c l e s on the ЛЛ - p l o t . The approximate 

scale i s indica ted . 
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where I(x) = [2 J^X^Xj f J t being the Bessel function. If one 

knew the coefficient of proport ional i ty in thiB formula, 

one could obtain from the dependence of the effect upon Л CO , 

l A p j J the parameters *C and R- . 
/1/ 

A. more general consiaeration in' ' permits one to substi-
tuto in (6) the sign ~ by = . The right-hand side of (6) is, 
aa it turns out, the most rapidly changing part of the expres
sion for the probability of the effect of interest. Besides, the 
factors depending separately on D^ and on p z can enter into 
this expression. But they vary much mors smoothly. If there is 
no interference , there remain only these slowly varying fac
tors, so the expression should be similar to the usual momentum 
distribution obtained from the multiple production matrix ele
ment. The formula was proposed m » which inoludes the inter
ference effects in the UBUBI expression for the N-particle pro
duction cross section N , ^ > 

Here is the differential cross section of production of N 
particles with momenta p»,... j p/v) is the amplitude of this 
process neglecting the interference effecte (for example, W L is 
equal to the sum of squares of Feynmann graphs); P_ is the ini-
tial 4-momentum, and the factor xr takes into account the 
interference between П, -particle states. For *V= 2 p ^ 2 ' is 
given by the r.h.s. of (6). More generally, 

P w -Wl 
*) € (йсо.лр) 

— i l—Ll (8) €( о, о) 
where Б ( Д С О ; Д р ) is the mutual coherence function. The method 
of its obtaining was described in ' '. Using it,one can calculate 
STT '— 

Д, is arbitrary 



Г for some other models. Consider, e.g., the sphere, which 
is homogeneously filled with meson sources. Then we should take 

X(x) = [3(sinx.-x.co9rc)x-*J (g> 

where X~|4p"|R- . If the sources of шевопв 1 and 2 are dist
ributed in a Gauss-like manner 
p(r t)~exp[4(-Sf-+^-+^-)],t^,2 , ( 1 0 ) 

then / 6 / 

1(хЬекр(-А глр£-Б гдр£-С г4р!) . ( 1 1 ) 

There appear the projections of Л Р onto the principal axes 
of the distribution. 

According to eqs. (9), (11) and to general eq. (8), the 
interference effect depends not only on \A P±_ but also on all 
three components of Л р . Nevertheless, one can manage with 
the two-dimensional Д 4 -plot only. For that one can take into 
account the identity Л D,. = Л CO /v * where V is the pair velo
city. Then the argument I(x) in (9) can be written in the form 

We see that the interference effect in fact depends upon two 
variables & P x , ̂ w only. 

The situation with the model (10) is more complicated: to 
do with the two-dimensional plot, one should take into account 
the cylindrical symmetry of the excited volume (A = B) and fix 
the pair direction n along the interaction axis (n 2 ) ; 
then in (10) there again remains the dependence on ДСО and 4Dj_. 
Mixing together the events observed in various directions,we 
should lose the possibility of measuring the parameters A } C ; t 
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fleparately, but the interference peak on the Д Л -plot will 
н Ъ Ш be seen, 

Is it possible to manage with a one-dimentional plot? No, 
if it is а Да- or Л р ^ -plot,because, integrating (6) over 
Др. or ЛсО , correspondingly, the interference term contribu
tion is much less than that of the first term. One-dimensional 
plots hide the effect if there are no additional dynamics which 
increases the interference term. 

However, let us r»plaoe two decreasing functions entering 
into the interference term in (6) approximately by the exponents 

bet also 2.T =T R~. Then we have approximately 
p W

s 1 + е-Т*(Л#+А«Ч 3 1 + e - t * ^ * . (12) 

The l a s t subs t i tu t ion i s valid for high energies when ДОи= Д р | ( . 

Therefore the interference maximum sometimes can become apparent 

in one-dimensional spectra of a 4 p -type (or of a / iML-type 

correlated with them). But the mul t ip le production parameters 

get mixed and cannot be determined separately. 

Now l e t us return to eq. ( 7 ) . Subs t i tu te one of the in tegra 

t ion var iables ( for N > 3 ) by Д О and in tegrate i t over a l l 
-Ы2-) 

other va r i ab les . If the factor 1 stood instead of Jr , one 

would obtain a f t e r integrat ion the phase space d i s t r i b u t i o n on 

the Д Д - p l o t : W D < i ( a0O ; ApJ)cLaw ^ A P * . But except fo r the 

term 1, the interference term en te r s into -Г . As i t depends 

only upon ЛСО ; Дрд_ , the in tegra t ion does not change the 

density \ X / p & . Therefore the d i s t r i bu t ions on the Д Д - p l o t 

with and without the interference are connected by a simple fo r 

mula 
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W(ac0,4pf)= Р%С0,Др*)^ р д(дсо,др х
г), (i3> 

The existence of such a simple formula is an esrtra reason to use 
the A t\ -plot. In the next section we shall calculate Wpc • 
However, the background \X/pg can be also obtained experimen
tally if the interference пав been swltohed off. For example, 
it is widely believed that for p p -annihilation the statisti
cal model is valid, which excludes the interference between un
like pions. In thie oase eq. (13) oan be written in the form 

W 3 t t 3 c*(AW J£K)»P (V» 4ff)W j r t f(A« lAjyi) i(W 
This relation holds not only for the phase space distribution 
but also for 

May be we are not sure that there is no interference between 
X 3C -states. In this case M. I.Podgoretsky suggests to take 
background pion pairs from different many-particle events. 

§ 2. PHASE БРАСЕ DISTRIBUTION 

Now we want to calculate the phase space distribution 
W p g ^ A l O ^ D ^ lover the Д Д -plot. We designate for brevity 
Д п = : а = l ^ o j ^ T ' «here 0 0= Д CO, fy = Д p . The bulk or rela-
tivistic pions, which makes a contribution to the effect at 
the origin, are "V-events": pion pairs with ̂ » p 2 I а « I 5 J • 
It is natural to introduce for them the direction £ЗГ»ЁГ5:|? ae 
a polar axist thus we come to cylindrical coordinates with the 
elementary volume "̂ = Jtdc|,^d-(|||=~cLcj^cl(j0,we see that 
at the origin ( 0 0 = Q x = 0 ) the pair density doee not vanish. 
It would vanish if the variables A^jAf^jJ w e r e P i 0 * * 8 4 o n *he 

-plot. This explains unsyometrioal, at first glance, 
choice of the variables on the Д Д -plat. 

9 



X 

(15) 

Mow we introduce a + p J ^ P j СО,+ СО г=Е , Л1 = E - P and 

multiply (?) by 

After in tegra t ing over p ^ . ^ D ^ we obtain 

»(п^£.«ур+р^...-р.-р.). 
J j a.ioK 

The l a s t in t eg ra l i s the phase space of pa r t i c l e s 3 ,4 - , . . . , N 

with the t o t a l momentum P 0

_ l r . We designate i t as b ^ _ 2 (M ) , 

where м г - ( Р 0 - Р ) - MQ+M - 2 M 0 E , j^t a minimal value of (VV. be 

Я (the sum of the masses of p a r t i c l e s 3 ,4 , . . ,N). 

Then we change the var iables in the second i n t e g r a l . New 

variables are C| t I ) C|x . I t follows from the i d e n t i t i e s р , г - р £ - 0 

and ( р | 1 р г ) г + ( р | - р 0 = 4™ tha t q D = q „ P / E and cj^-t-qjf-
- q£ = M 2"- 4 m z . Excluding q,| , we see tha t a l l possible 
decayB of a " p a r t i c l e " with momentum P and mass Л\ l i e on 
the arc of the e l l i p se on the plane (Qo^i.) 

Яо Цх. 

On the contrary, the same equation on the plane of the variables 
( P, M ) gives the curve 

q2- a2-

drawn in fig. 2. The physical values of (P,M) lie on the curve 
) inside the region OAB 
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- p 

Fit;, a« Physical region of ( Р , П ) . For any QgiQf b u i s is the 
region ABC, for given (L,, fl,— KLK'. The arcs AB, A*B , 
A''B',etc. are the curves of constant ft* (or constant 
йд, i), For a = 0 tho arc KLK' turns into the segment 
of ths straight line parallel to the axis P. 
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Replacing in the integral (15) the variables Dt , р г by 
q„ o £ and holding ( P} H ) fixed.we obtain 

Nov we can change the order of Integration and integrate 
the $ -function. The final expression for the phase space 
distribution in the integral form Is 

Here the values M and E should be taken along the curve 
K L K .This means that ,/ 

5 „ D (P*-q.*4*> 
The integration limlte P*,?,, , Pwax in (20) are the absclesaB of 
the points «here the curve KLK' intersects the physical bounda
ry ABC. Eg..(20) muat be substituted in the г.п.в. of eq.(13) to 
obtain on the Д Д -plot the distribution of interfering two-
particle states. The background ^ p c la normalized to the total 
phase space of all N particlee. 

The analytic estimates of eq. (20) are based on the assump
tion that a main contribution to the integral (20) (for Q o ^ 0 ) 
is made from the parts of the curve KIJC1 lying near the 
point L . It is the point where this curve is tangent to the 
ourvo Ar В corresponding to the largest value of missing mass 
which is permitted by given (ty0,(Jx ). These formulas are cum
bersome and we do not write them here. The results of the mime-
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Fig. 3. Relief of the phase space distribution on the ЛД-plot 
for various K. The lines of constant density go through 
each fourteenth part of the total height. 
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r i c a l calculat ions of W p o ( C | 0 fl^ ) for the extremely r e l a t i -

v i s t i c system of p a r t i c l e s having MQ = 6 GeV, N = 4 , 6, 8 are 

shown in f i g . 3 . For К = 4 the factor Ь д г _ 2 Г м г ) does not enter 

into the in tegral and does not influence W f i i t i s 

seen tha t with increasing N the maximum of the densi ty W o o d i s 

places toward the origins the d ia t r ibut ion of the backgrourd 

becomes more steeperi only the region near the origin i s of i n 

t e r e s t - i t s dimension i s a few (2 - 3) W^_ ( f i g . 1 ) . In any 

case there i s no sharp peak near the origin so we can subs t i tu te 

the nonanalytic surfaces of f i g . 3 by convenient analyt ic oues, 

e . g . , by a Gauss-like or b e l l - l i k e background. 

In order to obtain the function Г from the experiment, 

I t is convenient to give the weight l/vX/p-fAC^^pJJto each 

pion p a i r with momenta Q p ^ . 

§ 3. CONCLUSIONS 

As the s t a t i s t i c s in the interference experiment wi l l be

come la rger and la rger , the interference peak on the Д Д - p l o t 

w i l l begin to be more apparent. Y,'e ca l l t h i s cons t ruc t ion ,bu i l t 

on the bins of the ДЛ - p l o t , "the Babel tower effect" . As the 

very Babel tower had f a l l en when the languages of i t s builders 

ceased to be iden t i ca l , the peak on the Д Д -p lo t holds only 

due to the ident i ty of bosons and should be destructed for noni-

den t i ca l pa r t i c l e s . The measurement of the Babel tower effect 

can provide us the space d i s t r ibu t ion of pion sources and t h e i r 

l i f e t ime. This can help to invest igate how the mesons can be 

f r u i t f u l and multiply. 
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The phase space distributions have been calculated by G.Kopylov 
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