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1 • INTRODUCТION 

Let S'(R2) Ье the space of tempered distributions over two
dimensiona l spaceR2 and let ~ Ье the Borel а -algebra of 
S'(R2). Ву llo let us denote а free field Gaussian measure. 
Any measure I.L

8
_

0 
on IS'(R2) .~ l is called tempered sine-Gordon 

measure iff 
i)I.Ls-o is locally absolutely continuous with respect to the 

measure I.Lo ; 
i i ) For any : ocalized in the bounded region Л cR2 observaЬle 

F{ф) the cond i tiona l expectation values with respec t to the 
measure I.L 8_ 0 and the a-algebra l(Л0 ) are given Ьу the following 
f ormul a : 

Е" IF{ф) i l(Лc )I = E IF(ф ) [ l(Л0 )1 , 
r~o llЛ . 

where 

llл(dф ) = (Z:\(z))-1 exp(z { : соsсф : (х)!1 0 (d·ф ) , 
л 

z л (z) = г exp(z r : coв cф : (x)dx)llo(dф). 
л 

Ac tua l l y it is known tha t Z0 (z) is finite for every z ~R 1 and 
: t 1 < 2 v·rr : 1• 2 . The set o't temper ed sine-Gordon measures with 
r i xed z and с we denot e Ьу ~ T(~.For а given s ine-Gordon measu
r e 11 8 _ 0 we s ay t ha t it is regular if f th er e ex ists а constant 
с ~ such that 

+ 

V ( Ф 2С011 8_0 (dф ) .::: c !: f ![ :
1 

f ~ H_ 1 ( R 2 ) 

and ll s -o 1s comp le t e ly r egular iff the re exists а constant 
С such t ~•at 

v 
r ~ н <R

2 
> 

-1 

The ' s e t of t em:>e r ed , 
sine-Gordon measures we 

I t can Ье shown ' 3 ,4 / t 
formu las for tt1 e cond i tr.=~~~~i'ti==:;ft 
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EILЛ {F( ф) ! ~(Лс)!(17) 

ll 

v 
17 

( 
17 -1 

= Z Л (z)) 
ал Гllo (dф) F(ф+ 'l' ал)е zA ·cosf( c&+ 'l'~л .): dx 

17 

z A(Z) 

ал z r . со <Ф ал Гll o (dф)е Л · s c + '1' )(x)dx 

Here ll ~Л means the free ЦЛld meas ur e wi th the Dirichl e t boun
dary condition on ал and '1"'17 is the (unique) so lution of the 
following Dirichlet proЬl em 

I 
ал 

(-~ + l) '1' 17 ( х) 

ал 
L '1' 17 (х) = 1/(х) ; 

= о. х ~ IntЛ 

х ~ ал 

The quantit y (assumed to exist) 

р 11 (z) = - lim 1 lnzX (z) = lim limp Х (z) 
"" Л t R2 J Л \ Л t R2 

(where the meaning of the symbollim will Ье s pecified Ье-
Лt R2 

low) is called the infinite volume vacuum ener gy density con
ditioned Ьу 17. 
Our result is: 

Theorem. 
. t 

Let ll 
0 

~ <:JJ (z). Then for ll а.е. 17 (:; S ' (R 2 ) s- • r 
2 

and 1 с 1 < 1 - 1/ 277 ' 

р17 (z) exists and is equal to р О (z) = р 77 =0 (z) = pHD(z). 
~ ~ ~ ~ 

2. INFINITE VOLUМE PRESSURE-INDEPENDENCE OF ТНЕ 
BOUNDURY CONDITION 

In thi~ note we will concentrate on the proof ~hat the infi
nite volume pressure does not depend on the typical boundary 
conditicr. "17 ~ BUPPIL " whenever ll (:; ~: (z). 

Several results on the independence of the infinite volume 
preasure for the so-ca lled classical boundary conditions have 
been obtained 161. However, it seems to us very likely that the 
class of classical boundary conditions is not of the measure one 

2 

from the point of the Gibbsian approach to this proЬl em . There
fore, all the results / 6/ are incomplete for t he present appli
cat ions. 

2. 1. Shape Independence 

Let ll ~ ~:(z). Then, we define the finite volume pressures: 

Р'Л (z) = --
1-rnz_A(z). (2.1) 

J Л I 

р 11 (z) = - -
1-ln Z 11 (z) 

л I Л I л (2.2) 

for "11 ~ SUPP/l ". The corresponding infinite volume limits will 
Ье denoted Ьу р:(~ and р~(~ r e spec tivel y . 

Lemma 2. 1. (Shape independence ). 

Let ll ~. ~: (z). Wheneve r Л t R2 in the sense of Van Hove and 
such that ал are piecewi se -С 1 , th en: 
ll 
v 
17 

lim р Х (z) = р Z<z) 
Л R2 

(2.3) 

exists and does not depend on the chosen sequence Лt R2 as above. 

Prot>f: 
Let u ~ rewrite z~ in th e following way : 

z Х ( z) 
ал 2 r ll ( dф) ехр ( z r . с ( ( ф) : 1 ( х) d х) х 
о л 

х exp(zJ : с(ф) : 1 (х)(с('I'~Л) (х) -l)d 2x) х 
л 

r . ал> 2 
х exp(z : в(ф) : 

1 
(х) s)'l' (х) d х. 

л 17 

(2.4) 

where : 1 me~n s the normal ordering with respect to the cova
riance (-~+1 );- 1 i.e. 

: с(ф ) 1 :(х) " = "exp(~S(O}) совсф(х), 
2 

(2.5) 

: s(ф ) 1 : (х) "= " ехр(~ S(O}) sinc ф(х} . 

Using the L2-estimate following from the (proof of) Theorem 
3.4. in 111 for half-Dirichlet state (at this point one can use 
conditioning inequalities), we have that there exi st constants 

3 



с 1• с 2 independent of 1/ such that 
.,., 2 

Z Л (z) ~ с 1 ехр с2 z 1 Л j . (2.6) 

Above w~ also used the following trivial bounds: . с ('1' ;л ) j <5. 1 
and j c('I' 11 Л )(х) 1 .:;: 1 poinwise on S'. Recall that here the corres-
ponding quantities are not Wick-ordered. 

From the estimate (2.6) it fol1ows that whenever Л 0 t R2 in 
some well prescribed sence there exists а subsequence (n ') с (n) 
such that р А , (z) is then convergent. 

In the cas~ when 1 Л n 1 is such that д Л n are С 1-piecewise and 
there exists Е > О such that 

lim 
IЛnl 

=0 (2.7) 
n -но j дЛ n j 1 Н 

it follo~s (see § 2.4) that every accumulation point of the se-
quence lp лn (z) 1 is equal to p.::(z) and this proves the claimed 
convergence and shape independence. 

ал 
2. 2. Esti~ates on 'l'ц 

q.e.d. 

Several local decay properties of the solutions of the sto
chastic Dirichlet proЬlem (1.3) have been proved in the basic 
рареr /З/, Howev~r, the results obtained in / 3/ are not sufficient 
for our purposes. As we will show bel.ow, some a'priori bounds 
are needed for the estimation of the quantities like 

{ j'l' дЛ j Р(х) dx, (2.8) 
~ .,., . 
where ~ is а typically uni t cube in ~ and Р .? 1. 
Such estimates follow easily from the application of the Tche
byshev inequality. 

Let us denote 

кдЛ(х,у) = (-~ +1)-1 (х , у) -(-~ал +1)-1 (х,у). (2.9) 

It is well known that К дЛ (x,x)is а smooth function for х ~ дЛ 
and has· xxponentia1 decay as dist(x, д Л) t ."". Horeover, as х ... дЛ, 
than К д (х, х) behaves 1 ike + .L 1n 1 dist(x, д Л) 1 ( see, i. е. 13 1

) • 
2rт 

Lemma 2.2. 
Let 11 ~ ~ t (z). Then for any uni t cube ~ с R2 and any bounded 

Л CR2with c1!:.piecewise boundary, there exists а constant С 3(.,.,, Л) 
fini te for 11. а.е. 1/ such that for all {3<1 the fol1owing estimate 
ho1ds: 

ал 2 ал f3 r ( '1'.,., ) (х) dx ~ с 3 ( .,.,, л) [ r к (х, х) l dx . 
~ ~ 

(2. 10) 
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Proof: 
Let c(R2 ) ~U~j Ье the partitioning of R2 onto unit Cl}bes such 

that ~~c(R2)J. Take8 > 0 arЪitrary and fixed. For 11. ~~rt(z) 
we have: 

11111 ~ S' (R 2 ) j J { ('I'~Л) 2 (х) dx?. ~ ( { КдЛ (х, x)dx) {31 ::; 
j ~j ~j 

<!. 11.11/~S'(R2 ) j { ('I'~Л) 2 (x)dx;::f[ JKдЛ(x,x)dx]f31S 
j ~ ~ 

(Ьу the application of the Tchebyshev inequa1ity) 

S 8!. [ { КдЛ(х, х)] -f3 { d11.(11) ( { ('l'дЛ) 2{х) dx ~ 
j ~ j . ~j .,., 

ал 1-f3 s 8. const(!. ( r к (х, х) dx) ). 
j ~ j 

Whenever f3 < l the 

к ал . ., 
sum !. is finite due to the exponential decay 

• j 
of . S1nce и is arbitrary, the proof follows. 

q.e.d. 

For the case of completely regular Gibbs measure one can genera
lize this Lemma: 

Lemma 2.3. 

Let 11. ~ ~ctr (z). Then for any uni t cube ~ c R2 and any bounded 
Л c R2with а С1 -piecewise boundary there exists а constant с4 (.,.,,Л) 
finite for IJ. -almost every 1/ and such that for all f3 < n/2 the 
followi.ng estimate holds: 

f i 'I'~Л i 0 (х) dx .:;: с4 (.,.,,Л) 1 { KrJЛ(x, x)dx] {1 
~ ~ 

( 2. 11) 

Proof: 

The main argument is again the Tchebyshev inequa-:_ity applied 
as in the proof of Lemma 2.2. The additional argument comes from 
the assumed complete regularity of 11. From 1J. ~ ~~r(z) there fol
lows from the Cauchy integral formula the following estimate: 

n ~ n 
1 { IJ.(d1/) П 1/(!1) j S (n!). •ConSt· П jj f1 ll -1 

1= 1 1:1 (2.12) 

q.e.d. 
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The following estimates of the quantities like ( ( V 'Р~Л)2 (х) dx 
~ 

for dist(~ •. дЛ) > ( > О 
cation 

should Ье us e ful in the future appli-

Lemma 2.4. 

Let ll <;;~rt(z). Let ЛсR2 Ье а bounded withC 1 -piecewise bounde
ry subset, and let ~ Ье а uni t cube in R2 such that dist(~ ,д~) = 

= 8 > О. There exists а constant с 5(71,Л, 8) finite for ll а.е. Т/ and 
such that: 

.r 1 v'l' ;л(х) 1
2 dx :::; 

~ 

ал ал 13 
.::;с 5 (Т/,М8)(J~К (x,x)dx+((K (x,x)dx)) 

~ 

for any {3 < 1. 

Proof: 

Ву elementary calculations we have: 

дЛ дЛ 
& ( х, х) + 2К (х, х) "' 

(2. 13) 

(2. 14) 

= 2 r r 
ал ал 

ал -1 ал 
(VxP (x,z 1))(-~+l) (z 1,z2)(VxP (x,z

2
))dz

1
dz

2 

for х ~ал. 

Moreover, &дЛ(х, х) has still exponential decay in dist(x, дЛ) 
argument. Therefore, we may again apply Tcltebyshev inequality 
in the spirit of the proof of Lemma 2.1. 

q.e.d. 
The unpleasant feature of the obtained estimates is the a'pri
ori dependence of the constants Са• с 4 and с5 of Л. However, 
this dependence is not very essential as the following estimate 
shows. 

Estimate 

Take 11- <;;;; ~ \z) and let ~ ~ c(R2J Ье given. Let !Л 0 ! Ье any se-
quence. of ЪoJnded subsets of R with C1 -piecewise boundaries 
and such that .Л 0t R 2 monotonously and Ьу inc lusion . There exists 
а subsequence (n') C(n) and а constant D(ry,{3 ) finite fo r ll а.е. 
Т/ such that fo r al l 

ал , ал , 
( ('1' 1/ 

0 
(x)) 2

dx ::: D(Т/, {3)[ ( К 0 (х, х) dx] {3 
~ ~ 

( 2. 15) 
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Proof 

We use again the Tchebyshev inequali ty. Let us take р > О to Ье 
arbitrary. Then: 

ал , ал , 
р.\71 ~S'(R2 ) 1 J ('1' 

0
(x)) 2 dx :?. .!_ [ (К 0 

(x,x)dx) /3! ~ 
. ~ Т/ 8 ~ 

ал , ал , Q 

< l р.{ Т/ <;;;; S '(R2 ) 1 J ('1' 
0 (х)) 2 dx :;: ~ [ ( К 0 (х, х) dx) "' ! < 

n ~ Т/ и ~ 

дАn' 2 
r dр.(Т/)( J ( '1' Т/ (х)) dx) ал , 

д~ .$ 8 l [ . r к n (х. х) dx) 
1

- {3 
, {3 , ~ 

[(К 0 (x,x)dx) 
0 

< 8 l , 
n 

~ . 

А typical contribution of the integrals to the sum l is bounded , 
n 

Ьу 0(1) exp(-dist(~, дЛ 0 • ). Let us denot e а 0 ' = dist(~ . дЛ 0 ' ) . 
Applying the root cri terion we easily conclude that the series 
l , is convergent whenever liminf(a , /n ') >O.From the assumptions 
n , n 

n 

made on the sequence {Л 0 ! it follows that а subs equence of that 
type (n ' ) c (n) may always Ье chosen. Becc.use 8 i s arbitrary the 
proof follows . 

. q.e.d. 
The value of the proved estimate is the following one. In 

some situation we know f r om th e very beginning th at the thermo
dynamic limits of some quantiti e s о[ interest do exist. There
fore, it is enough to control these thermodynamic limits Ьу pas
s ing t o ar arbitrary s ubs equence . It follows from t he proof that 
the most natural case of t he applications is the ~ase when Л0 t R 2 

in the sense of Fisher . 

Remark 

There exists the corresponding version of this astimate for 
the case of completely regular measures. In par t icular, they 
have be~n applied to prove convergence of the high temperature 
clt1ster expansion in the Р(ф)2 models (however , nonuniform in 
the boundary data). In this paper, we will not use it, therefo
re we will not write t hem explicitly . 

The following Lemma also shows mi ld dependence on the volume 
of the constants с 3 , с 4 and с5 in the above proved Lemmas. 

Lemma 2.5. 

Let IЛ0 ! Ье any sequence of bounded subsets of R2 with а pie

cewise- С 1 
boundarie s \дЛ ! c> nd such that Л т R2 monotonously . . n n 

and Ьу 1nclus1on. 
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1. Let Jl. ,;,; ~r (z) and let а number р > О Ье given. Then, there 
exists а subsequence (n') с (n) and а function c 6 (7J,p) finite 11. 

а.е. and such that: 

дЛ ' r ('1' n 2 (д1Лn') Т/ (х)) dx ~ce(.",p) I JЛn' 1 1 + p (2. 16) 

where 

д 1 л n' = 1 х ,;,; л 1 dist(x, ал) ~ 1 1 ' 

2. Let Jl. ~ ~ (z) and le t а number р > О Ье gi ven. Then, there 
exists а constknt с 

7
(.", р) finite 11. а. е . . and а subsequence 

(n') С (n) such that 

дЛ , . 
r I V'I' n (x) l2 dx::; с7(.",р) l дЛ' 1 1 +Р. 

. 1 Т/ n 
д л ' 

f n 

(2. 17) 

Proof: 

Estimates (2. 16) and (2. 17) are obtained rigorously again Ьу 
the application of the Tchebyshev inequality· and the assumed re
gularity of Jl.· Instead of writing the forma 1 proofs in detail, 
we explain why tbese estimates are true. Taking f > O we have 

- дЛ 2 . r ('1' n (х)) dx 
дl лn r Jl. (d") ~ 

l д1 Лn l l +f 

-1-f дЛn 2 
.5 l д1 л nl . J dx r Jl. (d7J) ('1' '1 (х)) 

д1 Л n 

-( 
.s;const· l дЛ 0 I . 

The last estimate follows from the well known fact that there 
exists а constant с such that for every !'! j ~ c(R2)we have 

I IКдЛ 11 1( <с (see Pron. 7.8.7. in 13 1 ). Using additionally 
L !'!) • 

formula (3. 14) the evidence of the va1idity of (2. 17) can Ье 
seen Ьу the simi1ar arguments. 

q.e.d. 
For the comг1ete1y regular measures we note the fo1lowing esti
mates: 
8 

1 

' 

Lemma 2.6. 

Let IЛ n 1 Ье <1 s 
р >0 Ье given. For 
c 8 (7J, р, k) finite 

дЛn' k 

in Lemma 2. 5. Assume that 11. ~ ~ t (z) and 1et 
every integar k ~ 1, there existscra constant 
Jl. а. е. and а sequence (n ') с (n) such 

r ('Р (х)) 
1/ 

dx .:S c8(7],p,k) l дЛn' 1 р+ 1 (2. 18) 
д1 лn' 

2.3. Shift Transformation 
Now we are ready to deпюnstrate that the effect of the condi

tioning is а typica1ly boundary effect and in the case of pres
sure it vanishes in the thermodynamic 1imit. 

For а given bounded Л CR2with С Lpiecewise boundary дЛ 1et us 
denote (here 0<f< 1): 

У = lx ~ Л 1 dist(x, дЛ) ;: l 1 , 

Yf = lx ~Л ; dist(x, У) . <f 1; Yf =Л-У( 

Let Х( Ье а function (indexed Ьу Л) such that: х f ~ C~(R2), 

О < х, (х) { 

= l' 

< l' 
о, 

and such that: 

х ~у. 

х ~у 
( . 

х ~у! 

sup шах 1 i д 1 xf 1 (х) , 1 д2 х f 1 (х) 1 = с 10 (Л) , 
х~Л 

sup 1 !'! х ( 1 = с 11 (Л) . 
х.;Л · 

(2. 19) 

(2.20) 

1/ 
In the formula defining Zл let us perform the following shift 
transformation: 

ф ... ф - Х • IРдЛ 
( 1/ 

Using 

dll.~л<Ф- х( · ~11'l 
dJl. дЛ(ф) 

о 

ехр(-ф (J~ )) ехр( 12 r х (х) ~л(х) Jf (х) dx). 
., ( '1 ." 

(2.21) 
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where 

r . ал 
J 71 (x) = (-д + l) (xr ·'Р 

71 
)(х) 

1s given Ьу: 

- ( 

J Т/ (х) = (-дх ) 'Рал(х) + 2( х (х)) ( IP ал )(х) 
{ 

О, . ror х ~У 

f ." ( ." 
for х "" yf -у - . 

О , for х ~ Л - у = у r • 
f (2.22) 

11 ал . оо • • • d Л . Note that because "</ : IP 
71 

1s а С funct1on 1ns1 е as 1t 1s 
." 

а solution (in S ' ) o f the elliptic homogeneous equa tion 
(-Д + l) 'Р~Л(х) = О. Thi s i s а reason why the trans f ormation 
made above has а per fec tly ri ght mathematica l sens e . 

Using these formula s we have: 

." 
Z Л С z) 1 rJ Л с 

=ехр(-( х (х)'Р (x)J (x)dx) х 
2 ( ТJ ТJ 

Z А (z) 

а л · , ~о 
х <exp(z r [с(ф + ( 1- х ).qJ )(х)- с( ф ) (х)]dх) ехр (-ф (J )) "л (z) . 

л ( ." ТJ 

(2. 23) 

Ву the app 1 ica tion of the Cauchy- Schwa rt z ine q ualit y we h зve : 

Z ~(z) 

Z_,\ (z) 
::: в~ ."> Ш~С .")) \4 ш ~ с .")) IJ! 

where we h a v e def ine d: 

1 1 (IЛ с 
Пл(z) =ехр(......-( х (х) · 'Р (x)J (x)dx) 

G ( Т/ ТJ 

2 дЛ 
П л (z) = <exp [2z ( [ с(ф + ( l -х )IP )(x)- c (ф) (x)dxl > Л(z). 

Л - У с 17 

П 3 (z) = < ехр - 2ф(J Е) > 0 (z). 
л ТJ л 
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(2 .24) 

(2. 25) 

( 2 . 26) 

( 2 .27) 

Now we prove that all these factors have а typical behaviour 
like ехр О(.") l дЛ I . 

In the next three lemmas· we a ssume that \Л 0 \ is а sequence 
as described in the Lеппnа 2.5.above. Additionally for а g i ven 
se o,uence (Л 0 1 we choose а sequence х~ such that 

с 10 = sup с 10 (Л 0 ) < оо , с 11 = sup с 11 (Л 0 
) < оо • (2.28) 

n n 

Lenuпa 2. 7. 
- t 

Let \Л 0 \ Ье as above. Let 11 G ~r(z) and р > О Ье given. There 
e x ists а constant с 12 (.") finite " o n suгp 1.1" and а subsequence 
(n ') С (n) such tha t: 

1 n 1 с · . Лn' ТJ) i 5 expc12(.",p) i алn' 1 1+р . ( 2 .29) 

Proof: 

It is due to the factor f 71 in the iutegral over dx that this 
integration is made over the set а; Л = У r -У. Using the defini
tion of J~ given Ьу (2.22), the properties (2.20) of х: and the 
Cauchy-Schwartz inequality we have: 

1 1 ал 2 
ПЛ (71) .S ехр(2с 9·с 10 . ( (IP 0 

) (х) dx) х 
n а+ л ." 

r n 

1 . с с r х ехр(Тс9 to а+ л 
Е n 

IP ало )2 (х)) ~ х 
." -. 

1 ал 2 ~ 
х ехр(-с9 .с 10 ·( . ( ('Р 0

) (x)dx) ·. 
2 а+ л 71 

Е n 

(2.30) 

Given the sequence IЛ 0 \ as in the assumptions and using then the 
Lemma 2.5, we conclude that there exists а subsequence (n') C(n) 
such that: 

I П\ ,C rt) i ::; ехрс 12 ( 71 ,р ) i дЛ , l l + p 
n n 

(2 ~ 31) 

q.e.d. 

Lemma 2 . 8 . 
- t 

Le t (Л 1 Ь е as ab ove . For a ny /.1 "" ~ (z),p > O ther e e xis t s а 
n ) " f' · ' r d Ь ) const a nt с 

13 
( 17 , р 1n1te оп supp 11 ' a n а s u s e que nce (n' C(n) 

s uc h tr. a t: 
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I П~n'(1'/)l .$ expclз('/l,p)laЛn' J l+p 
(2 , 32) 

Proof: 

From the correlation inequality (see / 7/ ) it follows that for 
every f ~H-t<R2 ) we have: 

<е ф(f) > x=O(z) ,S ехр ~ 1\ f\1 :.1 ,аЛ (2о33) 

uniformly in the volume Л. Applying this observation we have: 

IIIX (71) 1 = <ехр(-.2ф(J~ )) > Л (z) 5 ехр(21\(-~ал +1)(xf .ЧJ;л) \1 :_ 1 ) 
n 

= ехр(2 r dx J~ (х) <xl. ЧJ~л )(х)) 

We see now that the integral to Ье estimated is an a lmost iden
tica1 to that met in Lemma 2.7. 

We proceed now 
the cos Е ф -bound 
there fol1ows our 
СОSЕф -bound says 

q.e.d. 
to estimate the factor П 2л(71). Here, we use 
of Fr6hlich ' 11 . From the use of this bound 
technical restriction on the size of f. The 
that for every regu1ar f we have: 

о.$ 6 < 217 

с(ф+6) (С) 
<е 

( i 1 f 11 1 . > 0 (z) ' 1 1 + 11 f i i ) Л .S е . Р (() 

uniformly in the volume Л. Here '".i! -' have to assume that 

Р(Е} > 1 

1 - f 2 / 417 

Lemma 2. 9. 

(2.34) 

( 2-35) 

Let IЛ n 1 Ье а sequence as in the Leпnna 2. 5. 
Let !J.Iё rp}'·(z). There exists а constant с 14 (71) finite JL а.е. such 
that: 

П~ ,<77) 1 ~ ехр с 14 (.") 1 аЛn' 1. 
n 

О о 36) 
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Proof: 

Ву а 1ittle algebra we have; 

2 ал ~ 
Пл (1'/) .s <exp2z r dх:с(ф):ал (x)(:c(l-x ·'1' ):(х) -1)> 0 (Z)>л х 

n n l 1'/ 
лn 

x < exp-2z ( :s(ф):аЛ (:s(l-x 'l'аЛ):(х)>л0 (z})~ 
Л . n l 1'/ 

n 

The functions 

ал 
:c(l-x -Чl ):(х) =1 

l 1'/ 

2 2 ал ал = exp(i!.._(l-x) К (х,х)) cos(a(1-x )'1' )(х) -1 
2 f l 1'/ 

and 
. ал 

: с (1 - х Е • '1'· 
17 

) : (х) 

~( 2 ~ . д~ 
= ехр(- 1- х ) К (х, х)) Sin(a(l- х ) Ч1 -->(х) 

2 f f 1'/ 

(2 о 37) 

(2 о 38) 

(2о39) 

are both supported on the set Л-У and are bounded there Ьу: 

ал l 
2 ал 

l :c((l-x )ЧJ ):(х) -l l < 2(1-х )ехр(..!!-К (х,х)) 
f 1'/ - 2 (2о40) 

and 
ал а2 ал 

l :в(1-xf).'1' 17 )(x): l .:::<1 - xf)exp2 к (х,х) 
(2 о 41) 

Note that we have changed Е in formula (2о37) defining interac
tion Ьу а in order to exclude the possiЬle missing of the sym-
bols used. ал 

The f.unctions К have locally integraЬle singularities on 
the set ал. They have the behaviour like 

ал 1 · 
К (х, х) - - - ln 1 dist(x, ал) 1 ехр - dist(x, д Л) 

217 
(2о42) 
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as х-+ дЛ. In applying the СОВ( ф -bound we need to have ( 2 < _ ::;2 __ 
1-(l /2JТ) 

Assuming this holds, we can apply Lemma 3 . 6 to both t he fac t ors 
in the estimate (2.37) . 

q.e.d. 

2.4.р:.', ~ р~ 

Sui!IПarizing our discussion we have t he following theorem. 

Theorem 2. 10 
2 . 

Let ( 2 < and ll ~ ~ t (z) . 
1 - (1 /21Т) r 

Then 
ll 
v 
ТJ 

11m р А (z) ~ р : (z) 
ЛtR2 (2 . 43) 

Here Л t R 2 means a ny sequence I Л n 1 of bounded , wi th С~ -p iecewise 
boundarie s subse t s of R2 s uch t ha t Л~R2 mono t onous l y and Ьу 
inclusion and such tha t fo r some р > 0 : 

. i дЛn l l + p 
11m ~о. 

n-o oo I Л nl 

Proof: 

From the Lemma 2.1 
а subsequence (n ' ) с (n) 

we know tha t the r e exi s t s fo r ll а.е. ТJ 

such tha t the limit 

ZЛ ,(z) -1 / I Л ,1 
ТJ n n 8 , ~ lim ln( ) 
n Л t R2 Z 0 (z) 

n' лn' 
exists. From formula ( 2. 23) and t he Lemmas 2 . 7 - 3. 9 i t fol 
lows that for ll а.е. ТJ we have 8~ - ~ О. Fr om t his we conc lude tha t 
р 0 (z) is the only accumulat i on point of th e sequ ence lp Д (z) !. 
"" n 

q. e. d. 

Concluding remark 

In the paper 151 we have applied t he resul t prov en here t o 
extend the uniqueness part of th e work /З .' 
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