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1. Introduction 

Analyeis of tbo behsviour of qusrk snd gluon propagatore in the 
infrsred (IR) region repreвente sn eвeentisl element of the general 
вtudy of IR eвymptotice of the perturbetive QCD. One should distin
guieh between IR eingulsritieв inherent 1n nonrenormslised smplitu
des snd tbe onea that srise juвt from the renormslizвtion procedure 
(for instance, in QED such singulsrities sppesr in tbe course of eub
traction on the electron mass sbell). An effective method .for вnsly
sing tbe IR вingulerities of the second type is the renormslizвtion 
group/ 11. ТЬе applicsЬility of tbe renormslizstion-group analyвis in 
tbe given севе results directly from в one-to-one correspondence of 
the ·rн eingulвrities iJith the ultreviolet beh8viour of the theory 
12 ,31. · WЬen the subtrвction point is teken in 8 deep Euclidean region 
(just thie choice is typic81 for QCD), IR singul8riti8s of tbe second 
type do not 8rise. Besides, they do not manifest themselves 1n exp
ressions :t'or gauge-1nv8r1ant qu8nt 1 ties. Мuch more complicated and 
intere8t1ng from 8 physical point o:t' vie" 1в tbe IR asymptotica of 
1n1t1al nonrenormalised amplitudes to Ье studied 1n thiв pape.r. 

In sect. 2 we identi:t'y the region of рhаве space of gluons tbat 
giveв а ё omin8nt contribution to the IR 8symptotics of the quark pro
pagator and вeparate it into а univeraal JЯ factor. Ita propertiee 
and dependence on tbe geuge o:t' gluon poterit iale coneidered in sect. З 

8llDiJ_ us to formulate а renormelization-group equation for the IR 
behaviour of the quark propagator in sect. 4. Boundary conditions :t'or 
the obt81ned renormalization-group (RG) equ8t1on are found in sect.5 
and а general form o:t' its solution is compered w~tb analogous expres
sion8 eataЬlisbed earlier. Тhе IR asymptotica of tbe gluon propaga
tor ia studied in sect. 6. 

2. Power Counting 

Coneider th8 quark propag8tor whoee diagram 1а drawn 1n Pig. 1. 
In what follows Ьу tbe in:t'rared aaymptotica we shall mean tbe aaymp-· 
toticв o:t' the contr1but1on of the pbase space of gluons iJith amall mo-
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menta of each component l к.;} • The uppet· limi t of "воftnевв" of 

gluonв of thiв веt iв defined Ьу the kinematic invariantв of the 
рrосевв uпder вtudy (i,e. quark momentum вquared, virtuвlity, vari
ouв всаlев gaugeв of not ye t вpec if ie d,etc.), whereaв the l owar li
mit i в define d Ьу the rвnge of a pplicaЫlity of а perturbвtive app
roach. 

То determine t he вtructure of вubgraphв t hat eввentially contri
bute to the quark propagat or, we вhall uве the method of analyвing 
aвymptoticв of Feynman integralв developed in/4/; we вhall call it 
the power counting. According to/4/ а main contribution comes from 
that region of рhава врасе in which the amplitude drawn in Fig, 1 
has вingularitieв (i,e, in the momentum repreвentation воmе set of 
denominatorв of the quark and gluon propagatorв diвappeвrs вnd i n the 
~ -repreв e ntati on в quadratic form of kinematic variaЬles under ex

ponentiвl va n i sh eв/ 5/) the вmallneвв of рhаве врасе of which iв 
compenвated Ьу а power of the c orreвponding вingulвrity. 

Beвid e s conventiona l RЧ ultraviolet singularitieв correвpond
i ng to а hard subproce вв Н drawn in Fig, 1 the quark propagator 
containв collinea r aingulari t ie в( logarithma of quark masaeв) deter
mi ned Ьу jet aubgraph a .J of part i c lea collinaar t o the quark mo
mentum and infrared вingularitie a (logarithmв of quark virtuality) 
from subproc eвseв S of emiввi on of вoft gluonв Ьу jet particleв; 
the lвtter ia t he object of our вtudy. Аа followв from the power 
counting, the emiввion of eoft gluona Ьу collinear quarkв and gluone 
i n vert i ce e of four-gluon вelf-interaction ie euppreeeed, at leaв t , 

Ьу а linear power of the mome nt um of а eoft gluon а в compared to 
t heir emi ввion in three -gluon and quark-g l uon vertic eв, and thuв 
the r e are no IR aingularitie в . Ве в idе в, the emiвв ion of вoft gluonв 
Ьу collinear qua r ka and g luonв of j et eubproca вaea :J ca nnot chan
ge the ap i n etв t e of the lвt ter , в nd ав в re вult, евсh of вuch ver
ticea of tripl e i nt e rв ction t rв nв f orme into t he we ll-known вса lвr fa c
tor 2. Pr ( р ia t he mome пtum of а c o llineв r quв rk/gluon , f< iв 

t he po lв ~i z вtion of в &oft gluon ) thue reprod ucing the Dirac вnd Lo
rentz atructure of the i nitiвl col l inear вuЬрrосевв. Conвequent ly , 

в вoft gluon to mвke а вingulвг contribution t o the IR вeympt oticв 

of the who l e diagrвm вh oulct he polari zed l ongi t udi nally to the mo
mentum р~ • Propagati on af euch p olariвationв may Ье вuррrеввеd i f 
the correвpond ing gluon po te n tta lв are вubjec t ed to the cond ition 
of axial gauge: 

" pf А~ с ><1 ~ О · ( 1 ) 

'l 

Тhiв meanв that if we ехрrsвв the propagators of particleв of jet вuЬ-
"-

grsphв ::; propagating in an "external" field д,._ of вoft gluonв 
taken in an arЫtrвry gauge 1n terms of tbe correвponding propaga
torв 1n the axial gauge (1) for soft gluonв of the Ьlock S : 

~(X,'j;A)= u+cx)S(x,~,;A"'-"'....t) U(~) (2) 

for the jet quark propegetor, and 
ir. · --' + +r. о.< i" ~) "' 

1>/'v (Х,~; А)= И (Х) .:Dt'~ (X,'<f ; А И ('а) 
(З) 

for the . trвneverвal part of the jet gluon propagator•) (contribu
tionв of the longitudinal part of the jet gluon propagator and ghoвtв 
are cancelled in the total amplitude), we single out the IR a1ngu
lar1t1eв of the initial amplitude into operвtore of the gauge trвnв
formation Vfx). Axial gauge belongв to the сlавв of вo-called con
tour gaugeв /б/ for which the operator U(X) iв an exponentiel order-

ed elong е rву paralle~ to the vector pf : 
- J ~ -C::S) 
EF.(x , oo)= Pe><p(i~ <~~sprAr<x..-ps;)e , Е-о (4) 

" _ .. 
end the trenвformed field Аf<Ск) вatiвfying eq.(1) iв connected with 

the 1nitial one Ъу 
"""- ... - E;s е ,....., о.~ (5) 
Ar(x)=Pv~dse cqf-!,J~+-ps;д) ЕР (x..-ps,oo)· 

The gauge trenвformetionв performed heve changed not only the IR 
eвymptoticв of verious multiplierв of еqв.(2) end (3), but аlво tbe 
UV propertieв of propegator. Indeed, the renormalization oonвtents 
of gluon end querk fieldв are gauge-veriant and according~to еqв.(2), 
(З) the difference betweenA~~: 1n the or1ginal geuge ( А~ -f1eld) 
end 1n the exiel geuge ( At' '" е - fie ld) is generated Ьу the UV 
в1ngularit1eв related to the gluona emitted fr0111 verticeв of tbe Р -
ordered exponentielв. Тhere ere two воurсев of extre UV вingularitieal 
вubgraphs of emiввion end ebвorption of gluonв 1n vertices of Р -ex
ponentiale (P1g. 2а) conteining аlво IR вingularitieв end вubgrephв 
ot eaiввion of gluonв in verticeв of Р -exponentielв end ebвorption 
Ьу collineer quarkв (gluona) (l1g. 2Ь) heving no IR вinguler1t1eв Ьу 
construct i on. Ву uвing а generel method of ref./5/ it аеу Ье вhown 
t het upon co11Шlutet1on of tbe operatorв Е,. and Е,. througb теrt1-
сев of colli neer end herd вuЪрrосеввев tbere reшein only two P-or
der ed exponentie lв e t endв of t he querk pr opegetor. In t he momentuш 

rapreвentet ion i t meana1 
.) "' Hereafter, tbe wevy line u вtandв for tbe · edj oint repreaente tion 
of the gauge group. 
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4 :рх . J 4 •рх . ~ + ~ 
SCp) =J.i хе 50<): dxe <oiTE"Cx,""")Ef>Co,oo)lo> ?'nh.a.rJ.(x). 

After вeperating from the fectorized emplitude of herd end colli
~ear вuЬрrосеввев )11 br.{ the free querk propegвtor: ?11 h<>.,..d. Сх) .", 

Ja:j'S.,Cx-,y)')'n J·,a.r.ll~) end peввing to о(. -repreвentetion for S.,Cx-y) one 
obteinв/7/: 

О<) ~a-tp"!:..""'~~o) -... + - _ 
S ( р) = -tpн'1)jolo-e (oiT Ер (2.,-р,.,.,)Е=р< О, "<>) !о) т ha.rd С р) · (б) 

о 

Thuв, the IR eвymptoticв of the quark propegetor is determined 
Ьу the contour integral 

2.r..Гр'"-
~+ ~ R .... р \ 

'm1R= ("(ТЕ" (2.rp,OC>) Ef' lo,oo)lo> = (о/ Т Р ех.р (<& Jas Jfi Ar (s Vp')J 1 о> (7) 

elong the straight li.ne вegment wi th length 2 rr,Jfi determined Ьу 
the querk virtuelity Ьесаuэе а dominant contribution to the integrel 
over О" in eq. (6) comes from а vicinity of the point о-0 = lf~\'Y\ 2 )- 1 • 

). Renorme11zation of tl1e Infrareд Factor 

Тhе IR esymptoticв of the querk propвgetor enters completely into 
the Р -ordered exponentiel (?), everaged over the QCD vecuum. Тhе 

gвuge dependence of ?rlu~ reвultв from the geuge noninver·iance of 
coнt our integra lв. € nd t!Je contour length (fig. за) determineв the 
всаlе of wвve lengthв of soft gluonв. 

Вевidев IR вinguleritieв diвpleyed in the logerithmic dependence 
on ~ the contour aver&ge (7) conteinв еlво ultreviolet divergenceв 
вtudied ir, refв/8-121. All the further enalyвie reduces to eetвЬli
вhing the c onnection between IR вnd UV eвymptotice of eq. (7), end the 
correeponding conвequenceв. It iв well known that the IR aвymptoticв 
of the quark pr~pegetor chengeв quelitetively when one реввев from а 
covariвnt (e.g., Feynman) gauge to е phyвical (e.g., axiвl) gвuge 
ot tbe gluon field, and for this rеввоn it iв juвt tЬеве two gauge 
condit·iono we shell Ье reвtricted in whet follows. In the вxiel geuge 
given Ьу tho condition ~АС~ ) "' О we perform вn identicвl tranвforma
tion of eq. (7), i.e. edd to t be contour drвwn in Pig. Эв two l 'BYB 

perallel to the vector nt' , '11. YJ hich, вв 1в eaвily seen, 
\)С - Е- ' "" 

Pexp(<:J п,.._ Jast.2 Ar ( x+-ns))• .11 • 

Ав а rвsult, eq.(7) may Ье rewritten ев the W11вon loop (~ig. 
ЭЬ ) cloвad at infinity1 

/ ~ . л + ~ ~+ 

'm1~,a..ial" ~ Tr(o/T Е" (2<rp,co) Ef' ( 2..-р,ос.) E"to,oo) En (о1 <><>) lo> · (8) 

If the шomentum of в quark tends to tbe mass вhell ( 0"0 --. <>о ) , eq. 

4 

~ 

(7) deecribes . the IR eвymptoticв of eelf-energy cor'rectioг.в to the 
quark field ~ L <p~)l 1 

о-т ~ 

1 F ~"' 
""' 0~-~h .. et ТР ( . '( -ES ~ ) 1 > (9) 
"IIR =-<ol ехр '8 jJse р ~~<-(ps) о 

о r- 1 
end in the свае of axiel g~uge 

01'1-ь~.,о~ ~ + л ( 1 О) 
'rnl" · ·e=<oiTE (о,ос.)Е (о,оо)/о) 

",а.х,а. У\ р 

which correeponda to cont ours of Fig. Jd and Эс, respectively. 
Equetione (7)-(10) contвin extre UV si~gularitiee due to tbe 

сuвр end end points on contours of Fig. Э 18 ,91. Renormalizetion pro
pertiee of вn arЬitnry conto11r average Ec=<o!TPI?xpUЭJ.:('i'f'A?I~re 
described Ьу the following RG equetion / 10/1 ~ 

( 

~ ~ I 

f')f +(Ьt'Э)-)3 + NГerн:t.<9)+~iГщsp(:1,~))~C.f'-l.~,{~~)=O, (11) 

where N and I represent the number of end pointa вnd cusps, 
reepecti vely, of contour С wi th вngles { 11,} , Гenl( end Г сt.цр вrе tha 
corresponding anoшalous dimensions. Prom erguments of the Р -expo
nent1el we have explicitly separвted the length of contour L and 
tbe set о! dimensionless peremeters { 7} • То subtract end-point 
в1ngulвrities, we shall uве the procedure of introduction of one
dimeneionel fermionв lived on the contour С / 8/, вnd to subtract 
cusp singulerities 1(~ 10 R Ms- вubtraction scbeme of ret/ 111. Тhе 
end-point gвuga-dependent anomвloue d1mens1on is known in tbe 2-loop 
approximation in Peynmвn gauge in tbe МS echeme/121, 

г о( 1 ( o(s)2 
.1 CCi) = - -~ с -- - с N 

е""' о z.". F 48 "' ;: с 
( 12) 

and the guвp gвuge-inveriant anomalous d1mena1on was oaloulated 
Ъу us /11, 13/ 1n the aame approxiшationa 

Г. ( Ci 0 }= ~c~(~c~h ... -~)т2(o!.s)2cF"'- (н<осАh~-1)• f 
Gu.t;;p о' 'Тt ~ • ... с :t 2 .., 

)' у 

-;;(0c.thт-1) -1 cJh~ j.txxc.ihx + ~ t.f h :l~ J..txx /J-x) c.{hx 
'У • 

-.!. sh 2у Г.tх xc.+hx- f ~ ~h ~} ' 
4 ~ ~ht~_,J.2)( ~hx 

(13) 

where о 1в tha cuap angle of а contour in tbe M1nk011sk1 8JIIIce. De

termine n011 the UV aв)'lllptot1cs of contour 1ntegrela 1.n еqв.(7)-(10) 
oorrespond1ng to oontours 1n ~1g. з. Тhа total ano881ous dilllansion, 
the number of end pointв end сuврв equal respect1velyl oontour 1n 
:P'ig. Ja -

r:._ = 2 Г~nd ( 9) , 1'J = 2 

contour in :P'ig. 3Ь -

I= О 

Г,=2Г (а;у) ri=O,I-=2, 
о cu.sp d• 1 

5 
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where 7f iв the angle between the vector n.._ f1x1ng the gauge con-
' ( h (ph) dition and the quark momentum in the Minkowвki врасе с 1r~ .,) 

2
"' , ); 

contour in Fig. Зс - f' 

Г= Г (а"") N=O J = i (16) с шsр а , u , 
contour in Fig. Зd -

г..l ~ ге",d <я), N~-t , I=O· ( 17) 

Now let uв евtаЬ11вh the connection between IR and UV aвymptoticв 

of еqв.(9) and (10). An infinite length of the contour in Figв. Зс,d, 
а вource of IR singula_ritieв, requireв the introduction of 1nfrared
regularizat1on всЬеmе. Since the integralв obtained over contour pa
rameterв вrе вimultaneouвly divergent both in UV and IR regions, we 
supplement the dimenвional regularization with а f ictitious gluon 
mass Л • Within the subtraction procedureв we make use of the cal
culationв to order ois givcs 

l. 

·rn on - • he~ = 1 + ~с ~ t_ (18) 
!(( ,r:e:J" · 4-тr F л'-

and in the севе of axial gauge 

on -·h~Ц O(s fJ ~ (1 9 } 
mlQ , o.~ial = i- 2."-CF ( (fc{h~- 1 ) \:М Л >. 

in а complete agreement with еqв.(16) and (17}. That theвe equations 
conta i n renormalizat i on pвrsmeterв {-'-- and Л in retio iв а con-
вequence of the invariance of nonrenormalized еqв.( 9 ) and (10) under 
scale trenвformationв of parameterв of the integration over contour 
1141 or, equivalently, the le ngth of c ont our whoee analog i e an in
verвe of the infrared ragula tor: 

on-~heЦ on- •heЦ 
YrlrR ~ mlR <fL . 'i;i), L ~ 111\ . (20) 

Тhiв fвct will вllow uв, i n the next eec tion, to ge ne rвli ze eq. 
(11) to take account of IR aeymptoticв. The a bove invariвnc e в nd the 
general form o;f dependence of contour averagea оп f вnd quark 
virtuality 'l~o, the infrared cut-off, break for t he cont ourв of 
Fige. За and зь. Неге we preвent the reeultlng e xpreвaione ln the 
one-loop approximatlon f or eq.(7): 

""'nч-·hе-Ц « [ е 2 ? J "'I" : 1 + ~ CF 'n( цгр ~- ) ·2 
к, Feil"· 21!" 1 о 

and for eq.(B)*}: 

( 21 ) 

~J Calculвtion of contour inte gralв 
termв of angular variвЬleв /11/: 

i u e ввe nt i a lly вimplif ied in 

,- .... 
)( \1 е .. х е Vn' = е 24-
хГр•t- х «!-r..r;:;, 

J( . l- х or 
t • 7r f «Х 1 
, <xp.xn)z ~ ,fpY<hr J.J4- J 

J 

(, 

~ 

'YI/Io:r - •~etl : 1- ~ CF [(3'cih-a--t) е., (f"-Zp'-cr-0
2 

- 1- D c. fh; + 2 ct h;,Jc( Х Х с.{ h )\ 1 . (22) 
" •"-'IC•Ot ~ 

The UV aвymptoticв of еqв.(21) and (22) correвpond to anomalouв di
menвions of eq.(14) and (15). Deвpite the fact tbat in the conвide
red kinematicв the functionel form of eq.(20) iв not valid, we can 
here introduce the concept of an effective lengtb of а contour ав an 
inverse of the value of renormalization parameter f at which the 
contour everage correвponding to Fig. За,Ь turnв into unity: 

atr-•~e~ Щ-·1.~~ 
'Yt/IR :1t!IR ({<-LЦ.{•lJ)=i f = 1/Lе.ц. (2З) 

From еqв.(21) and (22) we may easily derive the one-loop expresвion 
for tbe effective length of contour in Fig. За: 

F'1Jn 
Lец = <>" R С1 • (24) 

where с1 = е)(р с 1) • Тhе expreввion for the effective length of con
t .our in Fig. ЗЬ ie rether cumberвorile, and 1 t iв simplified in the 
limit of а large cusp angle. If we denote 

("' 4 <pn)'/ (р2 )1'-) 

then for С » 1 we get 
. о.~ < ае . ~ \ 
Le.r.;- =- <rovp• С Cz (25) 

wbere C 2 =el(p( "l~f t- 0(f)) о Тhе expreвeionв obtained for the ef
fective length, еqв.(24) end (25), are not exect end are modified Ьу 
higher-order perturbetive correctionв whoвe general вtructure may Ье 

вtudied with the uве of exponentiation theorem/151. In particuler, ев 
hae been ebown in 1111, the etfective length of а contour 1в deter
mined not Ьу а complete веt of contour integrelв but only Ьу а вuЬ
веt of strongly connected diagremв with а "maximally non-Abelien" part 
ot the colour factoгf 1 5/. It 1в to Ье noted that the effective length 
in вnу perturbвtion order will lineвrly depend on ао~ , the only 
d1menв1onal pвremeter of contour everegee in еqв.(7) end (8). In 
higher orders ot Pl' corrections will chenge the constants с1 1 

с2 in 
eqa.(24) end (25} and tbe power of t in eq.(25). 

4. Renormal1zat1on-Group Eguation tor IR Asyaptotica 

Introducing the вttective length inverвely proportional to the 
quвrk virtuвlity and uвing eqs.(20}, (2З} we шву generalize the RG 
equation (11} to deecribe the IR aвymptotics ot the quark propagator1 

( Lец ~ L e~_/" \"< ~ ) ~ .. N Ге"d <~) + 1 Гcu_.p(9,"3))"1t111/fLe.ц-. ,c;J)= 0,(26) 
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where for the on-вhell kinematicв Leff .~ 1/1\ , the parameterв N 
and Т for contourв in Fig. З are gi ven Ьу еqз.(14)-(17) . Тhе gene
rвl вolution to eq.(26 ) iв 8В followв: 

З<r-)d 
'I'>IIII(fle+;, ~)=е><.р(- 5 ~)(NГ~•нtС<J) т I Гcu.$/~ 1 <r)J). 

8( 1 /Lец) 

(27) 

It deвcribes the whole IR aвymptot icв of tbe quark propagator 8nd con-
tainв extra UV вingularitieв. It reвultв in а number of important 
conвequenceв. According to еqв.(14)-(17),(27) the difference between 
aвymptotica in the Feynman and axial gauga reduceв to в different 
bebaviour of the end anoma louв dimenвi on of eq.(1 2) and сuвр anomв-
louв dimenвion that i n the limit ~ ~> 1 hав the logarithmic be-
haviour 1111: 

Г ( ) _ ols () С ( о< )2 { 6:;. 1f 1. ) () сц, f} 1 о - -2 С,:: t:-t1 + ~ С N - - - V\-'1 С 
Р У->оо .,.. ". F С + 2 2 4 • 

Ве аidев, tbe вhift of в quark from the m8ss вhe ll douЬles the number 
of вingularitieв on the c ontour end, c onsequent ly , the IR aвymptotics. 
Note that in the obtained equation (26) universвl, i.e. independent 
of 8 p8rticul ar f or.n of the contour, are anomalouв dimenвi.onв Г e"d 
and Г /9 • 10/, whi l e а apecific feвture of the process under in-

шsr 

veвtiga t ion manifeвt s itaelf in а definite V8lue of N, I and the 
e!fec t ive length E\ff . • 

То cempere eq . (26 ) with equations obt81ned earlier Ьу counting 
in thelowest perturb8tion ordere/16, 17/, we differentiate both sides 
cf eq.(6) with reвpect t o the quark virtuelity 1(~~ • Taking account 
of eq. (27) 8nd linear dependence of the effective l ength L QЦ. on <r

0 

in all perturbвtion orders we get 

d ( -1 \ d е..., 1l'i ( (28) 
J'O ~o(p)Stp)J= dРм Hl~fJГend З( 1/Lт))+ТГ (gt11L ),3) · 
~ \N\0'0 а., ....,.. . cusp ~н·. 

The right-hand side of thiв equat i on repreвents 8 perturbation serieв 
in tha coupling conвtвnt о/.~ • Starting from tbe вecond expansion tenn 
it deвcr ibes а nonleeding IR aeymptotics of the quark prop8gator, and 
therefore 8 complete solution of the proЬlem requireв uв to e вt iaata 
correctionв •е have neglected Ьу truncating the perturbation веriав. 
Earliar 1111, we bave sbown tha t in the limit of large cusp angleв 
of tha contour r '>'> ~ the angular anoшalous dimenвion hae tbe f ol
low1ng aaymptotic babaviour .,.. 

~so (~~а')= [ о/.: С,:: f{c n-
1 

( Cl.n ~С + ~.,) 
' 1\•1 

•ЫоЬ •1cn1f1aв tbat in the r.ь ••• of aq.(28) ( c1!; ( 11Leц)Wc) 18 the 
axpan81on parameter.This fact produces а вtrong conвtraint on the non-

8 

leading IR asymptoticв. Specifically, ·tbe appearance of tennв of the 
form ~(~)~F /1/c e.,~ in the r.ь.в. of eq.(28) (8nd, consefuently, of t he 
expanвion paremetero/5 Nce.,C ) i n calculationв of refв. 18 • 19/ reвultв 
from nontrivieli ty of the argument of tbe coupling conвtant in eq. 
(28). From eq.(28 ) it вlso follow в that in en n-loop вpproximat i on 

tbe IR aвymptoticв iв determi ned Ьу an n-loop expreввion for anoma
louв dlmeneionв, en ( n-1 )-loop cont ribution to t he effective 

·length and ~ -funotion of QCD. In particular, eqs. (12),(13), (24), 
(25), (28) describe the whole IR asymptoticв of the quark propagator 
in 2-loop approximetion. 

5. Extre UV Divergencaв 

Тhe · obtainod eq.(27), е cofector to eq.(6), containв UV роlев 
coeff icientв of which depend on kinema tic i nvariвnts . Ав ment1.oned, 
this da pendence vaniвbeв when acc ount iв taken of extra UV divergen
ceв producad Ьу the bard pert of amplitude ?1].._.",-.ttp)(Fig. 2Ь ). In order 
«s it is equal to the в um of t hree diagremв ( Fig. 4). Unuвua l
neвв afthe diagro~ of Figв. 4а,Ь conвistв in tbat thay contain the 
pa:lring of gluons А: ~mitted from vertioeв of the Р -exponential 

-vq f 
and potentisl Arc>< ) t r aneformed to the axial gauge. In order «5 

they 8re connected Ьу tbe condition 
"'"" /( Р. .. А{<Ск)= (fJr- 11 -~) А." · ск). 

Тhе diagram of Pig • .tc iв t he quark propвgator in axia l gauga pf А~Сх)= о, 
wbere pf iв the quark moшentum. Тhе contribution of di agr am of Fig. 
4а iв given Ьу •) 

. 2 Ji~" ;;.~."., ~<:t'p" ?,.. 
' с - --- - D (К) - • 'iJ F(2_.,,J"''f'(pнJ-rn•(fJf'v l<.f) vr (kf) 

(29) 

"-wbere Dpv (1<) iв tbe gluon propagator 1n the gauge of field д/'- • 
Calculation of eq. (29 ) and t he renormalized contribution of а mirror-

z. -1 
вymmetric diagram of Fig. •ь giveв the following result: for cro : ip-~·~~ 

-2 
~> ~ in tbe axial gauge 

- O.Ц-•h.Qtl ol. f' r 
?n ha.r.t ,o. .. Ь ~ .; cl' ( (~c.fh-J- 1 ) е., р•- 2 c.!h~ J:lx х c.+h ~~; + 2 + ~ i-1, f J (ЗО) 

in tbe leyn=an gauge 

- о.Ц -·1-.~е.t ol. r; n ~о~.'- ] 
т =-~с -tм L - 1 

ho.r.L,<:~ ., Ь .". F 2. р> 
(З1) 

•J Bare we шаkа uве of the mo•antua repra•antation for P-ordared ax
ponantial8 /11/. 
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At р2: "m
2 

севе: 

there iв the following connection with the previouв 

- on- <hc;>U ~ - о~{- .h~ll 
'rn : - 111 

ho,rJ , ц~b 2 ho.rd , o.-~cb 
( 32) 

А renormalized amplitude of the diagram of Fig. 4с iв independent 
of the gauge of field д; , вnd for о;>> .""- 2 it iв given Ьу 

- o+f- •h"Ц= ~с [.! ~f- 2} 
'»! h ' ..,. F 4 f'~ a.r",c 

(33) 

snd for р2: m 2 Ьу 

~ o>~ - •ho> et = !. )?i 0{..(- \ h~U • 

hQrJ . с 2 hм-.1, с. 

(34) 

Now let uв csrefully snвlyвe the propertieв of еqв.(30)-{34). Тhst 
there вrе no IR divergenceв iв а reвult of the fsctorizstion of the 
IR sвymptoticв in еq.(б). Тhе вmplitudeв (33) вnd (34) оЬеу the RG 
equвtion for the propвgator in axial gauge in which the enomвlouв 
d1menв1on of the fermion field equelв 

г (о,-. ' " 0 "' .! с о(_. • 
F 4 F .."-

Ав UV divergenceв of the quark propegator and infrared factor 
of eq.(7) ere renormвlized mult1plicet1vely, the herd amplitude ThL "ау-с:{ 
вatiвfieв the conventional RG equation (in the notation of еqв.(11)-

(17)) 1 

(f~r +f>~eil)~- 11/(гent~<<J)- гFc~))-rг<..Usp(~.~))mh"rd "' о' (35) 

where ГF iв the вnomalouв dimenвion of the fermion field 1n the 
gauge of field д; . It 1в еав11у ver1f1ed thet thiв equetion iв 
fulfilled for tbe 1-loop expreвsion 1ii ha.rJ. • i ~ L tii h~ • .,. From еqв. (б), 
(18),(19),(22),(22), (30)-{34) we get tn tье' а'Иеl gвuge: 
- On-.h<>U d. [ n t-<-'- у 
?11\..o.rJ. с 1- ~cF (* - 0cHr)lhlp~·2 cihlJ.:iкxc-thx - ~-HIJ . (36) 

}ij С.Ц- .h.~ ( - <>n - •hо>Ц )2 
ho.rJ. - 171 h,.rcl 

and 1n the Feynman geuge: 

- <>n - •l.teR d.s [ 3 ГJ ~-<' ] 
7nh =1 - -CF -lh'JL+1 

O. r'd z..,. 'i р'-
( 37) 

- О.Ц - •""~ ( - o .. -.~~ eR )2 
Th harJ. = ?11 hQ rA 
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Тhе general form of вolution to eq,(35) 
91~) 

1rj harcl( r-)=1?x:p(J_ ~r~p(N(Г~"tf. (~)- ГF C ~)) t iГc.us ( ~ 1(})1)irJhQrd.cf\ (38) 
~j{f<) - f 

dependв on tbe renormalization point f whoвe choice iв RG erЫt-
rary. We will require tba t the amplitude iii ho. ra I F) Ье mintmized 
Ьу the value of F • Tben, for t '>'> 1 еqв,(3б) and (37) lead to the 
one-l oop expreввion for F in the Feynman gauge: 

f 2= р2 с.; ( 39) 

and in tbe axial gauge: 
- 2 2. п::: f z р \JC Сц ' 

(40) 

where с.!>~ ех: р (- ~r'i.) , с.,= екр(- ~ + C(it )) for both k inematicв. 
Having determined the aвymptoticв of cofactors of еq.( б ) in еqв.( 27), 

(38) we arrive at the finвl expreввion for the quark propagator: 
8•f >J Э1 1'\:l 

S< p)=l?x:p(-J f/>( "'гe .. <~ ' iJ) · IГc.ц, f' r з , -r>])ex.p(- J &;)гvгF(~)) ( ) 
:J <11Lщ ) _ ~lf) l 41 

• S0 Cp) '»JL,.,,...,t i[i.) · 

Тhе firвt multiplier of (41) containв all the IR вingularitie в and 
dependR on tbe effective length Leff. вnd renormali zation parsmeter 

F minimizing the hard вuЬргосевв. Тhе one-loop valueв for Lе-Н , р: 

are defined Ьу еqв.(24),(25),(39),(40) i n the Feynman and axial gauge. 
Тhе depend ence of 5 Ср) on the quark virtuality iв deвcri bed Ьу eq, 
( 28). Till now we have dealt with the севе when the quark iв on the 
mавв в hell or near Ьу it. The developed appr oac h may naturally Ье 
generalized to s t udy the quark propagator with IP~""~\ ">> mL • There 
are valid all the raвultв obtained in весtв. 1-4 but with СТ0 = Уч> ' \ ; 
only finite parts of UV divergences will Ье changed. However, the 
performed calculation ehowв that i n the c onвidered kinematics minimi
z i ng valueв of р. d i ffer from tЬозе given Ьу еqв.(39),(40) Ьу а 

вrnsll change in the nume·rical factorв с_., вnd с4 , Substituting 
i n t o (41) tbe explicit form of quantit i ee f<. , L ен obtained earlier 
one ma y eaeily varify tbat firвt expansion termв in the exponent of 
the firвt expo ~ential of eq,(41) in tbe axial gauge coincide with 
thoвe found l n Rorkв 1181 a nd 119/ •), 

•) I n tl1e stud i ed li mlt of the quark momentum much вhifte d off the 
mа е я 11 IJe ll the expre s в ion e obtained for f,L eff. Гend. an•l rcu allow 
u в to take i n t o acc oun t, i n the exponen t of eq ,(41), t e rmв OCa<::t'e..,"• '.::_ ) 
(for " >-2 ) i nc l u•H ng Q( o~~2 e .. ~ t ) termв of refe, /18,1 ;1 /, "" 
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6. Тhе Gluon Propagator 

Let uв p~ooeed to oonвider the IR aвympt otioв of the gluon pro
pagator. Let 1 /~0 Ье the gluon virtunlity defining the soale of 
вoftness of IR gluonв. We вhall now apply to tbe property well known 
from the faotorization tbeory /4 , 5/, the Feynman diagrams for oompo
nentв of the tot al gluon propa~tor oorreвponding to phyвioal polari
zationв bave the ваше вtruoture as the diagram for the quark propaga
tor grawn in Pig. 1 provided the initial quark is replaoed Ьу а gluon 
of the oorresponding polarization. There existв а olasв of so-oalled 
physioal ~uge oonditionв (for inв tanoe , the axial ~uge and tbe Fook
-sohwinger ~uge, partioular оавев of the oontour gauge/6/) admitting 
the propagation only of tranвverвely polerized gluonв. In а оlавв of 
oovariant gauges ( oL -gaugaв) the requirement of transversality is 
aohieved Ьу introducing ghoetв 1uto olosed gluon cyclee and Ьу avera
gi ng finite вtаtев with а pbyвical matrix of deneity of gluonв. Noti
ce that tbe IR factora singled out of еас :~ quark and gluon jet propa
gator in eqs. (2), (З) differ only ir1 the rapresentation of the gauge 
group. Following ell tbe argumentв of весt. 2 we arrive at the follo
wing conclusion: the IR aвymptoticв of t he propagator of pbyвioel 
polarizations of gluons enterв into the contour integ~l 

-+ ~ 
Th 1Q(x) =(<'/Т Ef' (><, ~) ЕР с о,оо)/С> (42) 

wЬове propertieв in the fundamental repreeentation bave been etudied 
in весt. З,4. Тhе gluon propagator j_n axial gauge in tbe momentum re
presentation шау Ъе written enalogouвly to eq.(6) s 

Dr"cp) а .f•4x Q•px D~"'(x) = ja.+J( Q'f'X 'mln(X) т!\1 ( х.). 
к no.ra 

Upon expending rn t:rd.- over independent tenвor etructureв, вepareting 
the free gluon propagator, sn~ pasвing to ос -repreeentation, we get 

l) ( )-( _nt'PvHI~~ Pt'P• n•)..,J ia- ( p~тiO) -
/"'" р - ~/"11 cnp) CnP)' /а-е 'rn/r/cт)"»ll.,.,...c (4З) 

+(~"·- "r=Pt~n~Pr+~ n•)OC-~-), 
n~ Cnp) (nP)' €.,t 

~+ -
wbere n,._ iв tbe veotor fixing sx1el gauge, and 1hrficт) • <olrE~<Ьp,-><>)E,.to, .. 
Upon an obviouв ohenge of colour fector and subвt 1tution of ~. 1 

c"--.cA ~ IIIc 0"0 :. 1/ lp~l (44) 

we f1nd tbat all tbe resul ts of sects. З and 4 are val1d for tha IR 

tactor 711rQ of tbe gluon propagator. 
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Тhе bard pвrt of amplitude of tbe gluon propagator given Ьу eq. 
(4З) in order c(.s is contributed Ьу four diagrams drawn in Fig. 5. 
We have oaloulated it with the use of the following expression for 
the gluon polarization operвtor in axial gauge 1201: 

ПСр)-:-<[П ( р)Р + Пср)NJ (45) f'Y <> j'V 1 ("-\/ 

with tbe tensor structureв 

р -- 2 - Pt'Y1,-.P ... ~ 2. n n.., 4 
rv- Р B".v - Pr- Р." , N,.._v- Pt' P" - - cpn) Р + ~-z Р 

Ср11)'" 
and the notation ch zo = -

2
- ~ _;_ 

f]"-N ' р n• 4 
по < р) =- 32."cz (- ~ е., ~,_ .. c.A-h

2
o {- е., (4c.h "-.,. )(&"- 6c:h-~ ... c:h-\)- ~~ .. ~~ с. /, -ir 

+ 2c.h-4o+ ( 8'c.~,zf_ g + 2с~-2~ - ~ Ch -\) r J] 
П1 <р) = !:~~с-Н,\- [-~ -.- 2c.~-r + е.., t4d "-~) (+- c.h-\- 9 c.-lh"-rj- ~с f6c.h~-s + ,х~ 

- 9 <--th2r ) -2 ] 
~ 

Р1"2 Jlc -j 4 ..:.х.х J t : fь i "'-- - ~ --- ( '3' ~ (2ch)") нh-r} --- · 
<p n> J<-2..-P~<Z-c ~< ,.,) ( ~< +-p>' ~h 2?1 "' •hx ~hror+'l ) 

In tbe limit {;; » 1 the c ont r ibution of П1 lp) to tbe gluon pro-
pagator iв вuppreesed Ьу а powe r of ~ 

D~"cp) = :D~~ p )[i - ot.s, N (- i!. p,., _t: + e_..>-t- 2е.., t + ~- 31 )] • 
<> 2-" с 6 р "'- _з, 1 fi 

(46) 

Тhе reвulting expreвв i on f o1• 1)') ~' "rd. i s 

iti 1 ' 1 - ols. rJ ( (- е., t + i. ) ~ ~, _,_ .!. ""'rd. 2-"- с (, f' " 2. 
е.... "2с - е., t + ~~ 1 (47) 

from whicl1 we obta in t he minimizing renormalization parameter fi-
in the one-loop approx i mation in вхiвl gauger · 

f 2
= pz.JE с5 , с5 ~- ехр(- /; 1- O ( ~t)) · (48 ) 

Therefore, ultimately , the gluon propagator in exial gвuge in the 11-

mit'r, t'>> i iв defined Ьу the expreee1on (cf. eq.(41)): 
gc~t.) z-

( о) ( J' dэ '\(~) _ 
J)fll (р )= ])rv ( р) ехр - 2 ~'Э> Г C<.t•p ( ~. ~)) .:.2( 1'tJ na.rd. CF) ' (49) 

Э <VLщ) о ,.._ 

where L'"-f.(. and Г си ere given Ьу еqв.(25) and (1З) witb а вub-
eequent trenвforшat1on С44), р: 1• defined Ьу eq. (48) вnd acoount 1• 
taken of tbe conneotion between the anosalouв d1menв1on of gluon 
field• 1n axial gauge and the QCD 6 -funotion. Тhе firat expane1on 

. г 4 ... 1. 
term 1n the exponent of exponential (49) in powera of ~5 ( ~~:;w•• 
oaloulated 1n ref•./16 •211, tbe •econd (partially) in rer.119 • 
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1. Conclusion 

In the preвent paper we have вtudied the infrared aвyшptotics 
of the quark and gluon propsgators within the framework о! perturba
tive QCD. Uвing gauge propertieв о! underline theory we Ьвvе demonвt
rated that the IR asymptotics of the propвgatorв вrе accumulated Ьу 
new nonlocal objects, nsmely, tbe P-exponentials, averaged over tbe 
РТ vвcuum and ordered along ot contourв о! tbe type of ~ig. З. ТЬе 

form of the contourв is uniquely fixed Ьу kinematicв о! the procesв 
under coneideration snd Ьу the gauge condition used. ТЬе relstive 
eimplicity о! tbe contour structure had allowed us to estaЬlish в 
one-to-one correspondence о! the UV and IR singularitieв of correв
ponding contour integralв and to formulate then the re~ormalization 
group equation tor the IR авушрtоtiсв of the quark snd gluon propaga
tors. Itв вolution for different valueв о! the external quark (gluon) 
momenta вquared in the axial and Peynman gaugeв dependв on certain 
quantitieв whicb we determined to one-loop and contsins the nonlead
ing IR aayшptotlcs known from refs./18• 197. Using the renormalizв
tion propertieв of contour averageв we have found а general tunctio
nal form of the snomslous dimenвion appeared in tbe RG equвtion. We 
succeded to вum up the large correctionв obtained earlier in refв. 
118 • 19/ sbвorЫng them into the ef!ective argument of the running 
coupling conвtant whicb iв the parameter of perturbation theory ex
pansion for the anomslous dimenвion. 
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Fig. 1. Generel structure of the diagram for tbe quark propagator 
witb momenta р,._ contained hard {Н ), collinear (J) and вoft 
(S) вuЬрrосеsвев. 

в 

.,~,. · 

~ 
1 1 

о х 

а.) 

~ 
Lдj 
о х 

Ь) 

Fig. 2. Diagrams contributed to infrared авушрtоtiсв (в) and hard 
part (Ь) of the quark propagator. Here - after the daвhed 
line wi th n ·connected gluonв denoteв an n-th term of the 
perturbative expanвion of the P-exponential 1111. The ЬlоЬ 
denoteв ап arЬitrary gluon вuЬрrосавв. 

А т
;. :_rt ЁL':n. 

'( . 
р - ... . .. А .. 

о 2б"р 
а.) 

о 2б'р о 
d) 

о 

Ь) с) 

Fig. з. ТЬе integration contourв determined the infrared aвymptoticв 
of the quark and gluon propagatorв in the Feynman gauge for 
off-ehell (а) or on-вhell (d ) external momenta a nd in the 
axial gauge for off-вhel l (Ь) or on-вhell (с) kinematicв . 

д А 

~ _dj "' 
+ + А 

о \ 
\ А 

о х о х о )( 

а.) Ь) с) 

Fig. 4. Total веt of the diagramв contribut1.ng to the hard part of 
the quark propagetor in d~ order. The type of the gauge po
tential of the e mit ted gluonв iв pointed out in the interac
tion vertic eв. 

~
д т 

"' А 
о д А )( 

А 

_di + 1 
1 

х о д о д д 

+ 

д " х о 

Ftg. 5. ·Totel веt of the diegremв contributing to tbe hard pard or 
the gluon propegator in ~s order. 
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Инфракрасная асимптотика пертурбативной КХД. 

Кварковый и гл~онный пропагатары 

E2-8S-901 

Изучена инфракрасная асимптотика кваркового и глпонного пропагаторов 

в рамках пертурбативной КХД. Найдена ее связь с ренормализационными свой

ствами контурных интегралов. Показано, что вся инфракрасная асимптотика про

пагаторов поглощается новыми нелокальными обьектами - экспонентами, упорядо

ченными вдоль контура и усредненными по вакууму теории воз~ущений . Вид кон
тура · однозначно фиксируется кинематикой процесса и налагаемым калибровочным 

условием. Установлена связь уль.трафиолетовых и инфракрасных особенностей 
соответствующих контурных интегралов и на ее основе сфОрмулировано ренорм

групповое уравнение для инфракрасной асимптотики кваркового и глюонного 

пропагаторов. Решение этого уравнения сравнивается с результатами вычислений 

в низших порядках по константе сильного взаимодействия. 

Работа выполнен~ в Лаборатории теоретической физики ОИЯИ. 
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lпfгared Asymptotlcs of Peгturbatlve QCD. 
Quark and Gluon Propagators 

E2-8S-901 

The lпfгared asymptotfcs of the quark апd gluon pгopagators аге iпvesti
gated with l n the framework of perturbative QCD. The deep conпection between 
lnfrared proЫem and гenormalization propeгtles of coпtour averages is found. 
lt is demoпstrated that the i пfrared asymptotlcs of the propaqatoгs are 
accumulated Ьу new nonlocal objects (the path ordered exponeпtfals) averaged 
оvег the perturbatlon theoгy vacuum. The form of the coпtours fs unlquely 
fl xed Ьу k inematlcs of the p гoces s under coпsldeгation апd Ьу the gauge 
condition used. The one-to-one соггеsроndепсе of the ultraviolet апd lпfгa
red siпgularltles of correspoпding contour iпtegrals is estaЫ lshed and 
the renoгmallzatlon group equatlon for the fnfгared asymptQtlcs of the quark 
and gluoп propagators is formulated. The solution of the equation ls comoa
red with the results of the lowest peгturbatlon theory calculatioпs. 

The lnvestlgat!oп has been perfoгmed at the Laboratory of Theoretical 
Physlcs, JINR. 
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