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1. Introduction 

In previouв J&perв (Namвrai 11 1 ; Dineykban and Iamвrai {U:) 
we bave introduced quantum вpace-time into рЬу81св and conвidered 
воае ot its interesting oonaaquenoes.Our aethod ot introduoing quantum 
ep8ce-ttme may Ье regarded 88 8 local general coordin8te tranв!or-
mation: 

JL л.J" J' rj(/. 
х ~х =х +l t~). (1) 

wbere Г~(~) 8re 8rЫtrery noncommut8t1ve !unct1on8 ot tbe po1nt8 
жJС: , 8nd l representв 8 velue ot tbe tundemental lengtb. 

fha attraotiтity ot the approach Ъааеd on the ЦJpothesia ~ quan
tum epace-time (1) is that it g1ve8 r18e to tbe appe8rence ot tbe 
space-time toreion and to the exi8tence о! msgnetic monopole8. ТЬе 

latter two !act8 may Ье underatood ее tollowe; wbole 8p8ce-ttae at • 
large scale, continued trom microecale and obtained Ьу an aтeraging 
procedure, wbere 1t8 quantum charecter appeare, dittera trom our 
U8Ual space-time etructure wbera tbere is no place tor magnetic mono• 
pola8 da8cr1Ьed Ьу eome regular potential А(Ж) , 81nce diтrotA::O 
i n 1t. On tbe contrery, 88 •• beve ebown (Dineykban end Naaere1 ,1ZI) · ) 
in epaoe-tiм witb toreion, divrotA ФО tor regular magnet1o aono
pole potent1al, аау A=-iil/r 1 9 1е tbe aagnet1c cbarge velue. 

We aaaume that tЫв etructurel ditterenoe ot wbole epace-t1aa 
at а large eoale cont1nued trom a1cro8cale иust have an 1ntluent1al 
etteot on pertiola behaviour, етеn at cleae1oal level. In . tЫa paper, 
•• oons1der tЫе proЫem and study p8rt1cle dynaa1oa tor the nonre
lat1т1st1o севе. It turna out tbat, 1n our аоЬеае, tbe Lasrang1an 
tunotion ot olaas1oal tree part'1ole 1s deters1ned Ьу usual ll:tnet1c 
part and add1t1onal ters oonnected w1th rotat1on degree ot freedoa, 
oorrespond1ng to an inner aцкular aomentum (or aeotor тelooity 
~=JГr:V"J ) oauaed Ьу tbe quantum s~ructure ot араое. Due to tbe · 
latter t era, dynaa1oa of tb~ particle 1s chanced and detera1ned Ь7 
а nonl1near d1t!erent1al equat1on. In the siaple саае ot two diaen-

<6> 0111 1 t ... JI8CY8'17'f' 



~ional эрвсе end of free motion, the derived equвtion of motion is 
integrвted completely. The initial value proЫem of this equation is 
inveвtigated. Depending on initial conditione, е particle's trajectory 
is complicвted and t he pвrticle make e е spirвl-like motion вlong the 
direction of the rectil inear claвeicel trajectory. 

However, it iв generally difficult to eolve en equation of mo
tion in quantum врасе Ьу analytic methode and numerical integretion 
is needed. The resulting particle's trajectory is very ·tortuouв end, 
it seeme , it beheveв like а вtrange вttractor вt leвst in the do
main determineu Ьу the parameter t; • \Ve knDYI that the strange att
ractor iв the direct image of "finite" turbulence , characterized Ьу 
continuous spectrum over time variaЬle end it is als o the mathemati
cal imaga of stochastic вutoosc illation. So , there is ho:pe t h"' t o1.tr 
approвch may Ье uвeful to underetand the origin of tv1iвting, вtochaв
tic and turbulent-like proceseeэ in рhувiсв. !Iowever, in order to 
ehed light on thiв proЬlem, further cвreful study iв needed. 

I n Section 2 we obtain the Lagrangian function for free partic
le s i n quantum врвсе and the Euler-Lвgrange equation Ьу ueing the 
action principle for the particle trajectory taking place in large 
всвlе - nonquantum space. The concrete form of the motion equation is 
obtained in Section З. Sectionв 4 вnd 5 вrе devoted to вtudy of the 
Cauchy proЬlem for cne obtained equation of motion i n two dimeneio
nal ерасе. Here integretion of the motion equetion ie carried out 
explicitly end some intereвt ing poseiЬle types of particle motion due 
to quantum sрвсе ere aleo conвidered. I n Section 6 we diвcuse obtai
ned reeultв and their epecific peculiarity end perepective in order 
to generelize the given вcheme to the relativistic end quentum 
mecbanical свеее. 

2. The Lagrangian Function and the Action Principle for the 
Nonrelativiвtic Fart ic la in tbe guвntum Space 

In the nonrelativietic севе, we вuggeвt that quantum chвracter 
of space-time ie manifes ted only t hrough spatial variaЬleв, i.e., 
coordinatee of quantum ервсе at emall distancee conвiet of t wo 
parte [like (1)] 

• • • G 
х~~ ;;~ = Х.~+ е r (.:cj)' i/ j= 1_, 2, 3 (2) 

and time iв ueual continuoue c-number variaЬle here. 
Purther, we aвeume that ell phyeical quant itieв cheracterizing 

в particle 1 в etate depend on quantum varieЬles X.i., ~i. and t 
in psrticular, the Legrangian function of the free perticle ie const
ruoted Ьу tbe correspondence principle,as in the сlвввiсвl mechenicв 

2 

'--Г'(.:.. 'J 1 (;.. i.)2 
. о( .:с = z m х , (З) 

:.. i d "~; 
wbere х = Х 1 dt iв veloci t y-like vector in quentum врвсе, 
and т is mавв of the psrticle. It should Ье noted that resl obвer
vsЬle particle mot:i.on over t i me f, tskeв plsce in nonquantum врвсе 
xj. e t lerge всвlе, continued from microscele, where itв quentum pro

perty iв me nifeвted . Thuв, i n order to go over to в lsrge в свlе we 
muвt csrry out воmе averaging procedure over microвcsle (for detail s , 
вее Nemersi 11 ,3/ ). In the concrete свае, where functionв Г~(хj) 
in (2) sre given Ьу metrix form, averвging procedure iв reduced to 
taking traces of matrices,for example,if ri.(x)'"" oi ' ( бj. are 
the F& u li matriceв) 

. D.f . . 
< ;_ ~ > = J Sp х' = х' , (4) 

where the peremeter J arieeв from the normalizstion condition, 
in given саве d с2, e ince ()i ere two column matriceв. 

Now сhоове the following metrix form 

ri.(xj)= 6Gt e i. r~j) (5) 
Q 

in (2) [where е~ {xj) are the tetrad fields (a).,j •1 ,2,З >J and 
study expression (З) in whole врасе at large distanceв. Por thiв, 
firвt 1'е define weralized veloc_ity of the particle Ьу the formuls 

ak1Jt = dxi/dt + ( oa.[de; r~J/dxj](dxj/dt) (6) 

1n sccordance witb (2) and (5). То cslculate LagГ8ng1sn (З) ovar 
large , s csle, expresвion (6) should Ье ~qusred and aversged. Ав re
вult, we hsve 

:t( х~ х~ ) = < c7r.~'J > = f Sp ;;r( i'J= i gf :tr.f 'J= 
_, . 2 2( d е~ · j)2 

= i m{x') ~ fm е dxj х . (7) 

Ав 1n tbe саве of claaвical mechanics with Lagrangisn function 
(7) we can formulste the law of шotion of mechanical syвtems Ьу uвing 
~he action principle (or Hamilton•в principle) (вее, for ехашрlе, 
Landau and Lifвchitz /41). 

Let at tiшe moments t = t
1 

and t = t
2 

шechsnicsl ayвtem (1n ~he 
given csвe,mechsnicsl materiвl point) occupieв def1n1te poвitions 
characterized Ьу two веtа of coordinate values x(f) вnd х(2) • 
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Тhen the s;rstem moves between them 1n that wa;r that t he action 1ntegral 
-t: s = (~clt :r ( х ~ .:i i) 
~ . . 

. ""~""( ' .,) asaUIIIes the smalleat роааiЫе value, where с<.. х, Х is gi-
ven Ьу formula (7). Ав in the usual classical mechanical свае, tor 
our scheme the action pr1nc1pie tells us 

tz . . 
SS= д f dt ;;((х~ :i:.') =о 

-t1 

and carring out var1at1on, we obtain the Euler-Lagrange equation ot 
nonrelativ1st1c particle 

d -о;с -а;;е . - - . - --. =о > • {, = 12 3 
d"t 3i:' Эх'" "' ' (8) 

з. Eguation ot Jlotion for Pree Partiole in QuantUIII Space 

Now our aim ia to obtain the equation ot aotion ot ~ее nonrela-
t1v1st1o particle trom the Euler-Lagrange equation (8) "!! th the .tunc
tion (7).For this,a concrete form ot the tetrad tield е.~(~} ahould Ье 
detin~d.As in а previoua саае (Dine;rkhan and Namarai/2/),we choose the 
spherioal treme ot referenc~ as the tatrad coordinate вystem and the 
Cartesian one for the world coordinata syetem. Тhen, in the nonrela
t1v1et1c са ее the tetrad tield е~= е~ { ~ {t)) ·•в• the torm 

е~= 'д}"j'dxa.. ' e,Q.= ох.сс.;э.r'' 
where 

d:f"t==Jr 

Jx1= eJ:c 

t/г 
and r=(x:t+';f2 +~2) , 

ct the tield ei 1в given Ьу 

e tt 
~ 

ж./r 

~xfry 

-Y/f 

ai2 = rdэ , 

Jx~ = d~ , 

t/.г 
у = (:c2+!f) • 

Ylr 

ry/'"f 

x/f 

4 

df
3= .fdlf 

d:c3 = J~ 

One can eaaily ••• that 

~/r 

-y/r (9) 

о 

·~ 

• . 2 
In t hiв севе, the вquare of generali zed velocity <(х ') > = 
= < ~~> + < q2> +<::i:г> takeв the form 

~ z 2 е 2 ~( • . )z ( · . .г ( • :г] <х >=х +?Ltxy-yx + Yi!-~!J) + ~х-х~) , 

." 2 [ ., v Л"{. •2 f • .<- •• .е i! :г 
< '3 >-= :J -+ ? (~.х -х~) + (j :г -..г у) + ~ { .:cj-;;.i) J, 

5' 
л.г .z е2 { . .)z < r > = z -+ ~ XJ- ух . 

f 
Тherefore the avera ged Lagrangian function (7) acquireв the following 
form 

;;{ = J т( i: 2 +j 2+i!2
)..,.. ";.~

2 

{rxj-y.i/-r (:Ji-zj)
2
-r {zx -xi/]+ 

те<- ~ 2 ( • . z +- · - Xj-/Jx.) . (10) 
f" rz 

Laвt two termв 1118У Ье rewritten in the form 
.г -+2 z z z R = L t1 -+ _е._ {.ajr) 1'1 , 

t mr'~ ту" .е 

where 
-z= 1 . .,z· + Mz + l'fz 

/1 х :1 ~ ;> 

/'1-= xf..- чJ> 11 = rf' - хр 
~ // 17 :{". / у ~ с 11==<~?-г?.. 

~ d с ",!j / 
_. -р =m lГ. 

Тhuв, 

v ~.г е~ ~~ 
оС = Т + R =.1m lГ +- J1 -+ 

е z mr~ 

z z z 
+ .!__ [~/r) М 

1'11f" ~ .> 

( 11 ) 

-+ ...... , 
where vectorв lГ and 1'1 ( ff:г) are particle velocity and angular 
mome ntum (itв third component). ~е вее that in our свае t he Legran
gian tunction ot the f ree particle has two partв: usual kinet ic 
one Т and additional rotation term Re due to quantum nature of 
врвсе at вmall d iвtanceв. On t he other hand , function (11) dоев not 
depend оп time explicitly and therefore energy of the particle 
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• 'д:С -;с = ... --. 
Е = ~ ?J.i' т -т-Rе 

iв oonвerved. 

It iв clear that~becauae of laвt two terma 1n (11),equation of 
шotion f'or free pвrticle 1а coшplicated in our свае and takea the 

f'orm 
2 

2 к 

г 
оек (~) 'iJ ем(х) и eQ.(~) ••i. 2.п.м __ <t._ 4 - . 

т~ +ll'll ~ ~ ?J.xi o.xtt Эх"" ;~~n 1~' 
'd е:(х)]= О, 

2>~/tZ. (12·) 

1( • 
where the tetrad field eq_(x) 1а given Ьу (9) ( t,, n ,м, к ,а •1,2,)}. 
Тh1s equstion of motion ia obtained from Euler-Lagrange equation (8) 

and we write it in coшponentв 

~[ 2 2 ,1 rni + 2~: t(x':~-j'x){t-t rf:) t~(x~ - ·ix)j + 

2 ~Г.r· . ) (, ... .:. . 7(iгz n~.г.,.z) 
+:zm.l (~~-jx) L:.c xj-JX +2 ;г;г-r· rJjj -f +~ 6 + 

t"' . f f 

+ ~~~i+ii';~~J} + "~бe~{~i[xrr-tJ-ir2J + 

+(xi+yjJ[:t(x~-~.i) -:f{.i;t-jz)J} =О .. 

•• 21fl t~[ !·· ·· ; )( r
2 ;гZ} ( -- · •• J] M'J-- X[Z!f-'f~ 1+-"!; - ~ ~;г-~!/ + 

r• 1 

.2 { 2 2,.1Z 
+ 2;: (i(J-yx) [1(ij-j~+2x(ri- F"-;'=jJ(;+' -t- 2~ 6 ) т 

-;i (xi +i• ;:)} + f;~· { •• [1tf'.i'J-3 r•] + 

+ (xi+!iJ[;г(~i-~j)-x(jx-:iJ)]} =О) 

м.z- 2•t:t[x(x'г-~·x) + j(j'~-2JI) 1- 2мtz r (~j-jx}~+ 
r~t J r+ ftг 

+ "~~?. (r"i+(JjJ~fF"-fJ-ir~]- ~ г~z] =о. <1э> 

•• 

\< 

~ 

We вее that these equationв of' шotion are too coшplicated in nature to 
Ье solved Ьу analytic шethodв and will require numerical inveвtiga
tionв. However, there iв а concrete свае for whichthe equation of шo
tion in quantum арасе ia integrated completely. That iв the situation 
when along one of directiona of coordinate вysteш,particle moveвrecti
linearly and itв шotion Ьесошев coшplicated along ott1er two directions 
due to quantum вtructure of' арасе, i.e., it ia equivalent to two di
menaional свае. То prove thiв, we chooae the cylindrioal fraшe of re
f'erence se the tetrad coordinate syatem. In thia свае, instead of (9), 
we hвve 

а 
е. -

t 

x/_r 

-:tlf 

о 

:1/f о 

x/f о 

о 1 

Ву uaing thia tetrad field, Lagrangian (11) and equation ot motion 
(13) can Ье eaaily cвlculated to Ье of the f'orш 

and 

oi=!...mi/2 -t L 112 

2 IIZJ''f Z > 

mi=O 
2 2 

u+zлze ч(~y-j~J- 'tтly(i:,y-Чx)(:x:x+vj)=O 
fl( (/ 1'6 tl 

.2 .г 
. • 2m, е /•• .. ' ) 'Im t 1. . .. )( • . rrltj- fl( X[Xj-(!X;J + f6 X(XJ-JfX./ x:r: + jj)= 0 

}. ( 14) 

. , 
Prom theвe equationa, we вее tbat particle moveв rectilinearl7 &lons 
thi! l -ехiв and 1 ta шotion along .::с. - and :1 -ах1а 1в c0111pl1cated and 
twiвted in accordance w1th (14). We now go to atudy а particle tra
jectory deterш1ned Ьу equationв (14) • 
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4. Integrat1on of the Mot1on Egua~1on ' 1n ТWо Dimens1onal Case 

It 1в conven1ent to study the equation of mot1on (14) 1n polar 
system coord1nate (f~ lf) 1n which the Legrang1an funct1on Ьав the 
simple form 

2 ;;(=; m(jz+fZr/·+f!:l) +mt rfz . 
(15) 

Тh1в funct1on doe s not contв1n coord1nate У9 expl1c1tly. 
Any generвlized coord1nste 1i not entering explic itly into the Lag
rangien function is called cyclic . Due to the Euler-Lagrange equation 
for вuch coordinate we have 

d 7JZ оХ 
---=~· - = 01 
d-t 'Q i.. 'dj . 

l. t. 

i.e., the corresponding generalized momentum t;. = "d::t:'j'J~. iв the 
integral of motion. Тhiв situation leadв to essential siмplitication 
of the integration proЫem !or the equation of mo t ion in the presence 
of cyclic coordinates. 

I n а given с~ае, the general1zed momentum 1в 

~ =(m r- 2 +Zme2)'f. 
Тhе firat term in it coincideв with the engular шomentum 
Mi!=nz(x.y-yi:)=mr:l.if • Тhua, in our scheme the generalangular 
momentum of the type 

2 2 . 11 = 11 + 11 = (т r + 2m е ) tp = consf . 
~ е 

is conвerved. 

( 16) 

The equat i on of the motion obtained Ьу ueing the Lagrangien 
function (15) takes the following forм 

m.2'=o, 
.. . :г 

Jnf -Щ..fl.fJ =о 

m.(f2 +2t2)!f' +2mffrf= О } 
From the eecond equation in (1 7), we have 

or 
if/if = -Z ?f/ ( f2 +2t~) 

~ fпf= 
'dt 

?... fп fiг + ze2
). 

7Ji:' 

8 

(17) 

D1rect 1ntegrat1on of the lest equst1on g1ves 

Ф= с1 /( fz+ zeZ), ( 18) 

where 1ntegration conotant с1 1в determ1ned Ьу 1n1tiвl cond1t1onв 

j{t)j = f_ =а( 
t=o 

0 
tp(iJ/ = о ~ 

t=o 
ер} == и>о . 

t = о 
( 19) 

From which С1 = ( а:'+2)и.>и (/', and expreвeion (18) acquireв the form 

tj; = (z+az)l<{e2/(f-<-+:гe 2). <2о> 

I t should Ье noted that in the uвuвl свае, when f.o, we obtain recti-· 
linear trajectory given Ьу а ray lf-= lflo= conet. вnd .fft)= f" +l{t 
along which clasвical particles move. Here parameters Р and '1Г 

Jo о 
ere given Ьу initial condit1onв (19) and 

ay/ dt j = 1{;. 
t=O 

(21) 

Fla·ther, aubвti tuting expreesion (20) 1nto firat equation in 
(17), we get 

ji -f (z+a<-/tA{z/jr f 2+ze2j
2 =о. 

То integrate thiв equation, put р(у)= j end write new e•uetion for 
P(f): 

uP(f) ( .г 1. -2 
P(r) ~=-у z+a') щ,Zе 7 (f !Z+zeZj. 

Simp}e integration о! it giтes 
-1 

f 2 = - ( :z +a</w}ey ( р2 +:г е :г_) + с2 > (22) 

where integration constant 

'z = i ц;2 +} (Z+ aZJwoz t<- (2 3) 

ariaea froa inttial conditionв (19) and (21). After aeparating integ
ration variaЫea equation (22) witb (23) аау Ье rawritten in tbe 
!orm 

+ 
df 

dt . (24) 

. / '~Га:г+(Z+а..<-)w:гt.г- (Z+a.~/wj.e~ 
о .fz+ 2 е :г. 
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We notice that plue and minue signe in (24) are not iшportant an~ 
we оЬоова а plua sign and intagreta thie equation. Por thie, we put 

f =- fi f cf;~.- ".! = -rг е S/'1.-zz.,/з:; .J i == си-с е(? ( _f' 1/2 е). 

Ав а reвult of this cbange of v8rieble and 1ntegrat1nn, we h8ve 

- f2t r -:г 
tl:>e. sin х. = t + С3 • 

~ к<- s-;11 2х. 
(25) 

V v;z -r { :<.+a.Z}woze i 
where 

~ -1/г 
/(= (:<_+ a_~tAJD( i '.Zr'l{,z"f" (.г-ro.<)u{,Zez) • 

(26) 

It 1в aaa1ly verifiad thet intagral (25) ia reducad to norшal all1p-
tic 1ntagrale 

8nd eeoond 

ot tha f1ret 

1 dx 
F(!fJ., к)=- , 

о 11-кZs-;п::гх. 
l,tJ 

Е ( <f; к) = J dx /1- x<-,,12z;_ 
о 

k1nd, reвpaotivaly. 
ТЬuа, 1ntagral (25) reeulta in 

{i, е { У v;' + i ua')w"•e<' Е { '"'"'J ,Je ' •) - F' { '"'" '; ,Je 

-t(f/&t)(1-xz 2е<- )~} 
. f~+2t<- =. t +С3' 

.)к)+ 

(27) 

wbere 1ntegrat1on oonet8nt шау Ье c8lculвtad Ъу ua1ng (19), that 1в 

с,~ Г2 t r Е(и"/;:; ,к) - f(".a{J:;,;) + 

+(r:t/13.)(1-..r.Z z )1<} 
2-+ 4< 

lurtheraore, rewr1t1ng (20) 1n the fora 

10 

1 

-.1 

dt.p = шо {:z + a2)l2
( 1

2 +2e<j · olt 

вnd eubst1tut1ng dt from (24) w1th а plus e1gn, and 1ntegrat1ng, 
we get 

<р = J2 f. к f df . . ... . -

1 у2 +zе:г. vу:г.-+ .ге<-(t- к<) 
+ (fJ ' 

о 

where parameter к is g1ven Ьу (26). Мвking uee of the change of 
the 1ntegrat1on varieЬle 

f =- 12 е 7~ / d'j =Б е c.o.s-2x . dx ) х = ш-с {J (_p /Б t) 

and 1ntagrating result1ng 1ntagral, we bave f1nally 

lf = к F' (~кc$in .f' ~ к) т f(J_ 
.;fz+Qez(t-k~) о 

(28) 

Porвulae (27) and (28) solтe, 1D general, the stated problea. !he 
вecond of them deteraineв oonnact1Dn betwean у and ~ , 1.а., the 
aquat1on of tre~aotory. Por.ula (27) daf1nae, 1n 1naxpl1o1t fora, 
d1et8noa jP of tbe aov1ng po1nt fr~ tha cantra 88 а funot1on ot 
tiaa. Wot1oe th8t the 8ngla ~ 1в alW81B cbangad отаr t188 1n aono
ton8 fora - from (16) 1t 1в eaan th8t ф doae not change a1gn. 

5. !'Ь8 bl!! of P8rt1olt 1 8 .•otton 1n 9Щ!ntua Spaca 

А8 1n Wewton18n 88Cb8ri1o8, p8rt1ol8 1 e trajaotory g1т8n Ьу (28) 
tek88 d1ff8rent forae d8pend1ns on 1n1t1el oond1t1ona (19) 8nd (21), 
1.8., on para88tar к (26). Wa d18t1ngu1eh e8тaral ровв1Ь111t18а of 
1nt8re8t. Рrав (28),1t 18 8881ly aeen thet tha conneot1on betwean qu
ant1t18B <f. and f Ь88 а d8f1n1ta phya1cal aaan1ng 1t f Г fz + 
+U2(t-к2JJ%:1.'fh1e 1n8qual1ty 1ароа8е on tb8 pere88t8r к . tb8 follow-

1ns re8tr1ot1on k~i. Тhu8, phya1oel oond1t1on ot tba problea g1-
T88 о~ к~ :1. • 

1. ~1ret, wa coneider tba 0888, wb8n к -о. Вetore d1ecuae1on of 
tЫ8 11a1t, •• 1ndic8ta ona ase8nt1al aoaent oono8rn1ng tha value Щ,. 

1r8 888UIIe tb8t c.Jo ebould depend on е • 8nd шау there axiatв some 
11nJc. Ь.twa8n them. In otber worde, oond1t1on { •О ~1те8 t.J0 == О • 
On th8 contrery, 1t w.,:to ет8n 8t t -о, 1.а., for the usual сlеев1св1 
С888, tben troa (18) ·and 1nit18l oond1t1on p(t) j = f. 1t follow в 
tb8t t =o 0 
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-:1; . z 
~= wo{ ~~ +2e2J (/'+ :г e ZJ = ( f" /y) шо 

t~o 

and it , in turn, involveв complication ot particle'в trejectory analo
gous . to the one obtained above. 

Such вituation is completely ruled out Ъу classical mechanicsl 
principle. We preвent here вimple connection between ~о and е , 

n -z 
С<) о = f- 11,; .А or even 

2 -з 
Ш0 = е 11,; ~ , (29) 

where ~ is some typical length which may Ъе identitied with the ~ 

dimension ot вtom .А =c:t. "-10-8 cm and the Planck length ~= fре-=(1;~/с'З)~ 
-зз = 10 cm in clвseical вnd quantum physics, reepectively. In tbe 

lвst case,the perameter е iв determined ав а multiple of the Planck 
1.ength ' е= n. fpe } n = i , 2 , 3, ..• 

Тhus, Ьу definition (26) and aвsumption (29), equality К .О is 
вchieved at е -о ev~n tor fo ;о. Notice thвt a=J?,If in (26) in 
accordвnce with initial condition (19). In tbe свае к •О , trom (28) 
it immediвtely follows thвt t.p= oonst = 111, • At the same time, 
the equation (27) takes the form 

f(t):::: fo + v;i. (ЗО) 

Since E(lfJ, о)= F ( 'f10)=1fJ and 

-i? 1 Г2t(v/+ (2+а~~2-е~ (fи/12е) = f'(t)/lf; .; 

е~о 

/} -~; 1 сзf ;.(im. иzt(v;/·+(2 -f a.Zj tA{·e~ Е r м-а7 Ро ,J()_ 
f~o f'-+o t!i е '/ 

~ "7~ 
-F(aпc.t.!i_,к)+ (t:, /t!ie)Гr"-к2 2 е J } =-t:/lf,;. 

'l Vit ') t' J..<--t..гez 
о 

So, we вее tbat .the овве }( -;;. о is just the olaвsical вituation wbere 
partiola aovee along а r ectilinear trej·ectory given Ъу а ray !р=~ 

(ll'ig. 1а). 

2. ll'or tbe оаее К<< 1 in order to ехрове tbe generel pattern ot 
а partiole'• trajectory one can uве approx18ate integration ot tbe 
aotion equation (17). Inetead of (27) and (28), we have the tollow-
1ng approxtaate equations 
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i- ,;zк 1- - + tк<- шrс/. (rzfl(f-f'o))l (J1) 

- w0 !(2+а:г) f ~ Vz 'J ze<- +ff" JJ 

and 
Cf= к ш-cfJ (J/бf) + ~ 

or 
f ( ({J) = {2 1 -1:; ( ~: 'fo) • (З2) 

Тhuв, we вее tha t i n gi ven lill.it К<< 1 tha type ot tbe particle mo
tinn di ffe re elightly trom rectil inear ае i n t be claesica l mechвni
oa l свае . 

з. We observe tbвt when value ot к is inoreased deviation ot 
t he partic le•s trejectory from rectilinear becomes more appre
c iaЬle and it begins to whirl. ll'or example, wa s how tora ot partic
l e'• trejact ory (вketcbed in ll'ig. 1Ъ-d) tor а. •ЗО0 , а.•88°, ёt • 89.99° , 
where к -=<; ,. а. • We в ее that tor ot • JO•, ве• and 89.99° tba 1118XiJm.ull 

value ot the engle !f is achieved at 1.f •48°, 1f • 271° and Ч'"-540°, 

r aspectively, whicb in t urn correaponda to а quarter, а t bree quar
ter and mora than one tull t urn , approxiaataly. 

4. In our opinton, traв tba pbyaioal po1nt cf тtew, а таrу inte
reating севе iв tbe liait IC = t or ~ •90•. In t hia liи11t1ng свае, nua
ber ot tw1sted loops (or orЪ1ta) Ьаоааеа 1nfinita (J1g. 1а) and tba 
particle is subjec t to rota t ion a ot1on for EDJ ttиa. JOraoтar , t ypa 
ot thta rotetion a otion doas not depend on tba value of f , i.a., 
for any distanoa f t ra. cantra partiola аотаа along aptral lika 
t rajeotory. Howaver, ep1ral ltka bobaviour of t ba parttcla t akee plaoe 
1n tbe dolll81n cbarectar1sad Ьу tha pareмtar е ot tba tbaory. In 
othar aords, a111pl1 tuda ( ot thia twiatad trajectory dataratnas м
xtaum deviation troa rec tilinear trajaotory. 

Pi nally, to prese nt «&naral pattarn of t ba part1ola иotion ovar 
tiae,ae 1llust rate in the rt.Ьt-band aide of • tg. 1 poeatЬla typa of 
particla tт.jectory oorrespondin& to laft parta ot 11'11• 1. 
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71g. 1. !here extвt dtfterent tурев ot tbe parttcle aotton 
dependtng on 1n1t1al cond1t1onв ot tbe proЪlea 1n 
quantum аресе. 
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6. D1всuвв1оn о! tbe Obta1ned Reвulte 

ТЬuв , 88 вbown above, 1n quantua вресе the Lвgreng18n tunct1on 
or energy ot the partiole 11!1 detenn1ned Ьу two tel'lll!l Е= Т -t-Re, 
whare 

T=imiJZ .2 ~ 

е~ -4.г tz z .z 
lfe=- М +- (г!r) 11 . 

111r~ 11lf't .е 

In вpherical вувtеа ooord1n8te,they take the tonn 

Т= fmi!z=fm{r 2 -+rZe 2 -+ r~s•п~e«f 2)) 

Re-= m е 2 ( e!l + 1{;
2

) 

or 1n two-diшenвtonal са8е (in polar coord1nateв) 

r = f т ( fz + fz ~2) ) Rrz~ mttifz. 
е 

(~) 
'l'e1'118 Rl and ~ we call tol'81on to~ue ot tha part1c1a wЫоЬ 
appear due to quantua nature ot враое at 88811 d1etanoeв. In tbe pre
вenoe ot torв1on torqu8 tba part1c18 1 8 trej8ctory 18 tw1вt8d and tb8 
p8rt1cle аоТ88 a1ong ap1rel-11k8 11n88o 

Our Ьоре 18 tbat 1t quantua nature ot 8раее doe8 1nd8e4 8X18t 
at 88811 d18tanoe8,tb8n 1t8 d1всот8rу аау Ъе aad8 Ъ7 tb8 8tud7 ot • 
part1o1-'- trejectory. In ter88 ot tb8 вu1taЪl8 оЬо1о8 ot 1n1t1a1 
o8n41t1ona,on8 oan obta1n tЬI оа88 ot к=i an4 at wb1ob tbo part1o1o · 
un4orgo8a rotation aot1on at .87 tt.e aa.ent. It 8bou1d Ъо not84 tbat 
1t 18 qu1to роа81Ъlо to оЪвоrте tbo рЬуа1са1 oft8ot8 oana•• Ъ7 tb18 
tw18tad aet1on et tba part1o1a. е8рео1а117 tor tba aetien ot oharae4 
rolat1т18t1c ра~1о1а 1n tba axterna1 e1actro881Q8t1o tial•. Wa aug
p8t tbat tbe 1ntluant1a1 attaot 4ua to I(Wtntua 8traot\U'8 ot 8paaa
t188 on tba part1c1e Ъohaт1our 18 о~с1а1 1n tbe rolat1т1at1o 0888. 
!Ь18 proЪlea ro~1ro8 aapareta 1nтa8t1gat1on 8Dd 18 tba au''aot ot 
our tuturo work. 

!ha taot 1• tbat due to l(nantua 8tructuro ot 8J8C8 tbaro ax18t8 
an 8ffect ot daт1at1on ot tb8 part1cle tra3eoto~ trea reot111n8ar 
at ol8881ca1 lата1, on8 can 1ntroduca tba tunda88ntal aaaaapt1an 
tbat 1n I(Uantua араса a1cro-part1ol8'8 poa1t1ana aro not 4af1n1ta 
and tb8 part1o1a oannot b1t tba 4et1n1t8 Jla88 1n 8J808 (at 80\11'88 
tor pnara11sa4 о•р18х оа88 41ttaront trea 881181481'84 аЪота). 
~It oeoup188 at l .. at 8088 •-tn oЬ8reot8r1... Ъ7 tlla J81'888t8r Л 
'or l • Wo now f1n4 aap11tn48 ot tbi8 48тiatiwn fre8 th8t po1nt at 
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which the pa rticle would arrive at exact l y, if s pace would pos sess 
nonquant um charecter. Let the pert i cle move s with constent veloc i ty 
71о along J:! -exis . If в расе iв nonquantum, then af te r the time moment 
i:-0 = i!0 / ZJO the pertic l e hits the t a rget (elot) at the point 2' = Z?'

0 

exactly (Fig, 2а) . Here there iв no deviation along t he х.- and :J 
exiв. Honever, in eccordance with the a s вumption that врасе роввеввев 
quantum structure, the particle meke в а deviat i on from t he initial 
poвition and getв into t he circle of the rad iuв ~ determined Ьу 
e quatinn (27), t here i t вh ould Ье put t-=t

0 
and Z{;=O, вince we 

have original ly вuggeвte d that there waa no motion along х- and j'
axi в, In thiв вense, deviation is а pure quantum-space ef fect - (зее 
Fig, 2Ь ) , 

Тhе amplitude of de viation we are intereвt ed in , i s given Ьу 
(27 ), In which we put t- = i 0 , l{; =О and .f .::.._::,.. t , в inc e in the clas 
sical meche nical севе , i nfluentia l ef fec t due t o quant um врасе may Ье 
obвerva hle i f deviat ion i s much l arger than the value of t, r 

г z l 
/у)- Z 0 z 

а ) 'У Ь) 

Pig, 2. Illuвtra t i on of particle 's poвit ions ac cording 
to t he e s вumpt i on of nonquantum (a )and quantum ( Ь ) 
вра се i n which part ic l e moves , 

I t s hould Ье noted t hat from higb-ener gy experiments it fol l ows 
t het f ~ 10- 16 cm (вее , for example , Namara i / t , З 1 ), Thus , aa-
suming f ->-> e and fo=af=o in (27) , we have 

t-== ( 1!2t'/JitJ0 t )[Efo, ~) - F(o/ f ) + _f/ V.Ze] ~ .f/ lit4f 
and 

p(to ) == Ji C.Uoto е. 

Le t 1dea lized c laввica l object - ama l l bul le t with initia l velocity 
v;; = 1000m/aec • 105cm/aec - move a l ong J:! - axi s and hit the t arge t 
after t

0
=1 00 вес, Now the following - queвtion arisea ; How fa r does 

itв r ec tilinear t rajectory devia t e af ter this t i me moment t0~1 00 вес? 
Accord i ng to (29) we get 
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and, therefore 

Ш0 == f ~-.2 v.; = 10s / sec = О, 1. flнг 

- !J 
f{to) = f4 Х 10 CJ>1 . 

Тhuв, this value is completely negligiЫe from the classical exper1-
mentвl point ot view, 

I n concluaion, we notice thвt 1n the mi croworld where physice l 
рrосеввев tвke рlвсе вt aиall distancea the effect analogoua to the 
one discussed аЬоте should play an important role,and due t o torsion 
t orque,trajector ies ot micropartioles become теrу tortuous,Moreoтer,it 
i s quite poss1Ыe that the essence ot obserтable quantum prooess m&7 Ье 
understood аа Вrownian-type stochaвt ic motion teking place in quan
tum space-tiмe at small diatances , Тhua, this way Шву Ье an open door 
for stochвstic toundation ot quantum aechanics (вее, for example, 
Prugove6ki 1.51., Namarвi (ЗI .) or~ginally started Ьу A.Einatein 
and L,de Broglie aeeking to describe quantum procesaea Ъу means of 
sub-quantum deterainistic motiona. 
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