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1. Complex numbers and qua ternions play an J.mportant role in qu­
antum theory. Now oc tonione/ 1- 11 •22 •25/ are also popular in Grand Uni­
ficetion mndele Ьевеd on exceptionel ~roupe/ 12-20/. Мау further 
hypercomplex number algebras/lU, 2J, 241 Ье useful? These sets are not 
only nonoommutative (like quat ernions), nonasзociative (like octoni­
ons), but also nonalternative (unlike octonions), being there!ore not 
diviзion algebras. Тhеу do not permit the compositlon of quadratic 
forms 1n the Hurwitz sense/21/, However, they all have unit element, · 
the usual 1nvolution operation (conjugation), rema1n to Ье flex1ble 
and power-assooiative (Q.~ а."-:: а. м•"'). Бut we shall зее that al­
gebras considered are in fact reduoible exoept for the ootonion one. 

We call ее the hypercomplex number an element ct.=ct.0e.
0
+CX..!ej of 

algebre Aq (q:о1,2,З, ••• ), "here е" iв the reel unit element end 
ej (jс1,2,З, ••• р-1) are imagi nary unit elementв (p=2q=2,4,8,16, ••• ) 
with the multiplicetion tеЫе 

е;=ео, ejek..=-S 1k.eo+E.}~c.tet. (j,k,l. 1,2, ••• ,р-1>. <1> 

The "tenвor" E.jkt 1в totally antisymmetric. Itв componentв equal ±1 
or О. Each pair ) 1<. definef! uniquely eome value l (the converвe ie 
not true). Por complex numbers (algebra А 1 ) t jkt :оО, Por quaternionв 
(algebra А2 ) there ie only one independent component E. 1t.~•1. Por oc­
tonione (algebra л3 ) there are 7 independent componentв (вее Appen­
dix А). It iв well known thet they can Ье repreвented Ьу "lines" 
(in terma of the projective geometry) of the Preudentel triangle 
(fig. 1), that conteinв 7 pointв end 7 linee (one of the lines is 
repreeented Ьу tbe circle 123, t 1t~·1). 

Por the next elgebre, л4 , elemente of which we neme вedenione 
(16-nione), 35 independent componente tjk.t can Ье repreeented Ьу 
linee of the tetrehedron of fig. 2, thet conteine 15 po1nte end З5 

linee (not ell linee ere drawn, 1n perticuler, not ell c1rclee), 
4 po1nte are placed et vert1cee, 6 et the midpo1nte of edgeв, 4 1n 
the centree of fасев, and 1 1n the center of the tetrehedron. Тhе 
tetrehedron cen Ье decompoeed 1nto trianglee,each conta~ning 7 pointв 
and 7 lineв (fig. 5), Вeeidee the fecee (tbe trianglee 1-4 in 
fig. 5), there ere "inner" triengleв formed Ьу one of the edgee and 
the midpoint of the oppoeite edge (tbere are 6 eucb trienglee, the 
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trianglee 5-10 in fi g. 5). 4 triangle в (11-14 i n fi g . 5) in terme of 
the tetrahedron are repreeented Ьу conii inвcribed into tetrahedron 
with their vertice ~ at vertice e of tetrahedron. For example, triang­
le 12 ie rapre eented Ьу t he cone draw n i n fi g . З. "Lines" on the cone 
are З generatric e в of the cone and 4 conice: З ellipseв ( one of them 
is repreвented Ьу the dot-line in fi g . З) and the circle-ba в e. At 
laвt the triangle 15 of fi g. 5 iв repreeented Ьу the ephere (fig. 4) 
touching the a dgeв of the tetrahedron at the pointe 1,2,З, 9 ,10,11 

and with point 8 ае itв center. Linee at the вphere are З di ametere 
a nd 4 cic leв of the face e of the tetrahedron (вections of the вphere 
Ьу the facee). The tetrahedron can Ье rebuilt in many wаув. Any point 
can Ье made а vertex. Any inner triangle can Ье converted i nto а face. 

Similarly for any of the fu~ther algebraв Aq (q=5,6, ••• ) ~jkt 

ie repreвented Ьу (р-1)(р-2) lineв of а body in the (q-1)-dimeneional 
2·3 

s pace. However, theвe bodieв ca n Ье necomposed into веtе of tetrahed-
ronв in the З-dimenвional врасе and further into triangleв. 

Giving directionв to linee Ьу arrowв we fix valuee of ~jkt 
(сhоов~ +1 or -1). Thuв, one can form different algebraв Aq for the 
eame q. One of the waye to chooee Е.. jkt ie to find them uвing the 
Di ckeon douЬling рrосевв/ 1 • 10 • 2 З, 24/, Starting with an algebra Aq 
(with elementв а.= <X..oeo+ctjej, j=1, ••• ,p-1) and introducing а new 
unit element ер (po:2q), we pase t o the next algebra Aq+ 1 with the 
e1ementв 

J!. = ct. + сх.' er = о..оео+ a.Je1 ( J • 1 '2' ••• t 2 р-1 ) ' (2) 

where ct,C1
1
E: А.4,. t ep+m=ero~er' a.~+m=a!W:. (m. о , ••• ,р-1) (all 

а0 , aJ are real) imposing the condition 

~1 i:~= (o..+cier)(€ + g'et) =о.. в- е' ОС+ (е1а.+ ОС l) ер (З) 
that definee а new mu1tip1ication taЬle, Тhie рrосе ве 1еа d в from real 
numberв to complex оnев, from comp1ex numberв to quaternionв , from 
quaternionв to octonionв, from octonionв to вed en1. one , etc. 

The arrowв in figв.1-5 (va1ue в of f. jkt ) c orreв pond to t he doub­
ling рrосевв (З). ТаЬlев of the va1ueв of E.jkt. thuв obtained a re 
given i n ~ppendix А. 

2. From АЗ в11 the a1gebraв Aq are nona вsoc i a tive, i,e. the ~­
вociatore 

са., s, с)= са.в)с.- a.(Sc.) (4) 

• ~or q•З one свn вlво form вlgebraв diвtinc t from the octonion 
one. !hey вrе not on1y noneвeociative but в1во nona1ternative (еее, 
e.g.,trieng1eв 2-4, 11-14 in f i g. 5). 
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are in general nonzero. Uвing eq.(1 ) we find for the basi s elementв 

(ej ,~ 1ч ее.)= (е )е ~<.)ее, - ej(e"ee.) =t:!..j~t.emeм., (5) 

d..ik.e~ =- 'Бjk. Stм+ Ънь~\t\+ Е. jk.nf.ne~n + i-~t.t" f--и~m = 
= ~jk.t.ot\ + f>\Lt.~m · ( б) 

Hence there follow t he properties : 
1 ) any asuocia·tor is pure imagi nary, 

2 ) cLJ' k.t~ is antisynпnetric in the 1st and 3rd indices , antisym-
шetric in the 2nd and 4th i nd ices, and each су с l ic permutat ion 

of all four indice s changes its sign 

cLjk.em .;"- cL е. l<.}ht = -cL j~n t k. =- J. ~n)k.t = oltмik. = -cLkemj , (7 ) 

3) d. }i~~n = cLjkH =О ( no summation), ( 8) 

4 ) J... ~ktm f:- О only with no c oincident indices, 
5) in the ge neral case all the 4! components of J.. J·keWt with 

fi.xed s et .}k.em. ere expressed vie three of them diffe1·iпg in cyclic 

permutation of three i ndice s , e . g ., via c:Ljk.eм. , cLt.jk.m. , cLk.tj~, 
б ) for ell Aq the flexiЬle le~1 is held 

(е .i, e\L 1 ее.): -(et., ek,ej), (а., в,с.) =-(с., в ,а.) 1 (9) 

(ej,ek.,e))=O (no summation) (о..,в,о...) =О, (1 0) 

7) for quatern ions ( р=4) c(jlc. tm =O (associativity). For octo­
nions 

J11c.errt=Jej"-W\ =cL~c.ejм. ( 11 ) 

and hence <L jk.lм. is totally antisynunetric and therefore associa­
torв (а,Ь,с) ere totally a ntisynunet ri c und er permutationв of a. 1 €1~(!!,l­
ternativity)~ In particul ar , . 

(а. , ((., g) =(а., s, €) = о. ( 12) 

In the gene ra l севе f or р ~1 б the alternative law is no longer valid, 

i.e .,in general 

(a. ,a.,~);t0 1 (o..,g,~)-#0 (1 3) 

and hence tbere is no diviвion , in general, ( sinc e ёi(сх.€) :1-(li"a.)g ). 
Howevar, f or the baвis units the equations 

(e},e.j,et)=01 (е j , е k., ek.) =О ( no вummв ti on) ( 14 ) 

( "quaвiв lternetivity") remain valid for all Aq together with diviвion: 
ё·,е· g)-'ё·е ·) 0 ... в j\: J -\.: J J о • 

8 ) In each algebre Aq+1 after the oc tonionic one ( i.e . with 
q+1 > 3) formed Ьу t be douЫing рrосевв ( 3) the unit ер plays а privi­

xFor ootonionв J... }ktl'l\. = -1 f. jl<t.m.n.r-stк.rs , where € j l<.ti'WI.n..rs is 
the totall.r antisymmetric tensor of R7 ( f- 1234567 = 1 ) • 

~ 

leged role: all the аввосiаtоrв (a.,~,e.r) (a.,8e.l\'\-+1) are alter­

nat ive, i.e. totally antisymmetric, ав all componentв cl.jktm.. with 

any of indic e s equal t o ~ ~j~tp) • This fact can Ье proved ев fol­

lows . With n o condition ( 3) we have i denticelly 

Z1 ~~=(o..+a.'er)((+ ~'er)!! «-в+ (a.'ep)(в'er)+lciE1>)€+tt(в'er). с1 5 > 
Further, one can вhow t ha t (see Appendix В) 

a.(~'er) = l~'~)er + (er :"ii, g')- («- ,er ,i'), 
(cx.'er)~=loc~)er- (а . .',~,ер) +(ct',e.r,g) 1 

(ос ер) (в'еr) =-~а.!- ер(ос,ер,~') + ер(а!, &',е,.)-
' - 1 -, -(ct:er,er,g')-(ep,ocep~ ). 

Therefore, the douЫing proceвs (3) imposeв the conditionв 

( ef, а., i') = (а.., ef, i'), (ct', i, ер')= (ос, ер, g), 

(1б) 

( 17) 

(18) 

(19,20) 

(21) (a.'er,er, g')+Cer,ocer,ii)=O (а.,ос.,~,g'е.Л'\-). 
Hence one can deduce the a lternativity of all аввосiаtоrв with ер , 
i.e., (a.,S,e.p)• where cx.,tEA'\-+1 (see Appendix в)х. 

There are other веtв jk.{'" for w}:Jich equalitieв (11) and the 

alternativity remвin valid.However,for some setв а new particular type 

of the nonaввociativity (aвymmetricity) is valid: two of t he 

quantitieв cLJk~m,cL.e.jkm,d.kt.)m are equal to zero and the third 
one to +2 or -2 ( see tаЫев 4 and б of Appendix А and rer.1

2
4/ for 

some detailв). 
For t he douЬle commutator 

[~ (~'-11= ~ c;tk в е_ C.м€.jk..l\ 'ё..t\t_M e_j (22) 

from the identity 

с~с~ "л =\.с.{о..е\~ -{ ~{с.~11- (а.,в,с.)+ lc. ,ОL,~)-св ,~,а.)+ 
+lс.,в,а.)-lв,а.,~) +(Q..,c.,g), (23> 

valid in eny aввociative and nonaввociative савев ( in the свве of tbe 

hypercomplex numberв of algebraв А theвe аввосiаtоrв are redueed to 

-2.(«.1 ~ 1с.)+2(с., ct.
1 
Q.)-2.(f, 1c.

1
a) due to \ье flexiЬle law (9)), it i'ollowв 

that 

€.jk..-.f.l\t."' = bjtbk.m- bjмЪk.t + ~jНм 1 (24) 

where 

f> )Н м= ~ lcl}\Lf.~ +cl...t)ILW\- cL k.tjm). 
xFor reduotion of aввooiators of Aq+l to Aq 

(25) 

terms в ее 

Appendix с. 
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It is c lear from e q.(24) (or from eq,(25) ) that f'.ik.f.m.. iв antisym­
met ric in the 1st a nd 2nd ind ice s , ant i symmet ric in the З rd and 4-th 
indiceв, and dоев not 8lter Ьу interchange of t he firяt pair of 
J nd ices 8nd the second one O ike R jk.eм.. ) : 

f-'.ik.(h\=- f->~t.j{щ_ =- \!>jk.h\ e. = ~ t..,~k. . (26 ) 

All the 4! c omponents of f>.ik.tж. with а fixed set lk. tVYL can Ье 
expressed via t hree of them , e.g.,via !!1k.e~ , ~e.ikm , ~kf.i""- • 
Relation ( 24) (and eq . ( 2З) too ) is 8 genereli z8t ion of the well-k11own 
rule of the vector calculпs [ ~[ fё:]1 = f(осс)-ё(ос() (:f'or qua­
ternions ~ =0 )/24/ 

part 
Tr8ce of 8 hype r complex numbe r is defined to Ье its douЬled r ea l 

tra. =<Х.+ёi =2.Re.a.. _. 
(27) 

It оЬеув tl1e propert ies 

tr(~g) = tr (Вех.), tr ( «.(gc.)) = tr ((a.g) с.) . (28,29) 
The latter is due to t!Je associa tor . being always 8 pure 
qu8ntit y. 

i magin8r y 

Derivation 8lgebr a of Aq 8nd 8utomorphism group . А deri va t i on 
of 8 non8ssoci.at ive algebr8 А is 8 line8r tr8nsform8tion wit h the 
property 

D(x~) =(Dx)'} + х (D',t) · 
( ЗО) 

Any i nf initesirn81 automorphism• iв 8 deriv8t i on , 

Тhе deriva tion Lie 8lge br8 D( Aq ) of 8ny 8l gebra А obt8ined 
' q 

f rom the octoni on 8lgebre А З Ьу iter8tion of the douЬling procc<>s 
( З ), i s isomorphic to the deriv8tion Lie 8lge br a П ( АЗ ) of oct on i ons , 
D(f\~)-;;;:D(A.3), i . e. ,t o t he 14 -p8remeter Lie 8lgebra G/101, Jr. fi ­
nitesim8l Gri tranвfoгrn8tions (deriv8tions) of oct onionR are kn own 
to Ье / 1 1 / 

~ х =Dx == [[cLj!>] х]- 3(d.,v.,x) ( з 1 ) (d. . р, ХЕ. Д3) 
ann a ny ·ri nite G2 tr~J ns foгrnat ion for octoni oпs c8 n !:>е вymbolic8lly 
writ ten 88 f oll ows : 

D 
х' = е .х. 

(З 2) 

• The tranвfoгrn8tion )(-:к ' is an 8Ut omor phis m of an в Jgeb r 8 , 
if (:К~)'= х·~· 1 a nd , therefore , ~l,.,~) == (~)~.)~+ x(&"~;t) i nf1 -
niteeim8lly. 

(, 

Ву the douЬling process eny hype rcomplex number cen Ье represented е в 

x=xi+ х!!.е~ +(х 3 + х" еs)е1 ь +(7. 5+ ~~e8+(x~+x8es)e1~e3>i+ .. . <зз) 
where х~,х2 ,хз•••• ere octonions. Then, in ecc ord with the Schefer 
theorem/ О/ we can write infinitesimel and final Gri trenвfoгrnet ions 
of х ев fo llows 

~)( =Dx =[[cL~] У-11- 3(с(,~,х~ +(HcLj!>]Xt]-3(cL, j!>, x.t))e8+ 
+{_[[d.f>] х?,]-3(cl, ,., х :!>)+(ШЧ•J x"J-3~, v.,x"))e 8)е1" +··. < з4 > 

У. 1 = е D х. · 05 > 
Тhе group (algebre ) G2 is 8n eutomorphism group (elgebre) of Aq• The 
trace iв inverient unde r eutomorphiвm trвnвfonnetions G'!.: 

tr у..1 = tr х , tr ьх =О. ( З6) 

з. Quantum mechanicв with Aq е в algebreв of оЬвеrvеЬlев. In qu8n­
tum mechenicв observeЬles (operators ) are usually presented Ьу воmе 

matriceв or differenti8l operetors with the property of e в societivity . 

\Ve вhell conвider no1~ quentum mechenicв with оЬвеrvеЬlев being imвgi­
nery Ъypercomplex numbers а.. ... е.м (or better i. а. ... е...., , the imagina­
ry unit ;_ msking obse r v8bles "Hermiti8n", i.e. eigenvelueв and expec­
tetion valueв reel) of elgebre Aq• Тhе particuler севе of the quater­
nionic quentum mechenicв (algebre А2 of obeervaЬle в ) - the quentum 
mechenicв of вpin -i - iв well-known, It uвев the Pa~li metriceв 6""-, 
i.e. queternionв multiplied Ьу i. ев оЬвеrvеЬlев. Ву enelogy with the 
quentum mechanicв of вpin we cen conвtruct а (noneввociative) octonio­
nic quantum mechenicв (algebra АЗ af о ЬвеrvеЬlев)/2 • 221 • and quantum 
mechanicв for higher hypercomplex numberв (algebras Aq, q•4,5, ••• , of 
оЬвеrvаЬlев) (вее в lв о/2З, 24/), 

Eigenvalueв e nd eigenвtateв . Let us eolve the eigenvalue proЬlem 
for ~1 (the queter.nion, octonion or higher hypercomplex number) 

е1~=)1,"~' ~е'\= t'is>, (З?) 

v1here 5> =90 е 0+9""е"" iв unknown, and ). 1 end J4 1 ere eigen­
values . Vle have а :з s olutions 

• One more quentum mechenics uвing octonionв 1в well knowns the 
famoue exceptionel quantum mechanics Ьу Jordan, von Neumann and Wig­
ner/3/ (еее elso/12,15-17,25/). 
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_ о .!.( ) r-{I\1="-><J-'1=il л 1= t-t"- ±1. '1. е.+ е1 ' - , '.~""' ~1.>~~1 =~'il 

i ~-'1~ ~-~J, = 1 1>-1=-i)(~'\=t\ 
~1:-~1:±i. '~(e~:;:ie 5) 1 t(e":t\.e'f), -\:(e5 +ie9), 

for 

l(e10±ie11), j(e1'1 ±ie""!>), ~(е 111 + ie15) <за> 
for sedenions (Ьу taЬle З of Appendix А). There exist only four firet 
solutions in the case of quaternions , and eight first solutions in the 
case of octonions. However, in all the cases only firвt two of them 
are denвity operators ("matrice в ") orthogonal to each other. Ав to 
other solut ione , for the quaternionв they repreвent the nondiagonal 
direct products of Ьrе в and kets ( вее expressionв in parentheвeв in -еqв. (З8) ). In the саве of an arЬitrery ахiв с.. denвity operatorв 

(eigenвtates of с....,~..., ) are written ав 

~О·с:.= ±i.) = ~ (е0 + ic. ... e~), С."'С"'=1 о (З9) 

The eet of operatorв (З8) iв complete and orthogonal (if the operation 
tr -= i Re.. iв uвed to form а вcalar product ). The веt of denвity 
operators {(e0 ±i.ek.)(k=1,2, ••• ,p•1) iв complete too but not ortho­
gonal. 

ProbaЬility for finding one вtate in another iв defined ав 

"W(~e=i, >-о..= i) =tr [ t(eo-i ii) 1:(e0-iёit)]=f(1+ёi~\ (40) 

'\.J ()..~=i 1 X0,:=i)+t.S~~=-i ,'>-.a.=i)=!~+(lg')+t~-tl)=i (41) 

for all the algebraв Aq• In the quaternion севе eq.(40) correвpondв 
to the well-known Pauli reвult. Equationв (40) and (41) prove that 
the probaЬilitieв w are alwayв poвitive and their вum iв eqtJ.al to 
1. Тhеве propertieв are coneerved in the courвe of time evolution 
(вее below) eince any tranвformation of the automorphiвm group pre-

...., .... -- 1 веrvев the form (З9) (С.-. с.' with с!с."= ). . 
Expectation value ot an operator F iв defined ав uвual 

tt- (~"F) о (42) 

For example, for F=e1 and 'f = t(e0 - i€1) 

tr(e1 ~ (eo--Le"'))=i о (4З) 

Тheretore, the quantitieв ~е~ can eerve ае the Hermitian operatorв. 
Equatione of motion tor the deneity operator and obeervaЬlee. In 

the севе or quat~rnione equatione ot motion tor the density matrix and 
the obвervaЬlee Р, which do not depend explicitly on time, in the 
Schrodlnger an~ Heieenberg picturee are the Neumann (Liouville) and 

8 

equationв 

d 
c1t f' =о 1 

d 
dt ~::.о' 

the Heiвenberg-Born-Jordan-Dirac 
d 
dt ~(i: )=- [ '() 9(1. )] ) 

1t F(t)= r ~, r(t)], 

(44) 

(45) 

reвpectively, with the formal вolutionв 

(4 6 ) 

(47) 

~ lt) = е-1St s>(o) е 'Н, 
F(t~= е. ""t Flo) e-~t о 

The Hamiltonian '6 iв а pure imвginary quaternion . The evolution 
lawв (46) and (47) are tranвformations of а11 1-paraxooter subgroup of 

1-pa r ame-
the automorphiвm group of the quaternion вlgebra А 2 • 

Anвlogouвly, for other algebrвв Aq we also assume 
ter subgr oups of the automorphiвm group G2 to Ье evolution lawв 

~ (t) = е -tD s>(o)' 
f'(t") = etD "F(o) 1 

. (48) 

(4 9 ) 
where the derivation вymbol D iв defined Ьу еqе,(З1) or (З4). Ав 
equationв of motion in the octonion севе we get the Lie group equa-

tionв d 
dt ~(-t")=.-[[cL.v-J~(i:)]+~(.cL.,\\,f(t)), (50) 

1t_ "F lt) = ([J.r.-1 ~lt)) -~(c:L, f>, Flt)), (51> 

where J.. and j!> are imaginary octonionв , that together play the ro­
le of Hamiltpnian. Тhеве e quationв generalize the Neumann (Liouville) 
and the Heisenberg-Born-Jordan -Dirac equationв to the octonion севе. 
Note the condition of conвe rvat ion in time 

[ [cL "1 r 1 = ~ (d.., ~ 1 r) о (52) 

For ot her alge braв Aq formed Ьу the Dickвon рrосе вв (З) we can r epre­

вent ~ (and Р) ае 

g= S'1+9,.e.s+ lfъ+~~eg)e.1"+··· (5З) 
where s>

11
s>t ,f:!.,!J'-t? "' are octonionв. Тhen, according to еq .( З4 ) equa ­

tions of motion can Ье written ав followв: 

-1t: ~ =-[(.t\!-1!11 ]+~(d., 1> 1 f1)- ([[t{V>] ~~1-~4i-, ~,f<t))e 8-
J - (ttd..f>]S':~.1-:;(d. 1 \!>,~~+([(d..J-1 ~"] -3(d... 1 v-,f'-t ))е8)е1"-о .. , (54> 

at F = [[d.f.>) ~ l - 3td., \!>, F, )-+ ([t~\!>TF~ 1-~(~1 \!> 1 F~))e8+ 
+ (trd.r.-1f'~1- ~(d..,J!>,F~ )-\-(Пs!~lF.t,l-3(cl., \!>,"F~))e8)e1t o o · . С 55) 

For вedeni_onв only у1 and S''i. and Р1 and F1 are nonzero. Let uв 

gi ve the law ot conвervation in time 

., 



[[d..f.>]F1]-3(J.., r-, F.,) +([[cl.y.. lF''l]-3(&-,~, F'l ))es + 
+([Ed.f.>1F~]-3(d.,f>,F~)+([[cl~]F~]-3lcL.,",f4 ))е8)е1(:,+ ... =О. (56 ) 

All the вЬоvе evolution lвwв оЬеу the uвu·8l property 

tr (F1(o) ··· Ftt (о) y(-t:)) = tr (1; (-t) . .• F"'(t) S'(o)) (57) 

with 8ny 8rrangement of bracketв th8t fix an order of multiplicationв. 
Note 8leo the l8w of conвervation of the tot8l probaЫlity 

tr~(o)=O 1 
{:.,- ytt) ~tr у(о), (58) 

4.Мвtrix repreeentat1ons. The eet of tracee tr (ёt' F) , arrв n­
ged into colomn, 

F =(tr (ёrF)] <r. о,1,2, ••• ,р-1), 1=' =- e~tr(ё.f'"F) ( 59,60) 

can вerve ав а repreвent8tive of an 8rЫtrery hypercomplex number F 
(8 n obeervaЫe, а deneity operetor). ТWо more repre8ent8 tive e can Ье 
introduced е в followв. Мultiplicвtione of F Ьу 8 hype rqomplex number 
OL from the left or right m8y Ье repreeented 88 oper8tore, рхр Ш8t­
r1сев, acting on the repre8ent8tive F ( 59 ) 

tr (ё~(а.F)) = (а..е),." tv(ёvf') =а. t tr (ёr F), (61 > 

tr l ёrCF' о..))=- С a..r) )"'v tr(Q" F) к o..r t r t ёr r), (62 > 
t ~ 

а. being the left and а.. the right matrix repre eentativee of ct • 
In particular, U8ing eq,(1) one c8n e88ily fi nd 

t t t 

ej=\llep,_"\1, cer),.v:Ъr~'Ь" 0-~raCЬv~±.e..o.ri"' 
t r 

ео==ео = 1 (un1t рхр matr1x) 1 ( б З) 
r t ~ ( е t r) 'l е 

ej =-~ej ~ 1 ~=1 ео+ ej е~ ., ~ = ео ' (64) 

t е t r r r «. =о..оео+а.ме ... 
1 

а: =<loeo +Ol..,.e..,. • (65) 

Introducing the matr1x repre8ent8tionв 122 •24 / we follow the epirit 
of the Dirac repre8entвt1on theory/261. Not8tion edopted for the left 
end right repreвentati•ee 8eem8 more n8turвl th8n the 8ymbole L CL and 
R~ U8ed in вlgebra (вo-called left and r1ght multiplicatione/ 11 /) 

bav1ng the eimilвr eene8 but introduced in а different way•. 
·~С} 

In theee termв, e.g., representat1ve -~h~ of the momen-
tum rk 1n quantUJD mechan1c8 ebould Ье denoted not \у Р!с. (or р~ to 
d1et1nguieb from r~=it. -ь" ) but Ьу L~ what eeeme to Ье 1nappro-
pr1ate. "Ъ)( k k 

111 ' 

For the quaternione the left and right representative8 commute 

mutually 
t 1' 1 [e~ek. =0, [ct2 €"] =0, (66 ) 

а 8 i n all as 80Ci8tive algebraв. However, t hey do nat commute i n вll 
n·onaeвoc ia t ive alge bre8, in particular, in the octonion one and eub­

вequent Aq 

[е~ е~ 1 = [е~ е~] *О, [o..t gr] = [ct'" gt.]:;/:0, (67) 

t у (no 8ummation), ( 68) [е . е - ]=О 
) } 

where the equalit'Le'S follow from the flexiЫe law. ( 9). Coneider now 
various eituationв with repeвted mul tiplicatione 

tr (ё,_(а (Bt='))) =a.t €t tr(ёr F), 

tr(ёr(a.(F~))) ==a.t&" tr(ё14 F), 
tr(ё)"' ((Fct)B)) = er а.'" tY (~J'<f), 

tr (ёt' (a.,F, в)) = -ta.t. gr.] tr(ёrf), 

• 

tr (ё,. (а., t, F)) =-tr((et',a., t) f) = -a.j ~~r.. tv- (Се,., е j, e~t)F') = 
=-а..} в~~. d.._rj\r..v tr (ёvf'), 

tr(er(a.g)F) = (o..€,)t.t.r(ёrf') = t.r(ё,. (la.,e,F)+ a.(&"F)))= 

= (la.f t\."- а.~ gk. d.._rilc.v) tr (e"F), 

( 69) 

(70) 

(71) 

(72) 

(7З) 

(74) 

tr (e,.(F(a..t))) =(а.~)" ~У lё:,.F)= ((gr a.r)_..v- a.kS. c:!.~)kv) trlёv "Р). 
J (75) 

Rence, repre8entвtive в of the product of two hypercomplex numberв 

are given Ьу 

(а. g) t. = а. tgt- а.; glr. cL j k., 1 .е. lo.. ~) ~ ... =(o..t. ~t),.v-a.3в~J.. ri "-" , (76 > 

(o..g)r = gra.r- O..k~~c:lj\1.' i.e. (a.~)',...,=(gr<l\v-Q..kg~c(t'~"-" • (77) 

J... r~l<.v equale Z f'IГ O, if any eubecript of ri"-" equalв ' zero. Note 
t hat for the octonione o..j&lr.cl.i~t = -(a..f.t'1=-[a."tt] due to the al­

te r nativity. 
The deri vat ion can вlво Ье repreвented Ьу р "'\> matri x ';l) 

t.r(ёr(D"F))= ~tr(ёt't')· (78) 

For quвternione ~\ = '6 е.- '6'" , (79) 

11 
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for octonions 

for other Aq' 

~g = [cLe \!'~] + [cLr V>r] + [ci! f->r] , 
formed Ьу the Dickson process 

[ ~i о о \] 
~= о ~.о : 1 

о о~: ............... .. _. 

( з). 

where all the entries are 8х8 matrices. 

(80) 

(81) 

All relations can Ье tra·nalated into terms of the representa­
tiveя introduced . For example, equations of motion (54) and (55) (in 
partioular, eqs.(50) and (5l))and their formal solutions take the form 

~ 1l-t)=- ~'flt:), 9"lt)=e-t.:f}j"(o), (82) 

J "_ - - t ~ ...... F r, ) 
.!!....f(t)= ~F'(t.), Plt)=e \.о, (8З) 
dt. е. • е t -t~ е t.~ 
L ~r(i:)=-[jj ~r(t)], ~r(t)=e ~r(o)e 7 (84) 
dt. е. t е. '.t) е. -t.~ 
ftFt-(t)=[:!JF"(t)], Fr(t)=et. Fr(o)e , (85) 

where the laвt two equations were obtained using property (ЗО). Note 
t hat equations (82) and (8З) look like the Schrodinger equetion, 
being, however, equationв for ~ and F. Equatinnв (84) and (85) are 
вimilar to the standard quantum-mechanical evolution equationв Ьу 
Neumann (Liouville) and Heisenberg , Born and Jordan (unlike еqв.(50), 
(51), (54) and (55 ) written in termв of hypercomplex numberв), ~ 
playing the r ole of а Hamiltonian. Thiв f act соmев from the automor­
phism proparty of the underlying group* (for еqв.(50), (51), ( 54) and 
(55)), being а general rule**. 

Law (ЗО) of coneervation of the total probaЬility can Ье written 
88 

~(t)=O, 
• t. 

t.r~r(t)=0 7 

'S>o(i:) = Ро(О) (zero component) 7 
! L 

t.r ~ r(t) = i:r ~"(о). 

(86) 

(87) 

• Тhе automorphiвm property iв directly uвed in deriving еqв.(84) 
and (85) from еqв.(54) and (55) (in particular, from еqв.(50) and (51»: 

tr(et'((Df)P)) = tr(~(D(~'P)-s>lDF)))= 
= ~ yf.t.r(ё,J') -yt:Ьt.r(ё,.P). 

ТЬе ваmе reaвoning вhows that the matriceв %) form real matrix (redu­

o1Ъle~* representations of the G2 algebra. 
Por •~ample, the ваmе вi~uation occure in the exceptional qu­

antum mechanicв (вее rer./251). 

)2 

• 

* one 

5. Let uв give some identities and firвt of all the following 

(a.gкla.) = (ёi<l)(fg) + ica:,в,l)a.- i a.cg, -g,<L)= 
= Ciia.)йt)+ ~(а.,е,в)<L+ i a(g,g,ci)= 
= (ёia.)(~g) 4- t{(a.,Q,~);lmCLi= 
= са..а.)(g-в) 4'-J.. jkt~ a.j a.\r. в е. в"'= 
= (ёia.)(l€) + ~~\t.~M С(.) вk Ole_~IYI • (88) 

For complex numberв вnd quвternionв when J.. = f' =О and for octonionв 
when cl.j"l.m вnd \!>jk.~m=tJ...~k.twt are totally antiвymmetric, 
identity (88) iв reduced to 

(<i 8)(ёа..) =(а. а.)(~ g). 
the norm of the produc t equalв the product of the normв, the compo­
в ition of quadratic formв in the Hurwitz веnве/ 21 1 (the 2,4 вnd 8 
вquвre identitieв). Ву Hurwitz/21 / thв compoвition of quadratic forms 
for рк2,4,8 follows from the exiвtence of веtв of ) -1 real antiвymmet­
ric рхр matriceв with the property 

(89) Bj~k+B~c.B~ =-2.ьjlc.11.. (j,k. 1,2, •••• р-1> 
t r 

(вuch вrе t he веtв of matriceв е· or е i for complex numbera, quвter-
. 3 J 

nionв and octonionв) and the lack of the nесевваrу number of вuch mat-
riceв for р ~ 16 mвkев impoввiЬle the Hurwi tz compoвi tion of quadratic 

121L formв. ~ndeed, although wl find ~or р~16 the веtв of р-1 real anti-
вymmetric рхр mвtriceв ej (or ej ) they are however вubjected (accor­
ding to еqв.(1 ) and (76)) to the property 

t 2. е ~ t 
ejek.+ek.e.j =-iБ~k.eo+cljk.+J..kj· (90) 

It iв due to thiв fsct the law of compoвition iв replaced Ьу eq.(88). 

* То derive it, we repreвent (<iS)(fa.) in two formв 
(ёi.~)(~<l) =се а: в) 8)а.- Cci. в, s,cx.) = a.(~f)a.~ tёi,в,I)a.- са. в ;g,a.)= 

= a(~tiCL))+ са. ,в,l"а.)=~свl)а.- a:cв,l,e~.)+(a.,t,Ia.) 
and use the equa lity (а,в,i'а.):.(ёi8,~,а...) • In paввing we find that 

ca:g, в ,а.)= Са.,~, ~а.)=!са,~, ~)a.+i o.(i,I,a):ica.,~,~)a.- t а.с8,в,а.). 
It iв clear that for octonione ca.в,i,((.')::.(ёi,S,fa.)=O. Hence, it 

follow s that any pair of octonionв formв an aввocistive eubalgebra 
and tba t higher algebreв Aq lове thiв property. 

1 :J 



Identity (88) (for Aq) свn Ье written viв tbe hypercomp1ex num-
berв or ьaи-atmenвinnaн ty (а.. ,се, в, в'е А1_1 , 1> = 1i-1 ) в в 
fo11owв: 

<<Ia..+«!cx!)ci8+i'в')= 1a.~-i'a!l"-+ 1 g'a:-+o.!l\ 1 + У, 
(ёiа.+<i!а..')Сiв+ё'В') =teёi-a!8ilt-+ ta.в'+la..'\'l +У, 
where 

(91.в) 

(91.Ь) 

У= - ~ Р..1к.t~ a.i gk. oct в~ tor Р • в (92) 
{ 

О forp•1,2,4 

- ~ilc.e,.J(a}~-c(jglr.)(a.t&~- ~t« ... )+(a.jgk+a.'j~~)(a.eBм+cte8~)] tor Р ~ 16. 
Idehtifying (а.. 1а.')= (8,&') in eqe,(91) we get the identitiee 

(ёiа.+ ос' а!)"- х х + -х~ +Х, (93> 
where 

х = 1~~ <or 2..ёi.ос >, xr=Q...a..-«!a! , (94) 

Х ={ О 
1 1 

for р • 1,2,4,8 (95 ) 
-4 ~~ktм«.jct:ka..t.a.;м for р~lб 

In the сеsев р•1,2,4,8, when Х•О, ch8nge of v8ri8Ьlee (94) re81izee 
m8pping н2Р-нР+1 which m8рв the ephere s2P-1 with' - the radiuз 
~ = ~ ii.CIL+ii'CII! in the вр8св н2Р onto the ephe/e s~ with the radj_uв 
r •J х х +XI. = ~'i. (du8 to eq,(93)) in the ер8се нР+1 * 

А) н2 _!н~ вuch thet s;-RP1 • S~ (fiber iв z2 , е p8ir of 

8ntipode1 pointe (е,е•) 8nd (-е,-8 1 )), douЫe covering; 

В) н4-н3 вuch thet s;-cP1 • s; (fiber ie s 1.so(2)•U(1) ); 

С) н8-н5 вuch that s7-QP1 • s4. (fiber iв S3•SU(2)•Sp(1) ); , - r 

D) н16-н9вuсh th8t s?-op1 • S~ (fiber iв s7 ), 

Мappingв В),С) and D) are the Hopf fiber bund1ee with the Hopf inva­
riant (linking number) Н, equa1 to 1. Some of theee fiber bU:nd1ee 
were uвed in с1аевiса1 and quantum mechanicв/27,39, 23/ вnd in fie1d 
theory140-54/, For the с8вев С) and D) (the 1atter correвpondв to the 
вedenionв) and tre8tment of а11 the савев A)-D) in termв of the вten­
dard (in phyeicв) вpinor 18nguage вее refв/23,38 ,39 /, For р>16 the 
connection with mврв of врhеrев onto врhеrев diвappearв. 

Note 81во the identity 

Е. чк. f.k tм f.,'""" = s,t f -.)nr - ъ .)t f.-\nr - ь tn Е. ijwo + bt..- Е.,: jn-

-~in f. jt"" + ~irE.jt "'-+ ь jn E.ar - 'Ьjr E...:tn + ~Ч {"'-" ' (96 > 

* RP1, СР1• QP1 8nd ОР1 mean re81, comp1ex, quaternion and octo­
nion projective ерасев (11nев, р1аnев), 

11 

where ~ correвpondв to воmе веt of termв wi th 8BBociatorв (вее 
rer./24~). For quaternionз and octonions ~=0, 

б, Since for a1gebras А (q;> J) formed Ъу the Dickзon proceзs 
q 

(J) representations of their automorphism group G2 are reduciЪle 
(see eqs. (J4) or (84) with~ of form (81)) these a1gebras sp11t 
into sets of ootonions, i.e., are "reduo1Ъle". ТЬus, octonions 
(algebra ~) remain the 1ast irreduciЪle hyperoomplex syзtem ( in 
addition to the Нurwitz and generalized Frobeniuз theorems). 

As to algebras А , formed otherwise, the majority of the above 
q 

formulas hold, with the exception of the automorphism transformations 
and equations of motion. 

7. A.B,Govorko~/55/ hев propoвed to connect the exietence of the 
1epton and quark gener8tione with the вequence of a1gebrae Aq formed 
Ъу the douЫing proceee. 

8. Note th8t Hermiti8n 3х3 matriceв over any hypercomp1ex num­
ber 81gebra Aq form в Jord8n e1gebra, Indeed, when chooeing the b8eie 
of theвe matricee 

,t"o = ~оео , t'ct. :~ )\CL€0 (а • l,J,4,6,8), 

t' Н= i{ ёlе~е"- ( ~t =-i )..+ ' f = 2,5,7; 1 • 1,2, ••• ,р-1), (97) 

where ).CL and )..~ are the Gell..J4ann Зх3 matriceв, we obt8in the mu1-
tiplication tаЫе 

~с1: ~6 = ЪCL.g t'o +ff J._cc. tcc. (a,Ъ,o•l,J,4,6,B), 
f"CL' t'~;.: ..J1 dCL.t,_ t'~\. (f,g•2,,,7); (98) 

f4н· t'$1 = ~;.1(ьttt'o+fl.dttc.t'c..J+ ft !~ 1 ~ E.ijkf"~k <r,g,h•2,,,7) 

(ее for octonione, вее rer/251, рр.2 and 7) wbere cl._k , dait-­
and ~ +i~ 8r& the Gell-Mann вtructure conвtents 8nd ~ '-} k ie de­
fined вв ebove (n,1), dot means the Jordan product CIL•&=f(ct8+8ci). 

Renumbertng the b8siв the mult1plicat1on tаЫе свn Ье wrttten 815 

.f"o· t'o = t'o 1 t'o·~~ = t'~ 
fA"· tt& = s~!> t'o + ~~вс. t't 

with tote11y eymmetric ~~~' 

(99) 
(А,В,С .. 1,2, ... ,(2+Jp); р • 2q) 

88 it W8B propoeed in ref,/56/ for the 
севеs of re81 numbers, comp1ex numbera, qu8tern1on8, and octonione 
(р•1,2,4,В). 

Тhе author 1в verт grateful to V.I,Ogieтetвkт for useful disoussione, 
Appendix А. Тhе t8Ьlев be1ow correвpond to the douЬling proceee 

(3), Тhе 8uthor ie deep1y gratefu1 to A.I.Po1ubarinov8 for the prog­
ram generating both theee tеЫев and the tаЫее for further 8lgeЪraвAq• 

15 



ТаЬlе__.1. е. jkt for octonionв. ТаЬlе 2. cL)kfmand f>jk.tW\. for octonione. 

1,2,3 1 1,2,4,7 2 1 
1,4,5 1 1,2,5,б -2 -1 
1,б,7 -1 1,3,4,6 -2 -1 
2,4,6 1 1,3,5,7 -2 -1 
2,5,7 1 2,3,4,5 2 1 
3,4,7 1 2,3,б,7 -2 -1 
3,5,б -1 4,5,6,7 -2 -1 

ТаЬlе J, f.~l<.e. 
1, 2, 3 1 
1, 4, 5 1 
1, 6, 7 -1 
1 8 9 1 
1'1о'п -1 
1'12'п -1 
1:14:15 1 

2, 4, 6 1 
2, 5, 7 1 
2, 8,10 1 

for sed~ш1ons. 

2, 9,II 1 
2,12,14 -1 
2,!3,15 -1 

3, 4, 7 
3, 5, б 
3, 8,II 
3, 9,10 
3,12,15 
3,!3,14 

1 
-1 

1 
-1 
-1 

1 

4, 8,12 
4, 9,13 
4,10,14 
4,II,15 

5, 8,!3 
5, 9,12 
5,10,15 
5,II,14 

1 
1 
1 
1 

1 
-1 

1 
-1 

6, 8,14 

~:1б:i~ 
6,II,I3 

7, 8,15 
7, 9,14 
7,10,!3 
7 ,II,12 

ТаЬlе 4о c:Ljktmr J..e.1krwL and ~lc.t)m. for seden1ons *, 

1 
-1 
-1 

1 

1 
1 

-1 
-1 

1, 2, 4, 7 2 
1,2,5,6-2 
1, 2, 8,II 2 
1, 2, 9,10 -2 
1, 2,12,15 О 
1, 2,!3,14 о 
1, 3, 4, 6 -2 
I, 3, 5, 7 -2 
1, 3, 8,10 -2 
I, 3, 9,II -2 
1, 3,12,14 О 
1, 3,!3,15 О 
1, 4, 8,!3 2 
1, 4, 9,!2 -2 
1, 4,10,15 О 
1, 4,II,14 О 
1, 5, 8,12 -2 
1, 5, 9,!3 -2 
1, 5,10,14 О 
1, 5,II, 15 О 
1, 6, 8,15 -2 
1, б, 9,14 -2 
1, 6,10,!3 О 
1, 6,II,12 О 
1, 7, 8,14 2 

2, 5, 8,15 2 
2, 5, 9,14 о 
2, 5,10,!3 -2 
2, 5,II,12 О 
2, 6, 8,12 -2 
2, 6, 9,!3 о 
2, б,10,14 -2 
2, 6,II,I5 О 
2, 7' 8,13 -2 
2, 7, 9,12 о 
2, 7,10,15 -2 
2, 7,II,14 О 

о -2 

о 2 

о 2 

о 2 

о -2 

о -2 

4, 7, 8,II 2 
4, 7, 9,10 о о 2 
4. 7.12.15 -2 
4, 7,13,14 о о -2 

о 2 
о -2 

о -2 
о -2 

3, 4, 8,15 2 

5, 6, 8,II - 2 
5, б, 9,10 о 
5, б,12,15 о 
5, 6,!3,14 -2 
5, 7, 8,10 2 
5, 7, 9,II О 
5, 7,12,14 о 
5, 7,!3,15 -2 

о -2 
о -2 

о -2 
о 2 

о -2 
о 2 

о 2 
о 2 

~: ::16:!~ 8 
3, 4,II,12 -2 
3, 5, 8,14 -2 
3, 5, 9,15 о 
3, 5,10,12 о 
3, 5,II,I3 -2 
3, 6, 8,!3 2 
3, б, 9,12 о 
3, 6,10,15 о 
3, 6,II,14 -2 
3, 7, 8,12-2 
3, 7, 9,П О 
3, 7,10,14 о 
3, 7,II,15 -2 

о -2 
о 2 

о -2 
о -2 

б, 7, 8, 9 -2 
6, 7,10,11 О О -2 
б, 7,12,13 о о -2 
б, 7,14,15 -2 

i: ~:1б:I~ -5 
I, 7 ,П,П О 

о -2 
о -2 

о 2 
о -2 

2. 3, 4, 5 2 
2, 3, 6, 7 -2 4, 
2 3 8 9 2 4 
2' 3'1o'r1 -2 4' 
2: 3:12:13 о о 2 4: 
2, 3,14,15 о о -2 4, 
2, 4, 8,14 2 4, 
2, 4, 9,15 о о 2 4, 
2, 4,10,12 -2 4, 
2, 4,!1,13 о о -2 4, 
*Оzй1 one тalue J.;~c.tм-

5, 6, 7 -2 

о 2 
о -2 

о 2 
о 2 

8, 9,10,II -2 
8, 9,12,!3 -2 
8, 9,14,15 2 
8,10,12,14 -2 
8,10,!3,15 -2 
8,II,12,15 -2 
8,II,I3,14 2 

9,10,12,15 2 
9,10,!3,14 -2 
9,II,I2,14 -2 
9, II , I3, 15 -2 

10, II , 12 , I3 2 
10,II,14,15 -2 

о -2 

5 8 9 2 
5:1о:п о о 2 
5,12,!3 -2 
5,14,15 о 
б, 8,!0 2 12,13,14,15 -2 
6, 9,II О О -2 
6 I2 14 -2 
6:п:15 о о 2 
1s g1ven, when c:Ljlc.t.м.=J.e)lc.m.=d..кt)m.· 

]6 

ТаЫе 5. E.jkl!. 
1, 2, 3 1 
1, 4, 5 1 
1, б, 7 -1 
1, 8, 9 1 . 
1,10,II -1 
1,12,13 -1 
1,14,15 1 
1,16,17 1 
1,18,19 -1 
1,20,21 -1 
1,22,23 1 
1,24,25 -1 
1,2б,27 1 
1,28,29 1 
1,30,31 -1 
2, 4, 6 1 
2, 5, 7 1 
2, 8,10 1 
2, 9,II 1 
2,12,14 -1 
2,!3,15 -1 
2,1б,18 1 
2,17,19 1 
2,20,22 -1 
2,21,23 -1 
2,24,2б -1 
2,25,27 -1 
2,28,30 1 
2,29,31 1 
3, 4, 7 1 
3, 5, б -1 
3, 8,II 1 
3, 9,10 -1 
3,12,15 -1 
3,!3,14 1 
3,16,19 1 
3,17,18 -1 
3,20,23 -1 
3,21,22 1 
3,24,27 -1 

for J2-n1ons. 
3,25,26 1 
3,28,31 1 
3,29,30 -1 
4, 8,12 1 
4, 9,!3 1 
4,!0,14 1 
4,II,15 1 
4,16,20 1 
4,17,21 1 
4,18,22 1 
4,19,23 1 
4,24,28 -1 
4,25,29 -1 
4,26,30 .,;.1 
4,27,31 -I 
5, 8,13 1 
5, 9,12 -I 
5,10,15 1 
5,II,14 -I 
5,16,21 1 
5,17,20 -! 
5,!8,23 1 
5,!9,22 -1 
5,24,29 -1 
5,25,28 I 
5,2б,31 -1 
5,27,30 1 
б, 8,14 1 
б, 9,15 -1 
6,10,12 -1 
6,II,I3 1 
6,1б,22 1 
6,17,23 -1 
6,18,20 -1 
6,19,21 1 
6,24,30 -1 
6,25,3! 1 
6,26,28 1 
6,27,29 -1 
7, 8,15 1 

]7 

7, 9,14 
7,!0,13 
7,II,12 
7,1б,23 

7,17,22 
7,18,21 
7,19,20 
7,24,31 
7,25,30 
7,26,29 
7,27,28 
8,16,24 
8,17,25 
8,18,26 
8,19,27 
8,20,28 
8,21,29 
8,22,30 
8,23,31 
9,16,25 
9,17,24 
9,18,27 
9,19,26 
9,20,29 
9,21,28 
9,22,31 
9,23,30 

10,16,26 
10,17,27 
10,18,24 
10,19,25 
10,20,30 
10,21,31 
10,22,28 
10,23,29 
П,1б,27 

II,17 ,26 
II,18,25 
II,19,24 
II,20,31 

1 
-1 
-1 
1 
1 

-1 
-1 
-1 
-1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

-1 
1 

-1 
1 

-1 
-1 

1 
1 

-1 
-1 

1 
1 
1 

-1 
-1 

1 
1 

-1 
-1 
1 

II,21,30 
II,22,29 
II,23,28 
12,1б,28 

12,17,29 
12,18,30 
12,19,31 
12,20,24 
12,21,25 
12,22,26 
12,23,27 
13,16,29 
!3,17,28 
13,18,31 
!3,19,30 
!3,20,25 
!3,21,24 
!3,22,27 
!3,23,26 
14,1б,30 

14,17,31 
14,18,28 
14,19,29 
14,20,26 
14,21,27 
14,22,24 
14,23,25 
15,16,31 
15,17,30 
15,18,29 
15,19,28 
15,20,27 
15,21,2б 

15,22,25 
15,23,24 

-1 
I 

-1 
1 

-1 
-1 
-1 
-1 

1 
1 
1 
1 
1 

-1 
1 

-1 
-1 
-1 

1 
1 
1 
1 

-1 
-1 

1 
-1 
-1 

1 
-1 

1 
1 

-1 
-1 

1 
-1 



ТаЫе б. J.. .i ~tm. ,а. ti ~м.. and с( kt)m.. for J2-nions*. 2, 6,10,14 -2 2,12,22,24 о о -2 3, 6,26,31 -2 
1, 2, 4, ? 2 1, 6,24,31 . О О -2 1,13,20,24 о о 2 2, 6,11,15 о о 2 2,12,23,25 о 2 о 3, 6,2?,30 о о -2 
1, 2, 5, 6 -2 1, 6,25,30 О О -2 1,13,21,25 о о -2 2, 6,16,20 -2 2,13,16,31 -2 3, ?, 8,12 -2 
1, 2, 8,II 2 1, 6,26,29 -2 1,13,22,26 о 2 о 2, 6,1?,21 о о 2 2,13,1?,30 о 2 о 3, 7, 9,13 о о 2 

I: ~:1~:I~ -5 1, 6,2?,28 -2 1,13,23,2? о 2 о 2, 6,18,22 -2 2,13,18,29 -2 3, ?,10,14 о о 2 
о 2 1, ?, 8,14 2 1,14,16,31 2 2, 6,19,23 о о 2 2,13,19,28 о -2 о 3, ? ,II,15 -2 

1, 2,13,14 О о -2 1, ? , 9,15 -2 1,14,1?,30 -2 2, 6,24,28 о о -2 2,13,20,2? о 2 о 3, ?,16,20 -2 
1, 2,16,19 2 1, ?,10,12 О О 2 1,14,18,29 О 2 О 2, 6,25,29 2 2,13,21,26 о о -2 3, ?,1?,21 о о 2 
1, 2,1?,18 -2 1, ?,11,13 О О -2 1,14,19,28 О 2 О 2, 6,26,30 о о -2 2,13,22,25 о -2 о 3, ?,18,22 о о 2 
1, 2,20,23 О о 2 1, 7,16,22 2 1,14,20,2? о -2 о 2, 6,27,31 2 2,13,23,24 о о -2 3, 7,19,23 -2 
1, 2,21,22 О о -2 1, 7,1?,23 -2 1,14,21,26 о -2 о 2, ?, 8,13 -2 2,14,16,28 2 3, ?,24,28 о о -2 
1, 2,24,2? О о 2 1, ?,18,20 О О 2 1,14,22,25 о о -2 2, ?, 9,12 о о -2 2,14,1?,29 о -2 о 3, ?\25,29 2 
1, 2,25,26 О о -2 1, 7,19,21 О О -2 1,14,23,24 о о 2 2, ?,10,15 -2 2,14,18,30 -2 3, ?,26,30 2 
1, 2,28,31 2 1, ?,24,30 О О 2 1,15,16,30 -2 2, ?,11,14 О О -2 2,14,19,31 о -2 о 3, ?,2?,31 о о -2 
1, 2,29,30 -2 1, 7,25,31 О О -2 1,15,17,31 -2 2, 7,16,21 -2 2,14,20,24 о о 2 3, 8,16,27 2 
1, 3, 4, 6 -2 1, 7,26,28 2 1,15,18,28 О -2 О 2, 7,1?,20 о о -2 2,14,21,25 о 2 о 3, 8,17,26 о о -2 
1, 3, 5, ? -2 1, ?,2?,29 -2 1,15,19,29 О 2 О 2, 7,18,23 -2 2,14,22,26 о о -2 3, 8,18,25 о о 2 
1, 3, 8,!0 -2 1, 8,16,25 2 1,15,20,26 О 2 О 2, 7,19,22 о о -2 2,14,23,2? о 2 о 3, 8,19,24 -2 
1, 3, 9,II -2 1, 8,1?,24 -2 1,15,21,2? О -2 О 2, 7,24,29 о о -2 2,15,16,29 2 3, 8,20,31 о о -2 
1, 3,12,14 О о -2 1, 8,18,2? О О -2 1,15,22,24 о о -2 2, 7,25,28 -2 2,15,17,28 о 2 о 3, 8,21,30 о о 2 
1, 3,13,15 о о -2 1, 8,19,26 О О 2 1,15,23,25 О О -2 2, 7,26,31 о о -2 2,15,18,31 -2 3, 8,22,29 о о -2 
1, 3,16,18 -2 1, 8,20,29 О О -2 2, 3, 4, 5 2 2, 7,27,30 -2 2,15,19,30 о 2 о 3, 8,23,28 о о 2 
1, 3,17,19 -2 1, 8,21,28 О О 2 2, 3, 6, ? -2 2, 8,16,26 2 2,15,20,25 о -2 о 3, 9,16,26 -2 
1, 3,20,22 О о -2 1, 8,22,31 О О 2 2, 3, 8, 9 2 2, 8,17,2? о о 2 2,15,21,24 о о 2 3, 9,1?,2? о о -2 
1, 3,21,23 О о -2 1, 8,23,30 О О -2 2, 3,10,II -2 2, 8,18,24 -2 2,15,22,27 о -2 о 3, 9,18,24 о о -2 
1, 3,24,26 О о -2 1, 9,16,24 -2 2, 3,12,13 о о 2 2, 8,19,25 о о -2 2,15,23,26 о о -2 3, 9,19,25 -2 
1, 3,25,27 О о -2 1, 9,1?,25 -2 2, 3,14,15 о о -2 2, 8,20,30 о о -2 3, 4, 8,15 2 3, 9,20,30 о -2 о 

1, 3,28,30 -2 1, 9,18,26 О О 2 2, 3,16,1? 2 2, 8,21,31 о о -2 3, 4, 9,14 о о -2 3, 9,21,31 о -2 о 

1, 3,29,31 -2 1, 9,19,2? О О 2 2, 3,18,19 -2 2, 8,22,28 о о 2 3, 4,10,13 о о 2 3, 9,22,28 о 2 о 

1, 4, 8,13 2 1, 9,20,28 О О 2 2, 3,20,21 о о 2 2~ 8,23,29 о о 2 3, 4,II,12 -2 3, 9,23,29 о 2 о 

1 4 9 12 -2 1, 9,21,29 О О 2 2, 3,22,23 о о -2 2, 9,16,2? 2 3, 4,16,23 2 3,10,16,25 2 
1: 4:10:15 о о -2 1, 9,22,30 О О 2 2, 3,24,25 о о 2 2, 9,17,26 о о -2 3, 4,1?,22 о о -2 3,10,1?,24 о о 2 
1, 4,II,14 О о 2 1, 9,23,31 О О 2 2, 3,26,27 о о -2 2, 9,18,25 -2 3, 4,18,21 о о 2 3,10,18,2? о о -2 
1, 4,16,21 2 1,10,16,27 -2 2, 3,28,29 2 2, 9,19,24 о о 2 3, 4,19,20 -2 3,10,19,26 -2 
I, 4,1?,20 -2 1,10,1?,26 -2 2, 3,30,31 -2 2, 9,20,31 о 2 о 3, 4,24,31 о о 2 3,10,20,29 о 2 о 

1, 4,18,23 О о -2 1,10,18,25 О О -2 2, 4, 8,14 2 2, 9,21,30 о -2 о 3, 4,25,30 -2 3,10,21,28 о -2 о 

1, 4,19,22 О о 2 1,10,19,24 О О -2 2, 4, 9,15 о о 2 2, 9,22,29 о 2 о 3, 4,26,29 2 3,10,22,31 о -2 о 

1, 4,24,29 О о 2 1,10,20,31 О -2 О 2, 4,10,12 -2 2, 9,23,28 о -2 о 3, 4,27,28 о о -2 3,10,23,30 о 2 о 

1, 4,25,28 О о -2 1,10,21,30 О 2 О 2, 4,11,13 О О -2 2,10,16,24 -2 3, 5, 8,14 -2 3,II,16,24 -2 
1, 4,26,31 -2 1,10,22,29 о -2 о 2, 4,16,22 2 2,10,17,25 о о 2 3, 5, 9,15 о о -2 3,11,17,25 о о 2 
1, 4,27,30 2 1,10,23,28 о 2 о 2, 4,1?,23 о о 2 2,10,18,26 -2 3, 5,10,12 о о -2 3,11,18,26 о о 2 
1, 5, 8,12 -2 1,II,16,26 2 2, 4,18,20 -2 2,10,19,27 о о 2 3, 5,II,I3 -2 3,II,19,27 -2 
1, 5, 9,13 -2 1,II,1?,2? -2 2, 4,19,21 о о -2 2,10,20,28 о о 2 3, 5,16,22 -2 3,11,20,28 о о 2 
1, 5,10,14 О о 2 1,11,18,24 О О 2 2, 4,24,30 о о 2 2,10,21,29 о о 2 3, 5,1?,23 о о -2 3,11,21,29 о о 2 
1, 5,II,15 О о 2 1,11,19,25 О О - 2 2, 4,25,31 2 2,10,22,30 о о 2 3, 5,18,20 о о -2 3,11,22,30 о о 2 
1, 5,16,20 -2 1,11,20,30 О 2 О 2, 4,26,28 о о -2 2,10,23,31 о о 2 3, 5,19,21 -2 3,11,23,31 о о 2 
1, 5,1?,21 -2 1,11,21,31 О 2 О 2, 4,2?,29 -2 2,II,16,25 -2 3, 5,24,30 о о -2 3,12,16,31 -2 
1, 5,18,22 о о 2 1,11,22,28 О -2 О 2, 5, 8,15 2 2,11,17,24 О О -2 3, 5,25,31 -2 3,12,1?,30 о 2 о 

1, 5,19,23 О о 2 1,11,23,29 О -2 О 2, 5, 9,14 о о -2 2,II,18,2? -2 3, 5,26,28 -2 3,12,18,29 о -2 о 

1, 5,24,28 О о -2 1,12,16,29 -2 2, 5,10,13 -2 2,11,19,26 о о -2 3, 5,2?,29 о о -2 3,12,19,28 -2 
r, 5,25 ,29 о о -2 1,12,1?,28 -2 2, 5,11,12 О О 2 2,11,20,29 о -2 о 3, 6, 8,13 2 3,12,20,27 · о о -2 
1, 5,26,30 2 1,12,18,31 О 2 О 2, 5,16,23 2 2,11,21,28 о 2 о 3, 6, 9,12 о о 2 3,12,21,26 о 2 о 

1, 5,2?,31 2 1,12,19,30 О -2 О 2, 5,1?,22 о о - 2 2,11,22,31 о 2 о 3, 6,10,15 о о -2 3,12,22,25 о -2 о 

1, 6, 8,15 -2 1,12,20,25 о о -2 2, 5,18,21 -2 2,II,.23,30 О -2 О 3, 6,II,14 -2 3,12,23,24 о о -2 
1, 6, 9,14 -2 1,12,21,24 о о - 2 2, 5,19,20 о о 2 2,12,16,30 -2 3, 6,16,21 2 3,13,16,30 2 . 
1, 6,10,13 О о -2 1,12,22,27 о 2 о 2, 5,24,31 о о 2 2,12,17,31 о -2 о 3, 6,17,20 о о 2 3,13,17;31 о 2 о 
1, 6,II,12 О о - 2 1,12,23,26 о -2 о 2, 5,25,30 -2 2,12,18,28 -2 3, 6,18,23 о о -2 3,13,18,28 о 2 о 

1, 6,16,23 -2 1,13,16,28 2 2, 5,26,29 о о -2 2,12,19,29 о 2 о 3, 6,19,22 -2 3,13,19,29 -2 
1, 6,1?,22 - 2 1,13,17,29 -2 2 , 5,2? ,28 2 2,12,20,26 о о -2 3, -6,24,29 о о 2 3,13,20,26 о -2 о 
1, 6,18,21 О о -2 1,13,18,30 о - 2 о 2, 6, 8,12 -2 2,12,21,27 о -2 о 3, 6,25,28 2 3,13,21,27 о о -2 
11 6119 120 о о -2 1,13,19,31 о -2 о 2, 6, 9,13 о о 2 

*Only one value J.j k. t.m. is given, when c:Ljl<.t.m.: d.e; ktrL•ci ~c. t jW\. · 
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3,!3,22,24 о о 2 4, 8,2!,25 о о -2 5, 6, 9,!0 о о -2 
5,!2,2!,28 -2 3,!3,23,25 о -2 о 4, 8,22,26 о о -2 5, 6,!2,15 о о -2 6,10,2!,25 о -2 о ?,!0,17,28 о -2 о 

3,!4,16,29 -2 4, 8,23,2? о о -2 5, 6,!3,14 -2 5,12,22,31 о -2 о ~:18:~~:~~ -б -2 о ?,10,18,31 о о -2 
3,14,1?,28 о -2 о 4, 9,!6,29 2 5, 6,!6,19 -2 5,12,23,30 о 2 о ?,10,19,30 о -2 о 
3,14,18,31 о 2 о 4, 9,1?,28 о о -2 5, 6,1?,18 о о -2 5,13,1б,24 -2 б,П,1б,29 2 ?,1g.zo,25 о 2 о 
3,14,19,30 -2 4, 9,!8,31 о -2 о 5, 6,20,23 о о -2 5,13,1?,25 о ~ 2 6,11,1?,28 О 2 О ?,1 ,21,24 О О -2 
3,14,20,25 о 2 о 4, 9,19,30 о 2 о 5, б,21,22 -2 5,13,18,2б о о 2 6,11,18,31 О -2 О ?,10,22,2? о 2 о 

3,14,21,24 о о -2 4, 9,20,25 -2 5, б,24,2? о о -2 5,!3,19,2? о о 2 6,11,19,30 О О -2 ?,10,23,26 -2 
3,14,22,2? о о -2 4, 9,21,24 о о 2 5, 6,25,26 -2 5,13,20,28 о о 2 б,11,20,25 о -2 о ?,II,16,28 -2 
3,14,23,26 о -2 о 4, 9,22,2? о -2 о 5, 6,28,31 -2 5,13,21,29 -2 б,11,21,24 о о 2 ?,1!,1?,29 О 2 О 

3,15,16,28 2 4, 9,23,26 о 2 о 5, б,29,30 о о -2 5,13,22,30 о о 2 б,П,22,2? -2 ?,11,18,30 О 2 О 
3,15,1?,29 о -2 о 4,10,1б,30 2 5, ? ' 8,10 2 5,13,23,31 о о 2 б,11,23,2б о 2 о ?,11,19,31 О О -2 
3,15,18,30 о -2 о 4,10,1?,31 о 2 о 5, 7, 9,11 о о -2 5,14,1б,2? 2 6,12,1б,2б 2 ?,11,20,24 о о -2 
3,15,19,31 -2 4,10,18,28 о о -2 5, ?,12,14 о о 2 5,14,17,2б о 2 о б,12,1?,2? о -2 о ?,11,2!,25 О -2 О 
3,15,20,24 о о 2 4,10,19,29 о -2 о 5, ?,13,15 -2 5,14,18,25 о -2 о б,12,18,24 о о 2 ?,11,22,2б о -2 о 
3,15,21,25 о 2 о 4,10,20,2б -2 5, ? ,1б,18 2 5,14,19,24 о о 2 б,12,19,25 о 2 о ?,II,23,2? -2 
3,15,22,2б о 2 о 4,10,21,2? о 2 о 5, 7,1?,19 о о -2 5,14,20,31 о 2 о б,12,20,30 о о -2 ?,12,16,2? 2 
3,15,23,2? о о -2 4,10,22,24 о о 2 5, ?,20,22 о о 2 5,14,21,30 -2 б,12,21,31 о 2 о ?,12,1?,2б о 2 о 

' 4,5,6,?-2 4,10,23,25 о -2 о 5, ?,21,23 -2 5,14,22,29 о о -2 б,12,22,28 -2 ?,12,18,25 о -2 о 
4 5 8 9 2 4,П,1б,31 2 5, ?,24,2б о о 2 5,14,23,28 о -2 о б,12,23,29 о -2 о ?,12,19,24 о о 2 
4' 5'10'11 о о 2 4,11,1?,30 О -2 О 5, ?,25,2? -2 5,15,1б,2б -2 б,13,16,2? -2 ?,12,20,31 о о -2 
4' 5'12'13 -2 4,11,18,29 о 2 о 5, ?,28,30 2 5,15,1?,2? о 2 о б,13,1?,2б о -2 о ?,12,21,30 о -2 о 

4: 5:14:15 о о -2 4,11,19,28 О О -2 5, ?,29,31 о о -2 5,15,18,24 о о -2 б,13,18,25 о 2 о ?,12,22,29 о 2 о 
4, 5,1б,1? 2 4,II,20,2? -:2 5, 8,16,29 2 5,!5,19,25 о -2 о б,13,19,24 о о -2 ?,12,23,28 -2 
4, 5,18,19 о о 2 4,11,21,2б о -2 о 5, 8,1?,28 о о -2 5,15,20,30 о -2 о б,13,20,31 о -2 о ?,13,1б,2б 2 
4, 5,20,21 -2 4,11,22,25 о 2 о 5, 8,18,31 о о 2 5,15,21,31 -2 б,13,21,30 о о -2 ?,13,1?,2? о -2 о 
4, 5,22,23 о о -2 4,11,23,24 о о 2 5, 8,19,30 о о -2 5,15,22,28 О · 2 О б,13,22,29 -2 ?,13,18,24 о о 2 
4, 5,24,25 о о 2 4,12,1б,24 -2 5, 8,20,25 о о 2 5,15,23,29 о о -2 б,13,23,28 о 2 о ?,13,19,25 о 2 о 
4, 5,26,2? 2 4,12,1?,25 о о 2 5, 8,21,24 -2 б, ?, 8, 9 -2 ~:I~:I~:~~ -~ о 2 

7,13,20,30 о 2 о 
4, 5,28,29 о о -2 4,12,18,2б о о 2 5, 8,22,2? о о 2 б, ?,10,11 О О -2 ?,13,21,31 о о -2 
4, 5,30,31 -2 4,12,19,2? о о 2 5, 8,23,2б о о -2 6, ?,12,13 о о -2 6,14,18,2б о о 2 ?,13,22,28 о -2 о 

4, б, 8,10 2 4,12,20,28 -2 5, 9,16,28 -2 б, ?,14,15 -2 6,!4,!9,2? о о 2 ? ,13,23,29 -2 
4, б, 9,11 О О -2 4,12,21,29 о о 2 5, 9,!7,29 о о -2 б, ? ,Iб,I7 -2 6,!4,20,28 о о 2 ?,!4,16,25 -2 
4, 6,12,14 -2 4,12,22,30 о о 2 5, 9,!8,30 о 2 о 6, ?,18,19 о о -2 6,14,21,29 о о 2 7,14,1?,24 о о -2 
4, 6,13,15 о о 2 4,12,23,31 о о 2 5, 9,19,3! о 2 о 6, 7,20,21 о о -2 6,!4,22,30 -2 ?,!4,!8,2? о -2 о 
4 б 16 !8 2 4,13,!6,25 -2 5, 9,20,24 о о -2 б, ?,22,23 -2 6,14,23,31 о о 2 ?,!4,19,26 о 2 о 

4: б:11:r9 о о -2 4,!3,1?,24 о о -2 5, 9,21,25 -2 6, 7,24,25 о о -2 6,!5,!6,25 2 7,14,20,29 о -2 о 
4, 6,20,22 -2 4,!3,18,2? о -2 о 5, 9,22,26 о -2 о 6, 7,26,2? -2 6,15,!7,24 о о 2 7,14,21,28 о 2 о 
4, б,21,23 о о 2 4,!3,19,26 о 2 о 5, 9,23,27 о -2 о 6, 7,28,29 -2 6,15,!8,2? о 2 о 7,!4,22,3! о о -2 
4, 6,24,26 о о 2 4,13,20,29 -2 5,10,16,31 2 6, ?,30,31 о о -2 6,15,19,2б о -2 о 7,14,23,30 -2 
4, 6,25,27 -2 4,13,21,28 о о -2 5,10,17,30 о -2 о 6, 8,!6,30 2 6,15,20,29 о 2 о 7,15,16,24 -2 
4, 6,28,30 о о -2 4,13,22,31 о 2 о 5,10,18,29 о о -2 6, 8,1?,3! о о -2 6,15,21,28 о -2 о 7,15,!?,25 о о 2 
4, 6,29,31 2 4,13,23,30 о -2 о 5,10,19,28 о 2 о 6, 8,18,28 о о -2 б,15,22,31 -2 7,15,18,2б о о 2 
4, ?, 8,II 2 4,14,16,26 -2 5,10,20,2? о -2 о 6, 8,19,29 о о 2 6,15,23,30 о о -2 7,!5,!9,27 о о 2 
4, ?, 9,10 о о 2 4,14,17,27 о 2 о 5,10,2!,26 -2 6, 8,20,26 о о 2 ~: g:I~:~~ 5 о 2 

7,15,20,28 о о 2 
4 7 12 15 -2 4,14,18,24 о о -2 5,10,22,25 о 2 о 6, 8,21,27 о о -2 7,15,21,29 о о 2 
4: 1:13:14 о о -2 4,14,19,25 о -2 о 5,10,23,24 о о 2 6, 8,22,24 -2 7, 8,!8,29 о о -2 7,15,22,30 о о 2 
4, 7,!6,!9 2 4,14,20,30 -2 · 5,II,16,30 -2 6, 8,23,25 о о 2 7, 8,19,28 о о -2 7,15,23,3! -2 
4, 7,17,18 о о 2 4,14,2!,31 о -2 о 5,!1,17,31 О -2 О 6, 9,16,31 -2 7~ 8,20,27 о о 2 8, 9,10,II -2 
4, ?,20,23 -2 4,14,22,28 о о -2 5,11,18,28 О -2 О 6, 9,17,30 о о -2 7, 8,21,26 о о 2 8, 9,12,13 -2 
4, 7,21,22 о о -2 4,14,23,29 о 2 о 5,11,19,29 О О -2 б, 9,!8,29 о -2 о ?, 8,22,25 о о -2 8, 9,!4,15 2 
4, 7,24,27 о о 2 4,15,1б,27 -2 5,11,20,26 О 2 О 6, 9,19,28 о -2 о 7, 8,23,24 -2 8, 9,1611? 2 
4, 7,25,26 2 4,15,17,26 о -2 о 5,II,2I,27 -2 6, 9,20,27 о 2 о 7, 9,16,30 2 8, 9,18,19 о о 2 
4, 7,28,31 о о -2 4,15,18,25 о 2 о 5,11,22,24 о о -2 

' 
6, 9,21,26 о 2 о 7, 9,!7,31 о о -2 8, 9,20,21 о о 2 

4, 7,29,30 -2 4,15,19,24 о о -2 5,11,23,25 о 2 о 6, 9,22,25 -2 7, 9,18,28 о 2 о 8, 9,22,23 о о -2 
4, 8,1б,28 2 4,15,20,31 -2 5,12,16,25 2 б, 9,23,24 о о -2 7, 9,19,29 о -2 о в, 9,24,25 -2 
4, 8,17,29 о о 2 4,15,21,30 о . 2 о 5,!2,!7,24 о о 2 6,10,16,28 -2 7, 9,20,26 о -2 о 8, 9,26,2? о о -2 
4, 8,!8,30 о о 2 4,15,22,29 о -2 о 5,!2,18,27 о 2 о б,10,1?,29 о 2 о 7, 9,21,27 о 2 о 8, 9,28,29 о о -2 
4, 8,19,31 о о 2 4,15,23,28 о о -2 5,12,19,2б о -2 о 6,10,!8,30 о о -2 7, 9,22,24 о о 2 8, 9,30,31 о о 2 
4, 8,20,24 -2 5, 6, 8,II -2 5,12,20,29 о о -2 б,10,19,3I О 2 О 7, 9,23,25 -2 8,10,12,14 -2 

6,10,20,24 о о -2 ?,10,16,29 -2 8,10,13,15 -2 
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8,10,16,18 2 9,11,12,14 -2 10,13,16,23 -2 
8,10,17,19 О О -2 9,11,13,15 -2 10,13,17,22 -2 
8,10,20,22 о о 2 9,11,16,18 2 10,13,18,21 О О -2 

l 12,13,22,23 -2 16,19,24,27 -2 18 21 26 29 -2 8,10,21,23 о о 2 9,11,17,19 О О - 2 10,13,19,20 2 
8,10,24,26 -2 9,11,20,22 -2 10,13,24,31 О О - 2 12,13,24,25 о о -2 16,19,25,26 2 18;21;27:28 о о 2 
8,10,25,27 о о 2 9,11,21,23 -2 10,13,25,30 о о -2 12,!3,26,27 О О 2 16,19,28,31 2 18,22,24,28 -2 
8,10,28,30 о о -2 9,11,24,26 о о ~ 10,13,26,29 -2 12,13,28,29 -2 16,19,29,30 -2 18,22,25,29 о о 2 
8,10,29,31 о о -2 9,11,25,27 -2 10,13,27,28 о о 2 12,13,30,31 о о -2 16,20,24,28 -2 18,22,26,30 -2 
8,II,12,15 -2 9,11,28,30 о о -2 10,14,16,20 2 12,14,16,18 -2 16,20,25,29 -2 18,22,27,31 О О 2 8,II,I3,14 2 9,11,29,31 О О -2 10,14,17,21 2 12,14,1?,19 -2 16, 20,26,30 -2 18,23,24,29 -2 
8, II, 16,19 2 9,12,16,21 -2 10,14,18,22 о о -2 12,14,20,22 о о -2 16,20,27,31 -2 18,23,25,28 о о -2 8,11,17,18 О О 2 9,12,1?,20 О О -2 10,14,19,23 2 12,14,21,23 2 16,21,24,29 -2 18,23,26,31 -2 
8,11,20,23 о о 2 9,12,18,23 -2 10,14,24,28 о о 2 12,14,24,26 о о -2 16,21,25,28 2 18,23,27,30 о о -2 
8,11,21,22 о о -2 9,12,19,22 2 10,14,25,29 о о 2 12 ,14,25,27 о о -2 16,21,26 ,31 -2 19,20,24,31 2 
8,II,24,27 -2 9,12,24,29 о о -2 10,14,26,30 -2 12,14,28 ,30 -2 16,21,27,30 2 19,20 25 30 о о -2 
8,11,25,26 о о -2 9,12,25,28 -2 10,14,27,31 о о 2 12,14,29,31 о о 2 16,22,24,30 -2 19,20:26:29 о о 2 
8,11,28,31 О О -2 9,12,26,31 О О -2 10,15,16,21 2 12,15,16,19 -2 16,22,25,31 2 19,20,27,28 -2 
8,11,29,30 о о 2 9,12,27,30 о о 2 10,15,17,20 -2 12,15,17,18 2 16,22 ,26,28 2 19,21,24,30 -2 
8 12 16 20 2 9,13,16,20 2 10,15,18,23 о о -2 12,15,20,23 О О -2 16,22,27,29 -2 19,21,25,31 О О -2 
8:12:17:21 о о -2 9,13,17,21 О О -2 10,15,19,22 -2 12,15,21,22 - 2 16,23,24,31 - 2 19,21,26,28 о о -2 
8,12,18,22 о о -2 9,13,18,22 2 10,15,24,29 о о 2 12,15,24,27 о о -2 16,23,25,30 -2 19,21,27,29 -2 
8,12,19,23 о о - 2 9,13,19,23 2 10,15,25,28 о о -2 12,15,25,26 о о 2 16,23,26,29 2 19,22 ,24,29 2 
8,12,24,28 -2 9,13,24,28 о о 2 10,15,26,31 -2 12,15,28, 31 -2 16,23,27,28 2 19,22 ,25,28 О О 2 
8,12,25,29 о о 2 9,13,25,29 -2 10,15,27,30 О О -2 12,15,29,30 о о -2 17,18,20,23 2 19 ,22,26,31 о о -2 
8,12,26,30 о о 2 9,13,26,30 О О 2 11,12,16,23 -2 13,14,16,19 2 17,18,21,22 -2 19,22,27,30 -2 
8,12,27,31 о о 2 9,13,27,31 О О 2 11,12,17,22 -2 13,14,17,18 - 2 17,18,24,27 2 19,23,24 28 -2 
8,!3,16,21 2 9,14,16,23 2 11,12,18,21 2 13,14,20,23 -2 17,18,25,26 -2 19,23,25:29 о о 2 
8,13,17,20 о о 2 9,14,17,22 О О -2 11 ,12,19,20 О О -2 13,14,21,22 о о -2 17,18,28 , 31 о о 2 19,23,26,30 о о 2 
8,13,18,23 о о -2 9,14,18,21 -2 11,12,24,31 О О -2 13,14,24,27 о о 2 17,18,29 , 30 о о -2 19,23,27,31 -2 8,13,19,22 о о 2 9,14,19,20 -2 11,12,25,30 о о - 2 13,14,25,26 о о -2 17,19,20,22 -2 20,21,22,23 -2 
g:I~:~~:~~ -5 о -2 

9,14,24,31 о о 2 11,12,26,29 о о 2 13,14,28,31 О О -2 17,19,21 ,23 -2 20,21,24,25 2 
9,14,25,30 - 2 11,12,27,28 -2 13,14,29,30 -2 17,19,24,26 -2 20,21,26,27 о о 2 8,13,26,31 о о 2 9,14,26,29 О О -2 11,13,16,22 2 13,15,16,18 -2 17,19,25,27 -2 20 ,21,28,29 -2 8,13,27,30 о о -2 9,14,27,28 О О -2 11,13,17,23 -2 13,15,17,19 -2 17,19,28,30 О О -2 20,21,30,31 О О -2 8,14,16,22 2 9,15,16,22 -2 11,13,18,20 -2 13,15,20,22 2 17,19,29,31 о о -2 20,22,24,26 2 a,l4,17,23 О О 2 9,15,17,23 О О -2 11,13,19,21 О О -2 13,15,21,23 о о -2 17,20,24,29 2 20,22,25,27 о о -2 8,14,18,20 о о 2 9,15,18,20 2 11,13,24,30 О О 2 !3,15,24,26 о о -2 17,20,25,28 -2 20,22,28,30 -2 8,14,19,21 о о -2 9,15,19,21 -2 11,13,25,31 О О -2 13,15,25,27 о о -2 17,20,26,31 о о -2 20,22,29,31 о о 2 8,14,24,30 -2 9,15,24,30 о о -2 11,13,26,28 о о -2 13,15,28,30 о о 2 17,20,27 ,30 о о 2 20,23,24 ,27 2 8,14,25,31 о о -2 9,15,25,31 -2 11,13,27,29 -2 13,15,29,31 -2 17,21,24,28 - 2 20,23,25,26 о о 2 8,14,26,28 о о -2 9,15,26,28 О О 2 11,14,16,21 -2 14,15 , 16,17 2 17,21,25,29 -2 20,23,28,31 -2 8,14,27,29 о о 2 9,15,27,29 о о -2 11,14,17,20 2 14,15,18,19 -2 17,21,26,30 О О 2 20,23,29 , 30 О О -2 8,15,16,23 2 10,11,12,13 2 11,14,18,23 -2 14,15,20,21 -2 17,21,27,31 О О 2 21,22,24,27 - 2 8,15,17,22 о о -2 10,11,14,15 -2 11,14,19,22 О О -2 14,15,22,23 о о -2 17,22,24 , 31 -2 21,22,25 ,26 о о - 2 8,15,18,21 о о 2 10,11,16,17 -2 11,14,24,29 О О -2 14,15,24,25 о о 2 17,22 ,25,30 -2 21,22 ,28,31 о о -2 8,15,19,20 о о 2 10,11,18,19 О О -2 11,14,25,28 О . О 2 14,15,26,27 о о -2 17,22 ,26,29 о о -2 21,22,29,30 -2 

g:I~:~~:~6 ~ о 2 
10,11,20,21 2 11,14,26,31 о о -2 14,15 ,28,29 о о -2 17,22,27 ,28 о о -2 21 ,23 ,24,26 2 10,11,22,23 -2 11,14,2?,30 -2 14,15 ,30,31 -2 17 ,23 ,24 , 30 2 21,23,25,27 о о -2 8,15,26,29 о о -2 10,11,24,25 О О -2 11,15,16,20 2 16,17,18,19 -2 17 ,23,25 , 31 -2 21,23,28 ,30 о о 2 8,15,27,28 о о -2 10,11,26,27 -2 11,15,17,21 2 16,17,20,21 -2 17,23 ,26,28 о о 2 21,23,29 ,31 -2 9,10,12,15 2 10,11,28,29 О О 2 11,15,18,22 2 16,17,22,23 2 17,23,27,29 о о -2 22 ,23,24,25 - 2 9,10,13,14 -2 10,11,30,31 О О -2 11,15,19,23 О О -2 16,17,24,25 -2 18,19,20,21 2 22,23,26,27 о о -2 9 10 16 19 -2 10,12,16,22 -2 11,15,24,28 О О 2 16,17,26,27 2 18,19,22,23 -2 22,23,28 ,29 о о -2 9:10:17:18 о о -2 10,12,17,23 2 11,15,25,29 О О 2 16,17,28,29 2 18,19 ,24,25 2 22,23 , 30,31 -2 9,10,20,23 2 10,12,18,20 о о -2 11,15,26,30 о о 2 16,17 , 30,31 - 2 18,19,26 ,27 -2 24,25,26 ,27 -2 9,10,21,22 -2 10,12,19,21 -2 11,15,27,31 -2 16,18,20,22 -2 18 ,19,28 ,29 О О 2 24,25 ,28,29 - 2 9,10,24,27 о о -2 10,12,24,30 о о -2 12,13,14,15 -2 16,18,21,23 -2 18,19,30, 31 О О -2 24,25, 30, 31 2 9,10,25,26 -2 10,12,25,31 О О 2 12,13,16,17 -2 16,18,24,26 -2 18 ,20,24, 30 2 24,26,28,30 - 2 9,10,28,31 о о 2 10,12,26,28 -2 12,13,18,19 2 16 , 18 ,25 ,27 -2 18 ,20,25 , 31 о о 2 24,26,29,31 -2 9,10,29,30 о о -2 10,12,27,29 о о - 2 12,13,20,21 о о -2 16,18,28,30 2 18,20,26,28 -2 24,27 28 31 -2 

16,18,29,31 2 18 ,20,27 ,29 о о -2 24,27:29:30 2 
16,19,20,23 -2 18,21,24,31 2 25,26,28,31 2 
16,19,21,22 2 18,21,25,30 о о -2 25,26,29,30-2 

2 2 1 
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25,27,28,30 -2 
25,27 ,29, 31 - 2 

26, 27 ,28,29 2 
26,27,30,31 -2 

28,29 , 30,31 -2 

Note that i n a1geЪra Aq t here a re N~ = 3 с~_1 = (р-~~~р-2 ) indepen­

dent nonzero oomponents of f. ·ke and N = -1(с3 - ..1с2 ) •(р-1 )(р-2) (р-4 ) .1 ~ 4 р-1 J р-1 1 • 2. j . 4 
set s jk1m with nonzero cL.ik.em (p =2q). 

Appendix В, Pr ivi1eged r o1e of ер ' Let us gi v e first , der i vation of 

eqs. (16)-(1в): 
а.(~' е.р) = o..(e.pV)= (а.. ер) g; - (a.,er ,i/) = (e.r ёi) ~-(a. ,e.r,ii)= 

= erl& ii) + (er ,a:.,W)- (а. ,ei' ,W) = 

= (~'a..)er +(er,a.,Вi) -(Cl. , ep , ~)j с в. 1) 

(Q.'er) ~ = а! (epg) +(ос ,ер,~)= a.\lep)+ (о! , ер ,€)= 
:::. (ct!~)er-(oc,'[,er)+(a.' ,er , ~), _ с в. 2) 

(«! ey)(B'er) =(а! C!.r)lerV) = - (o.!Q.r,er ,~) + ((c(er)e. r) ~' = 

= - (а! er , ер, g;)+(er(era!~ ~ = 
=- (a..'er ,er, Si) + (еу ,ерос ,~) +е f (C.er a!) ~')= 

=- (o..' ev,er,ti)+(er,ero!,Ш) + е р[(ос ,еу ,~)+ о.! (eri')) = 

= -(Cl.'er,er,li) + (er ,ercx.\ €i) + ер[(~ ,ер, g;) + ~ (t' ер)]= 
:- (a.'er,e.r ,~) + (er,eroc, t') + er[l<i! ,ер,ё/)-(ос , ~',ер)+(О! g')er1= 
=- ~ «! + er (li• ,erJ')- erca:• ,~' ,er) - (a!Q.r,er ,V)+(e",era! , l'). 

( B, J ) 

In the 1ast 11ne we can make t he rep1aoement s : 
- 1 а! ~-ОС in the f irs t two assooiat ors and 

e.,tt.•.O]ep-+-crep in t he 1ast one, 
thuв obta1n1ng eq. (18). Тherefore, aocording to pro cess ( J ) ер sat 1s-

f1eв eqs. (19)-(21) and (а, Ъ Е. Aq) 

01. (в С!.р) = ( ~~t-)ef , с в.4) 

(a.ep)t = (a.i)er, св. 5 ) 
(а.е.у)(~еу)=- {а._ . (В,б) 

lquations (9),(19) and ( 20) prove a1 t ernativity of а11 the as sooia­

t ors (а, Ь,е ) wi th а , Ъ Е А : 
р q 

(a. , ev ,~) ::-(ер,а. 1~)= -(~ ,er,a..)= (~,а. , е.р):-(а.,В ,ер)= (еу,~ ,а.). св. 7) 
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Fнrtl1er we have 

(CLep,e.p , B)+(a.~, g,ep)= 
: (( а. er) ер) g- (~ер) (ер~)+ ((a.er)~ )ер- (a.er )(ger) = 
=-а.€ +«а..- a.f + la.= -[а.,€+ё']=О, (в.в) 
where eqs, (Б.5) and (В.б ) were used. Now from eqs . (9) (for Aq+1), 
( 21) and (Б.8) there fo11ows a1teriшtiv1ty of а11 the as sociators 
(аер,Ъ,е) (а,ЪЕА): 

р lJ. 

(o..e.v,e.r,g)= -(er,a..er,~)= -(~,ey,a..er)= (~ ,a.er ,ер)= 

::. -(a...er, €, ер)=- (ер,~ , а.~р). св. 9 ) 
It on1y reшains to prove a1ternativity of the ass ooiators 

(а е , Ье , е ) (а, Ъ Е:. А ) : 
р р р q 

(C(.er, el', ger) + (о..е.р, ~ер ,ер)= 
=((а.. ер) ~)(ter)- ia.e.p2(ep(€ep)) +((a.ep)L~ep)) ep-(a..ep)((~et>)er-)= 

= _ a.(€er) + (~еr)в - lga..)er + (a..ep)g = 

::. l- е ciL + а..~ -~а.. + а. ё) е r =о . (в. 1 о) 
Here we make use of eqs . (Б , 4)-(В,б) , Now 

(а.. ер 7 е!'' ~ер)=:.- (a..el' 1 е ер' е\')=- ( ~ef ,e.f ' a.er)== (ер ) ~er 'а.е~= 
= (~e.r,o..er,e.r)=-(e.r,a.er,€e.r)· св. н) 

Equations (Б. 7),(В, 9) and (B,ll) mean that а11 the associa tors 
С а,ь,ср) with а ,Ь~ Aq+1 are alternative, 

Appendix С, Reduotion of associators of А +1 to А te rms . 
Le t us give r es u1t s together with calculatio~s "(p=2q ) х q 

(е~ е.\', е. к., ее.) ::: (С. е~ er) е"-)е е.-(. е .i ер) (е"-ее.)= 

=- (l~} e"-)el>) е t -(e..j (е е e~<..))el> =((е~ е"-)ее)ер -(e.j (ее_ e~c.))er == 

= (le..i е."-) ее.) ер+ (ej ,e.t.,e.IL)ep -(leie~ )e\l.)e..r = 
= (( ~j e.~t-)e..e.)e..r+(e j ,e.e,,e.k)er + (.lee e.j)e")er + 1 &}е. е"-е,. = 
= (lej eiL)e t)Q.I> +(е1 ,ее. ,e~et' + (et')e..~ ,ek.)ep+C.e.e.(eje~)ep+lf>jtek~= 

::.. {.е} e.~c..,ee.1er + 2. Ъjе e~c.er + (.e.i, е. е. 1 е..~е..~+ (е. е. ,е_; ,e"-)e.r= 

= {-ъ}Lс. ~ €.jк.., en ,ее.1 е\' +'-~~t e\L.e..,+~ ~ ,e.t,e~ep +(e.t,e.j,{\.)e"= 

= -~~j\t.t ~r +:l.(Б~tek.-bjw_e.e)e,+(ej ,ee,elt.)e r+(~ ,ej ,e.~t.)e r ,cc.l) 
x!n part1cu1ar , they demonstrat e a1ternativity of ootonion as sooi ­

ators. 
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(е.~~ e.k.et' ,et.) = (ej(eк.er))et- e.j ((е."-ер)ее_)= 

== ((e."-e))er)et + e.j((e"-e.t.)er) = - ((ekej)e.L)e.r+ (le~t.ee_)ej)ep= 

= i ~ik. ee.er + ((ej e"-)ee)e.r +((е"-e.t.) e.j)ep= 

= ~ ь ~"-eter +(еj,ек,е.е.)ер + (e. 1 (e~c.et))e.p +((e\Le..e.)ej)ep = 

= 1. Ъ)k.. ее~+ (e~,e.k. ,e.t)et>+ {ej, е"-e.e.)er = 

= -1 ~.i"-t ~r +i(Бj\c. e.t -ьkt ej )er + (ej ,e"-1e.t )ер , с е. 2) 

(e.jep, e~c.,et.e.p) = ((e.je.p)e"-)(ee.ep) -(ejep)(e~c.(ee.e\')) = 

= -((eje~t-)er)(e.t.ep)-(e.je.f>)((eeek)~)= - er_(e;e\L~ + (e\Le.t..)ej = 

= e.t. (~ &~ lt. +е." е~)- (J. ьlt.t. + et. e."-)e.j = 
= i(Б3"-e.t -'Ьае.~)+ e.e(e~c.e.,;)-(e.e.eiL)e~ = 

= ll~jk.€.t -'f>ke.ej)- (e.t. 1e.IL
1
e..;) , (C . J) 

"(e.iep, е."-е_., e.t.) = (lej €.r )(е" е,)) ее_ - te.3 er)((e\c.ep) et) = 

= l,~"-~~)ее.+ (ejer)((eк.et.)e.r)=- (ek.ej)et- (et..~lt. )ej == 

= (eiL e.j)e.t + (1 ь k.t + e\Le.t.. )е.~= 

=(е ~с. e.j)ee. +(е."-ее.) е.~ """i ь"-е. е,; = 

= 2.l~~t.e. ej-~~t е")+ (е" ,e.j ,-e.t.) +(е ~с. ,ее. ,е 3) , (С.4) 

(eje.r ,e"-ef )et er) =((ejey)(e"-e.f))(eee.p) -( е1 е.у)((е.~~.е.р)(ее.е~)= 
= (eke j)(ee.ep)-(e..i ер)(ее.ек)=(е.е. (ekej))ep- (ej(e" ее.))ер= 

=(ee.(e"e~))ef +(~.i ,el<-,et.) el>- ((е~ е."-) е е) ер = 
= (e.t(-~"1 + t."-i~e..~)ep-(l-ь)"-+~~~~.иe~et)er +(е; ,е"- ,er..)er = 

=- ~j~.t.r.tee..e..,1e.r +(е..; ,е",ее.)е"= 

=2.i...j ~t.e..er+(e1,elt.,et.)e.l" . сс . 5 ) 
First, we extraot or cance1 е using eqs . (В.4 )-( Б.б). At the 1as t 

р 

step 1n eq. ( С , 4 ) we use the re1at ion 
( ek ei)et +(e.~~.e.t.)e.) = -'lБ~t. е ~с,+ (.ek. 1 е) ,e.t)+ (ek,e t., е1). се. б) 
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Полубаринов И.В. Е2-85-930 
Дальнейшие системы гиперкомплексных чисел и квантовая 

!'tеханика 

Рассмотрены алгебры гиперкомплексных чисел, следующие 

за алгеброй октонионов. Эти алгебры связаны с конечными про­

ективными геометриями . Их основные свойства выведены из 

свойств структурных констант fjkf· Выведено тождество, обоб­

щающее на случай этих алгебр закон композиции квадратичных 

форм. Сформулированы соответствующие квантовые механики, за­

писаны уравнения движения. Построены матричные представления 

(в смысле теории представлений Дирака) . В них уравнения дви­
жения принимают обычную квантово-механическую гамильтонову 

форму. Кроме алгебры октанионов дальнейшие алгебры, в дей­
ствительности , приводимы. 

Работа выполнена в Лаборатории теоретической физики 

оияи . 
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Polubarinov I.V. о/2-85-930 
Higher Hypercomplex Numbers and Quantum Mechanics 

Algebras of hyp ercomplex numbers ~ollowing/octonion al­
geb r a a r e considered. These algebras are connected with finit e 
project ive geometries. Their main properties 9re derived 
from properties of structure c.onstants Cjkf· А derivation 
оЕ th e identity is given that gene r alizes the lю"r of compo­
sition of quadratic forms. Quantum mechani cs corresponding 
to these algebras are formula ted, equations l of motion a-re 
writt en . Matrix representations are constructed (i n the sen­
se of the Dirac represen tation theory). In these terms the 
~qudtiuns о[ motion take the s t andard quantum-mechanical 
Hamilt onian .form. Except for the octonion a l gebra, others 
are in fact reduciЬle . 

The investigation has been performed a t the Laboratory 
of Theore ti ca l Phys ics, JINR . 
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