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1, INTRODUCTION. NOTATION AND ТНЕ RESULT 

Statistical mechanics approach to the two-dimensional super­
renormalizaЬle Euclidean scalar (quantum) Euclidean Field Theory 
can Ье formulated in terms of the fundamental notions of the 
Gibbs states /1,2/ . 

The standard measure space IS ' (R 2} , ~l.where S'(R 2 ) stands for 
the (real part of) Schwartz space of the tempered distributions 
and ~ for the Borel а -algebra of subsets in S'(R 2 ), plps the 
role of the conf1gurat1on space 1n th1s apprfach. Let ~о ь Ье 
the Gaussian measure with the covariance (-!} ь +1)- 1 and 'mean 
equal to zero. Here !}~ stands for the two-dimensional Laplace 
operator with some classical boundary condition Ь imposed on 
the given pi!.cewise -С 1 curve Г. In particular, we will wri te ~о 
for the measure with the free boundary condition and ~~ for 
the Gaussian measure ~о with the Dirichlet boundary condition 
on Г. Let us denote Ьу I.(Л) the local а -algebras generated Ьу 
the free Gaussian field ~о and Ьу ffi 00 (Л), the space of bounded 
measuraЬle with respect to I.(Л) functionals of the field ~о· 

Let IU л(ф)l Ье ад additive functional of the free field such 
that ехр(Uл(ф)) (; П 1 LP(d~ 0 ). We will say that а probaЬilistic, 
Borel cylindric rfBC) measure ~ defines а quantum scalar field 
with the interaction IUлl iff 

i) ~ is locally absolutely continuous with respect to ~о· 
i.e.: 

ii) for any F~m 00 (Л) the conditional expectation values 
of F wi th respect to the measure ~ and the local а 
algebra I.(Лc).E~IF I I.(Лc)l, is equal to those computed 
with respect to the measure ~Л and the a-algebra 
I.(Л с), where ~л is а measure 

-1 
~ л(dф }=(Z Л) exp(U Л (ф))~ 0(dф), 

(1. 1) 

Zл = f ~ 0 (dф)exp(U л<Ф )); 

iii) the re-
(such as 

1 



It is importan t to note that the f amily t E t-t л t- \ l (Л c )l de ­
f ines on the tS' (R 2),~1 a local spe cification i n the standard 
sence 111. In 14- 6 1 i t was proved that 

с Ef-L 1 -е uл<Ф> \ l (Лc)l 
Е f - \ l (Л )1 : -~-------- (1 . 2 ) 

f-LЛ E t-tole uл<Ф> \ ~(Л c) l 
The condi tional expectation values E f-L o t - \l (Л с )1 (q) at the ran ­
domly chosen point ТJ t;; S' (R2 ) can Ье writ t en as the s o l u tion of 
the following Dirichlet stochastic proЬlem /4,5,61: 

ал 
(-д+ l ) 'I'ТJ (х) = О, · х <;; Int Л. · 

ал 
'I'ТJ (Х) = ТJ(Х) , · Х >;:аЛ. · 

( 1. 3) 

For а recent, de ep discussion of such kinds of the stochastic 
proЬlems, see the paper Ьу Gallavotti et al. 151. Here, we recal l 
some basic facts concerning the proЬlem (1.3) . 

For а given additive functionaliUл l let us denote Ьу ~ t(U л) 
the space of all tempered (i. е., supported on S' (R 

2) РВС measure s 

such that 

"V 
\ Л \ < оо 

f-L о Е f-L Л 1- \ l (Л с ) 1 = f-L ( 1. 4 ) 

in the meaning o f measures. We shall call e lements of t he set 
§ t(Uл ) the tempered Gibb s measures corresponding to the inter-
action 1 U Л 1. · _ . 

It is not hard to observe that the set ~ t (Uл) is convex and 
weakly closed. From the results of Folmer Л I and the recent, more 
general of Weizsacker and Winkler /8,9 / it follows that the se t 
§ t (Uл) has а structure similar to that o f t h e Choquet simplex : 
e v e ry f-L >;, § t (U л) may Ье unique l y represented a s а resul tant o f 
s ome probabilistic me asure р supported on the se t a§t (U N o f 
e x tremal points of ~ t (U Л ) which exis t Ьу the FOlmer-Winkler 
r esults Л , 81. 

А Gibbs meas ure f-L >;, § t(U л) is called the regular Gibb s meas ure 
iff its two-point moment c a n Ье e x t e nde d cont inu ously t o t he So­
bolev space н_ 1(R 2 ), i . e ., t here exists а constant с such tha t 

"V I Ф 2 (f) t-t (d Ф) :; с 11 r 112 
• · ( 1 • s) 

r ~;; н (R 2 ) -1 
- 1 + 

А Gi bb s measure f-L <;; §- СUл) is called the comp le t ely regu lar 
GibЪ s measure iff t here exists а constant С s u ch t ha t 

"V f еф ( f ) f ~;; н (R2) f-L (d ф ) :; е C\\ f\\ _: 1 
- 1 

( 1. 6) 
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We denote the set of regular Gi bbs measure s (resp., completely 
re gular ·Gibbs measures) Ьу § :(Uл ) (resp. f:~r(Uл ) ). From the defi­
nition it fol l ows that §~r СUл )~ § ~(Uл)~§ t (U л) · From the pa­
pe rs 15,6 / we know that for any f-L t;;§~ (U л) the stochastic Dirich­
let proЬlem (1 .3) has for almost eve ry ТJ with respect to f-L 
а s o lution g iven Ьу the classical Poisson formula: 

'1' ал (х ) = f Р ал сх. z ) ТJ (z ) ctz. · 
Тf ал 

(1.7) 

valid for х ci- ал, where Р ал(х,z ) is the Poisson kernel for the ope­
rator - ·~+ 1. · This unique solutions have ce rtain local decay pro­
perties as Л R 2 (see 161 for greater details). 

The most important questions in the general theory of Gibbs 
states are the guestions about the existence and detailed topo­
logical structure of the sets like § t(Uл).The existence proЬlem 
for the field-theoretical Gibbs measures has been treated in­
tensively in the seventies . See /3,10 / for references. However, 
till now there doesn#t exist а satisfactory version of the Dob­
rushin-like theory ~3/ in the field-theoretical context. Let us 
remark that it is not known whether every f.L ~;;§ : (Uл) for а gi­
ven interaction 1 U л 1 defines а quantum field theory in the sense 
of i)-ii i ). Ву experience with the lattice spin systems with 
noncompact state space of the individual spin 111 , 121, we expect 
that there may exist some spurious solutions of the DLR equa­
tions ( 1. 4) in the space § t (U л)· 

Essentially important is the question about the cardinality 
of the setQF ~ t(Uл )П ~~ t(Uл), where we denote byQF ~ (Uл) the 
set of quantum-field theoretical solutions of the D-L-R equa­
tions (1.4), Whenever, the above~mentioned set has more than 
one element, we have to deal with the phenomena of the first 
order phase transition. Deep results in this direction have 
been obtained recently Ьу Jmbrie /13 / for the case of polynomial 
interactions. А detailed description of the set ~ t (U f) is, how­
ever, а very hard mathematical proЬlem (it is very nontrivial 
a lre ady on the ievel of the two-dimensional Is i. ng model 114· 151 ). 
The analysis of the set f'l ~ (Uл ) for а given t Uл 1 seems to Ье 
а much easier proЬlem. In the case of exponential interactions 
we have proved in 116,17 / that the set § ~r(Uл ) reduces exactly t0 
one quantum field theory solution of (1.4). This has been proved 
also in118 1 extending the ideas taken from 116 1. 

In this note we consider the proЬlem of uniqueness (in the 
space ~~ (Uл ) ) of the solutions of the DLR equations (1.4) for 
the so-called sine-Gordon interaction. Previously Albeverio 
and Hoegh-Krohnusing а high-temperature cluster expansion have 
proved the uniqueness f or the weakly coupled sine-Gordon inter­
a c tion 161. А similar uniqueness result has been proved in 1191. 
f o r the regularized Yukawa d -dimensional, neutral gas in the 
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region of couplings where the contraction map principle can Ье 
applied to the Kirkwood-Salsburg equations. 

Sine-Gordon interactions are defined Ьу: 

UЛ ~ф)=Z f d~: СОS(Еф(Х)+8): 
л 

Here we consider this model in the region: 

z . ;::: , о. ' ( 2 < __g__ • . 8 = о . . 
1-1.." 
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( 1. 8) 

See the. papers120•21·221 for the construction of the corresponding 
Gibbs measures with z ~R 1 , 8 =i0 and Е2 < 477. 

Our result proved in this note is the following: 

Theorem 1. Whenever the infinite volume pressure Р 00 (z) in the 
model ( 1. 8) is differentiaЬle at z =Zo , the set of regular solu­
tions of the corresponding DLR equations at Z= z0 which have 
translationally invariant first moment consists of exactly one 
element=infinite volume half Dirichlet state. 

The uniqueness result of Albeverio and Hoegh-Krohn holds 
only in the region of the convergence of the Gli~Jaffe Spencer 
expansion, i.e., for sufficiently small \z \. Taking into account 
that Poo (z) as а concave function of z is almost everywhere dif­
ferentiaЬle (presumaЬle for all z ) , we have that for alnюst eve­
ry z there exists а unique pure Gibbs phase corresponding to 
the interaction (1.8). 

The proof we find seems to Ье very elementary. \ve adopt to 
the present case some correlation inequalities found Ьу Froh­
lich and Pfister in their analysis of the DLR equations for abe­
lian lattice spin systems /23,24,25 ~The additional argument we use 
for the proof is the independence of the infinite volume pressure 
of boundary condition (generalizing the known result of Guerra­
Rosen-Simon 126 / and concerning the independence of the so-called 
c lassical boundary conditions). This is proven in ~7 / . 

The. ideas used in this paper can Ье applied to analyse the 
class ,of weakly coupled 'У(ф) 2 models or the ф: -models where the 
Lee-Yang theorem works. Similar techniques have been applied 
to the class of charge-syппnetric continual systems 127,28/. 

Finally, let us say few words about organization of this 
note. In se.ction 2 we review some correlation inequalities re­
ducing the proof of the uniqueness of the solutions of equations 
(1,4) to the statement about independence of the infinite volume 
pressure of the qoundary conditions. In 1471 we prove the claimed 
independence, Section 3 contains some techniques necessary to 
complete the proof of Theorem 1, 
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2. REDUCTION OF ТНЕ PROOF ТО ТНЕ STATEМENT 
АВОUТ DIFFERENТIAВILIТY OF ТНЕ PRESSURE 

• 

The infinite volume half-Dirichlet sine-Gordon measure cor­
responding to the interactions (1.8) can Ье constructed easily 
Ьу the following correlation inequalities proved in 1291: 

< etф(f) ; :COS E ф:(x)~ ,$ 0. · (2,1) 

< ф 2(f); : cos ( ф : (х)~ .$ О. · (2.2) 

where < ; >т means the truncated expec tation value and < >~ (z) 
means the expectation with respect to the measures: 

~1 ал ILXЛ(dф) = (ZA(z)) exp(z f :COSEф : dx)ILo (dф) 
л 

(2.3) 
дА 

ZA_(z)= f ILo (dф)exp(z f :cosEф : (x)dx). 
л 

From these inequalities it follows easily that the infinite-
volume limit lim < - >Л =<- > оо exists (independently how Л R 2 ) 

Л t R 2 

and fulfills the axioms of 1M~ In particular, we have the bound 

t2 2 
tф(f) 0 2 11 r11 _1 

< е > .s;; е 
00 (2.4) 

which means that <- >~ = (-!L 00 (dф) is а complete regular Gibbs 
measure. Let us introduce the following notation: с(ф)(х)=:СОSЕф:(х); 
s (ф)(x}=:sinf ф (х):. Ву ~: (z) we denote the set of regular Gibbs 
measures corresponding to the interaction (1,8) with fixed z • 

h /L • 
and ( . Т е symbol ~ means: for alnюst every ~ w1th respect to 

/L. А conditioned f~inite-volume Gibbs measure IL ~(dф) is given Ьу: 
~ ~ -1 ал ал 

IL (dф) = (Z л (z)) ехр (z f с (ф + '1' )(x)dx ) IL 
0 

(dф) 
л л ~ (2.5) 

дА . 
where '1'~ 1s the solution of the proЬlem (1.3) and ~ is ran­
domly chosen from S' (R2 ). 

From the reverse martingale theorem it follows that for а gi­
ven IL ~ § t (z): 

IL ~ (dф) = lim 1L х (dф ) 
00 Л t R2 
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exists for 11 а. е., ТJ r;; S'(R2 ), and defines some РВС measure on 
!S '(R 2), fВ 1. Moreover, the full set §t(z) can Ье obtained as con-· 
vex superpositions of such limits. 

For the conditioned measures 11А the correlation inequalities 
(2,1), (2,2) in general fail. However, instead of the correla­
tion inequalities (2. 1), (2,2) one can use another set of corre­
lation inequalities in order to analyse the content of the set §: (z). · These correlation inequalities proved below are sirnple 
adaptations of the correlation inequalities proved Ьу Frohlich 
and Pfister in 123~ They all are sirnple application of the Ginibre 
correlation inequalities ~1 : For the shorhand let us introduce 
the notation: 

. ал, n 
сЛ(х 1 , ... ,хn)= J 11л· '-dф )П с (ф)(х . ) 1= 1 1 

ТJ . ТJ n 
cЛ(xl' .... xn) = J 11 Л(dф )П с(ф)(х . ) 

1=1 1 

(2.6) 
ТJ . ТJ n 

sЛ (x 1, ... ,xn) = J 11 Л(dф)П s (ф)(хi) 
1=1 

. дА n 
sл(xl' .•. ,xn) = J I1Л (dф)П s(ф)(xi) 

1= 1 

and sirnilarly for the corresponding infinite volume liшits. The 
exis tence о f lim с л fo llows frorn the cos с ф: bound 1201 and the 

Л t R2 
following correlation inequalities 

n n т 

< П с(ф)(хi); Пс(ф)(уj) > (z)~O 
1=1 J=1 л 

d . 129 1 h - f h 1. . . ТJ Pf OVe ~n _ Т е ex~s tence о t е ~т~ ts l1rn с л 
Л t R2 

l . ТJ 
' lffi s л 
Л t R2 

(2. 7) 

(Ьу 

subsequences) follows frorn the correlation inequalities to Ье 
proved below (see inequality (2.14)) and the cornpactness argu­
rnents. Moreover, frorn the results of section 3 it f ollows tha t 
every accumulation point of cl is equal to С00 (at least for re-
gular values of z, .see below), ~ 2 

Let us denote Ьу < - > Л,0 ·ТJ ) thJ expectation on!S'(R2), 1 
wi th respect to the rneasure 11 Л Л (d ф) ~ 11 А (d ф ). 

t 
Proposition 2.1. Let 11 r;. §/z). Then fo r every n > 0,1"1 .. . , 

fn r;. S(R2) ; such that fi ~ O for i = 1,2, ••. ,n ; g r;. S (R2) the 
following correlation inequalities hold: 

6 

1, 

11 

'<1 

ТJ 

0 ~ ofc(ф)(f . ) -ll c (фA)(fi)) 
i=l 1 i= 1 (2.8) 

2 (O,q) 1 
ехр ±о Jd х g(х)с(ф)(х)с(ф')(х)> (z), · о E-R. 

л . 

Proof: It is а standard application of the duplicate variaЬle 
technique. Let ф' Ьу an identical сору of the field ф. From 

дЛ 
ехр (z J с (ф)(х)dх)ехр (z J с (ф' + '1' ТJ )(x)dx) 

л л 
дА , дА 

Ф + Ф'+'I'ТJ Ф-Ф -'1' =exp(zJdxc( - )(х)с(- ТJ )(х)) 
2 2 

(2.9) 

and 

с (ф )(х)с (ф' )(х) = .!..с (~)(х)с c-i!L )(х) 
2 ~ 2 (2. 10) 

we conclude after introducing the orthogonal transforrnation in 
the space 1 ф, ф' 1: 

'1' = Ф+Ф_:_: '1' = -Ф + Ф' 
+ ..;2 - ..;2 (2. 11) 

that the first exponential and the one corning frorn the interac­
tion factorize after (convergent for i Л I< оо ) expansions in z. 
The terrns outside the exponentials factorize using the following 
trigonornetric identities: 

n n 
11 cos ф . = t ~ cos ( 1 ( j ф j ) • 

j= 1 J lcl j= 1 
J 

fj = ±1. (2. 12) 

and 

cos а- cos f3 = 2 sin a+f3 sin f3- а 
2 2 (2. 13) 

Some interrnediate UV-regularizations are needed to justify these 
transforrnations rigorously but the removal of it is simple so 
that we omit the details here. 

q.e.d, 

These correlation inequalities lead to the following induc­
tive statement on the independence of the moments like сЛ(х1·· ··,хn) 
of the boundary condition. 
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Remark 2.1. For the eventual fu ture application we define 
also the following moments o f the measure 11 А (dф): 

~~ n с 
с Л (х 1, ... ;х; n) = Е 11 Л 1 i!:\ с (ф) (х i) 1 I (Л )!(~) 

(2. 16) 
n ал 

f 11 А (dф) i~ 
1

: cos ( ( ф (х i) + ( '1' ~ (х i )): 

and 

~~ n 
s л(х 1•·•·;x;n) = EI1ЛI i~1s(ф)(xi )1 I(Лс)\(~) 

n ал 
(2. 16') 

J 11~л(d ф )П: sin(fф(xi)+ ('1' n (х i)): 
1= 1 '/ 

Then, it is not hard to obs~rve the correlation inequalities 
listed above hold also for с R . 

t . 

Proposition 2.6. Let 11 ~ ~ r(z). Then for every n ~ О , f 1··•· 
fn Е S(R2) such that fi ~ O for i = 1, ••• , n and gES(R2 ) 
following correlation inequalities hold: 

~ n n ал 

' the 

'V : 't. : 
/L 8 E R 

O.s; < (Пc(ф)(fi)-II:cos(lф' + f'l'~ ): (fi) 
1= 1 1= 1 (2. 17) 

ал <о.~> 
х ехр(±о Jdх~(х)с(ф)(х)с(ф+ '1' ~ )(х))> Л 

and 

n ал ~ . 
1 < п с <Ф + '1' ~ xr i ) ' 1 s с л<r l' ...• r n ). 

~ 1 \ 
(2. 18) 

In particular, this proposition leads to the same bootstrop 
principle as Corollary 2 .2 for the moments 

. - 9 ~~ 
11m ел (x1, .•. ,Xin) = с""(х I'. · •• ,Xin ). 
Л R 2 

The existence of c:( ·x 1, ... ,X<г)follows from the application of the 
reverse martingale theorem a nd the correlation inequa1.i. ty(2. 18). 
Moreover, from the correlation inequality (2. 18) it follows 
easily that the set of the limits lim 11 ~ forms then а weakly 

л 

precompact set in the space of all probabili ty measures on the 
space IS'(R2), ffi 1. · 
10 

3. COМPLEТING OF ТНЕ PROOF OF THEOREH 1 

The sequence of moments 1 c ~ (x 1 ,. ·;.,x;n) n= 1,2, ... does not describe 
fully the measure 11 оо but rather its restriction to the even 
part of the а .:.algebra I (R 2) only. From the independence of 
the boundary conditions of the moments 1 с~(х 1•·•;;x;n)1n= 1, .. it fol­
lows that every even function of the field ф does not depend 
on the boundary conditions. In particular, taking an arbitrary 
sequence f 1 ,.· . . ,f nE S(R 2 ) we conclude that the moments 

c:(f 1 ,.· •• ,fn l (x 1, .• ;,x;n)) = lim J 11 ~(dф) ll :cos (Ф r . :(x i), · (3. 1) 
Л tR2 1= 1 1 

where 

(2 
: cos (Ф ri :(xi )= exp(T (S * fi )(О)) 

(3.2) 

cos ( ( ф * f i )(х i ) 

does not depend on the given ~ if cZ(xp ·· .. ;x;n) does not depend. 
Ву the arguments identical to those used in the proof of 
Prop.2.4 we have the following correlation inequality: 

Leпnna 3. 1. Let р. E · ~ r\z). Take f 1 •.•. ;f· n Е D (R 2) and а 1•·•~; · 
an Е [О, 2") arbitrary. Then for 11 а. е. ~ the following cor-
relation inequality holds: 

n ~ n о 
1 < п : cos ( ( Фr + а . ) : (х i)> ls < п : cos ( Ф с : (х . ) >л. 

i= 1 i 1 00 i= 1 i 1 

(3.3) 

We note the following leпnna also: 

Leпnna 3.2. Take 11E~~(z) andfl' •.•. ,f.n as in Leпnna 3.1. Then 
for 11 а.е. ~ we have: 

n 
< II : cos ( ф с . 

1= 1 1 

. 71 
:(xi) : sш(Фr : (у) > = 0 

n+1 оо 
(3.4) 

a ssuming that < с ( ф )(х) >~ =< с(ф)(0) >0 
sily obtain оо оо 

holds. From this we еа-

t 2 
Corollary 3.3 . Let 11 E~ r(z) and let f 1, ... ,fn Е D (R ). · Then 

a ssuming < с(ф ) (х) >~ =< с (ф Х0) >0 we have: 
Х> 00 
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m ТJ m ТJ 
< П s <Фr . )(xi )> = <П s <Фr . )(xi )> 

1= 1 1 00 1= 1 1 00 
(3.5) 

and for arbi trary g l'''~.g m~D(R2 ) we have 

m n ТJ m n ТJ 

< Пs(Фr. )(xi )Пс(фg)(уJ. )> = <Пs(фr.)(хi) . Пс.'Р _)(у . ) > (3.6) 
1= 1 1 J= 1 J 00 1= 1 1 J = 1 g J J 00 

assuming the eqiality <с(ф)(х)>ТJ =<с(ф)(0)>0 • · Finally, we are 
ready to prove Theorem 1, оо оо 

Proof of Theorem 1. It is well known that р 0(z) is а concave 
function of the coupling constant z. F.rom this 

00

it follows 
(see 14 1, 421 ) that p~(z) is alпюst everywhere differentiaЬle func­
tion (except at most а countaЬle set о~ values) and that we have 
the equality: 

_d_ lim р ~(z) = lim ..!_р ~ (z). 
dz Л 2 Л 2 dz tR tR 

at the points of 
sily Ье extended 

d . ff . ь. 1" h 14 7-1 1 erent1a 1 1ty. Т е arguments of can ea-
to treat the following perturbed pressure: 

ал 
Л{сlф)(х)dх zfc<ф+'VТJ )(x)dx ал 

РлТJ (z, Л) = - !._ ln f е е р:0 (d ф ). 
IЛ I . 

(3,7) 

In particular, we obtain that the unique therпюdynamic limit 

РТJ (z, л)= нm РХ (z. л) 
оо Лtа2 

(3.8) 

exists (whenever Лt R2 as in 147
, ) and is independent of the ty­

pical . boundary condition ТJ· Moreover, the limit is d~fferen­
tiaЬle at Л and z alпюst everywhere. Assuming that p

00
(Z) is dif­

ferentiaЬle at the point z =Zo we obtain: 

d ТJ 1 ТJ о 
-р (z0 , Л) 1, = lim ~ f dx < с (ф )(х) > (z

0
) = < с (ф )(0) > (z

0
) 

d Л оо N=O Л а21Л I Л Л оо 
(3. 9) 

which shows that Р2(z0 ,Л) is then differentiaЬle at the point 
Л= О and that (assuming the limiting measure < >Z<zo) has trans­
lationally invariant first moment) the following equality holds: 

о ТJ 
<с (ф)(О)> оо (z 0 ) = < с (ф)(0) >00 (z 0 ). (3. 10) 

Thus, the bootstroop principle of Corollary 2,3 then is appli­
caЬle with the result that if ~ is any regular measure then for 
~ а.е, ТJ ~S'(R2 ) and nL l we have: 

12 

n ТJ n 
< Пс(ф)(f .)> (z 0 )= < ll с (ф){fi)> (z 0). 

i= 1 1 00 1= 1 
00 

(3. 11) 

n m 
For the regularized пюments of the form < П с (ф 1·. ) П s (ф g .) > 

1 1 1 J 
we then apply Corollary 3.3. The limits fi+8,gj . а of both the 
sides of equality (3,6) can easily Ье controlled Ьу the appli­
cation of the cos с ф -type of bounds for the measure ~ 0 (dф ). 

00 

ч.е.d, 

Remark 3.1. Taking into account Remark 2.1 we can eliminate 
the Л -perturbation arg'!ment used above. 

4. CONCLUDING REМARКS 

3 he main motive for writing this paper is the question about 
Global Markov Property for the two-dimensional scalar fields .• 
In the case of lattice systems some results concerning this 
proЬlem have been obtained in 137•38 1. The main strategy coming 
back to Preston 111 and Folmer 1391 is to introduce certain order 
(the FKG order) into the set of Gibbs measures. Some simplifica­
tions have been made in the paper Ьу Goldstein 140

:' The method 
of this paper combined with the superstability estimates has 
been applied Ьу the author to show the Global Мarkov Propert1 
also for some nonferromagnetic continuous spin systems in ~3 . 

One of the mainobstacles to apply immediately the techniques 
of FKG order to the continual case is that we do not know 
whether such an order can Ье defined in space of the Gibbs 
measures describing the continual fields. The intriguing ques­
tion is to find а suitab~e notion of the lattice regulariza­
tion which disc~etizes the Dirichlet proЬlem (1.3) in а proper 
sense Ьу which we mean, firstly, that the discrete versions of 
the corresponding local specifications are convergent surely 
to the continual one, Secondly, the shift transformation exists 
which transform the discrete versions of local specifications 
to the forms considered in /37,38/ . Then, the ,FKG order may Ье 
induced into the set of the continual Gibbs measures on the ac­
count of the assured convergence, But we have not checked any 
details of this intriguing programme, 

On the other hand, · the methods of the present paper do not 
use any kind of ferromagnetic properties of the continual fields. 
Therefore, they seem to Ье very useful in the study of the DLR 
equations for continual fields which are defined Ьу the tri­
gonometric perturbations of а Gaussian, generalized fields, 
Such an analysis has been performed Ьу the author in pap-
pers /44,45,46 /. 
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APPEND1X 

1n this Appendix we review some results obtained Ьу Folmern~ 
Weizsacker and Winkler~· 9 1 which are relevant for us, Related 
results can Ье found also in the second chapter of Preston 111

. 
LetiJ,a! Ье an increasing net which •is countaЬly generated, 

Assume that (O,l! is а standard Borel space and that for every 
i~J there is а sub a-algebra li of l such that iaj=> ljc li. 
А collection С of stochastic kernels (Pi,i <;J! from IO,l! 
to IO.l! is called specification iff 

s 1) 'V 'V pi (· • F) 
i r;;. J F~l 

1s li measuraЬle 

s2) 'V 'V pi (·,.F )= J F 
i <; J F~ li 

s3) i aj => Pj Pi = Р j 

А probability measure р on IO,l! is called the Gibbs state cor­
responding to the given specification С iff it satisfies the 
DLR-equations 

DLR) 'V р о Р . = р • 
i ~J 1 

We collect the fundamental results obtained in п.в,g,зв ; in 
the following theorem: 

Theorem А . 1. There exist а standard Borel space 10 ,l ! 
and а stochastic kernel р"' from .noo to n ·such that th; mapping 
р-+ р Р"" is an affine bijection from the set of probabilistic 
measures on 1 О"" .l) onto ~ (l: ), in particular, 

§(С)= 1 р Р"" 1 р runs over probabilistic 
measures on 1 П""' l "" 1!. 

and the extremal points of~ ( C) (the so-called Martin-Dynkin 
boundary) 

а§ (С ) = 1 Р < ш ; - ) 1 ш r;;. n 1. 
оооо ос~ 

The set д§(С) of extremal points of !J (C) is measuraЬle with 
respect to the evaluation а -algebra l and for each Gibbs 
state р there is а unique probabilistic measure р on 1 д§ ( С), 
a§n l! such that 

'V р (В) = J v (В) d р (v ). · 
в r;;.l а§ (С) 

14 

For the application to field theory we put IO,li =IS'(R 2), . gз !, · 
1 J = 1 Л n!, с ! any monotone sequence of bounded regular subsets 
of R2 tending to R2 monotonously and Ьу inclusion. Then ln = l(Л~. · 
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Гелерак Р. 

Строгая единственность для двумерной модели 

сииа-Гардона 

Е2-85-898 

Исследуются равновесные уравнения типа Добрушина - Паи­

форда - Руеля в случае двумерной эвклидовой модели типа сина­

Гордона. Доказывается теорема о единственности предельного, 

трансляционно-инвариантного, равновесного состояния Гиббса, 

которая значительно усипивает результат, полученный ранее 

Альбевере и Хаг-Кроном. Использование некоторых корреляционных 

неравенств типа Жинибра сводит задачу единственности трансля­

ционно-инвариантных, регулярных мер Гиббса к задаче независимо 

сти свободной энергии от граничных условий. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Сооб•ение Объединенного института Rдерных исследований. Дубна 1985 

Gielerak R. 
Strong Uniqueness for the Тwo-Dimensional 
Sine-Gordon Model 

Е2-85-898 

Dobrushin - Lanford - Ruelle equation is studied in 
а certain space of measures in the case of two-dimensional 
trigonometric interactions. Uniqueness theorem extending the 
results of Albeverio and Hoegh-Krohn is proved. The extension 
is obtained Ьу the application of some correlation inequali­
ties of the Ginibre-type, that reduce the proof of the uni­
queness of the translationally invariant, regular, tempered 
Gibbs states to the question on the independence of the infi­
nite volume free energy of the boundary conditions. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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