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I ntroduction 

In tha last YBars, a remarkably-growing i nterest is oall ed to 
ex.otly i ntegrable models like t he general ized He i senberg magnet. This 
model desoribes a pairwise interect i on of na i ghbouring spi ne :5 in 8 
periodic cbein with N s i tes. Tbe mode l hae been proposed 111 i n tbe 
context of the quentum i nverse scettering method and tor tbe ~irat 
time i nvestigated/21 on tbe basis of t be "string" hypothesis about 
the structure of tbe Bethe·ensatz (BA) 801utions . He-ever, a further 
analysis/ )-51 showed that this bypothesie i8 only a convenient appro
ximation which haa not yet tound a complete mathematioal compreben
slon. In rets,/J-7/, deviations trom the atring picture bave been 
discovered for excited states. He-ever, it bae baen assumed in rete. 
16.7/ that. althougb for N-+OtO exoitat ions Dla), have a nonetring torm, 
they exist on the baokground of a eea ot perfect 2a-etrins-. In the 
present paper, we consider correotions to this idealized picture tor 
finite N. In the ~=! caee /3,41, tbe queation about a cbange i n 
the sbape ot 2s-etringe dld not eflu because thay degenarated t o 
real roots. This alle-ed us to estimate/S/ an influenca ot tbe i ti
nitsness on tbeir denBity by the method /91 of evaluatin& tinite-eize 
corrections. 'Por !.>i, it i8 not les8 important to te:n int o aocount 
tbe 2e-Btring defor~tion that may prove to be by no ••an••xponen· 
tiaUy small. 

1. Tbe BquationB and the String Hlpothesis 
Tbe BIItbe-en8sts equationB (BAE) tor tbe model/,1 bav. th. tom 

12/ 

(!'J +~~)N = Ii Ai -~ (1."_ of i. (I = -f••• M).
~Ai - t 1:. 1-1 Ai - )..,- l 

Tbe energy, moaentua, end Bpin ot e atete ot tbe ••gn.t are expresB.d 
tbroU&b a e., lut!oD o~ ayete.• (1 . 1), a set of M oo.plex nUllbara fA;}; 

oM 
E - J~~- (1.2) 
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P 2'][ 1 ~ . )...+ i -!> 	 (1 .:3> 
.= 	.... LJ br ~"J~=- (moti 2 :l1. ); 

t j=1 Ai -l ~ J 

(1.4'
L = ~N--M ~ O. 

Por t he low-lyi ng antiferromagnet i c (AP) s t a t es (Jr;>O ; i n tha ~ol
l owing,,,e set J = .f ) ·t he spin ( 1.4) is not high, and hence. /It1~5N. 
It is c l ea r tha t a system of a IBrga but fin i te number of nonl i near 
equations can be s ol ved only numerica l ly. How ever , before applyi ng a 
numerica l meth od , one has to spec i f y 90me pra l iminary info~tion 

about the s olution. Tbis i s bacause tbe t ota l number of solutions ", 0 

eqs .(l. l ) is extremely large, and not a l l of t hem are physica l . Tbere 
a re a l ot of so lutions "ith coinCi ding roots ( )'J = ).,t f or aomb j # ), 
and just s everal o~ t hem obey add i t i onal r estrictions 1101 t hat an· 
sure the existence of (nonzero) Ba the vect ors . 

The only available informat ion about solut i ons is based on the 
"string" hypothesis 111,2/. According to it, a8 N~oo. any eoll"t ion 
to eqs . (1.1) consists of -n-st r 1nge" of the fom 

)..= x.T iB: Cn-t-1)-ml, (m=1 .. . n), (1. 5 ) 

wheN r 1s a real number (the pc:sition of the center), and n i s a 
positive integer (the length of the stri ng). Devia tions f r om tile l i 
mit picture (1.5) are supposed to be exponentially amall. If one 
accepts the bypcthes1.e and specifies "a set of nj -strings C/=f.. o K ). 
then, for their centers .{;;;, the follOWing equat i ons / 21 can be deri 
ved from eqs. ( 1.1 ) : 

QnJXJ) J: QnJ+oa), ( mod 1), 	 (1 . 6 ) 
I , 

where the function Qn ( X) fo r t he specif ied configuration i s 
...u.(n, 2-S) K 

Q (x)= ~L ataJt X - i-I{[if n:=h· t}.en 0 
II ll:. ~f , ~t-i (rt ·ti) -1. jlj=f - J-

2(1H",iH 
ellOe etta.n ~_(X-rt)] -t2'\' !J.:&v, '! - 'X.j.. -t a.-but l(X- Xi ) } ( 1.7) 

In - no, L.. Ie "+11-' 
J ~""i'h-'l.1+1 oK 1 _ 

Q (<1-00) = iN /OIUI (n 2~) - Y,..i" (n, nj ) + 2- (z;
K J 

t '" 1). 
" Z 7 ~ r 1-:"

The 	 cboic. ot br.ncbea in eq• • ('.6~ is reetr10ted/2 by 
IQ~ (?')\ .s Q... (+00). 	 (1 .8 ) 

Tbe number ot oont1~tlons tbat sa t iety eq.( 1.8) t urns out/1 2 

t o be e:nctly the one lIIpl1ed by the completen••., r equirtlm.ent . Tbe 
problem, howeVer, consist. i n t he fact tbat the string sets tbue pre 
sented may d~ar etrotlgly 13-71 from the +l'Ila eolut i ons to eqs. (1.1), 
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even as N~OD. Besides, the restriction (1.8) has no substantiat1.on 
in the framework of the string hypothesis itself. On the one hand, 
eq.(1.6) 1s known to have solutions that do not obey eq.(1.8). On 
the other hand , as sh own in ref. /5/ , not to every choice of branches 
in accordence with eqs.(1.8), does a solution correspond uniquslYI 
counter-examples appear for extreme branches at sufficiently lerge N. 

2. The Algorithm of Wumarical Computations 
Despite all these difficulties, for a. preliminary c lassificat ion 

of the BAE solutions and for finding out initial approximations, we 
have to use the string pictura. It should be noted thst eqs.(1.6) for 
the (real) string centera are written in terms of arctangents (1.7) 
and do not involve polas in the unknowns, as the initial exect BAE 
(1.1). This fact simplifies essentially their numerical solution (for 
example, by Newton's method, see below). Eq•• (1.6) are analogous to 
the equations for the sea of raal roots at ~=l (solved. for ins
tance, in refe. /13 ,14/). Thus, a determination of the string centera 
for an initial approximation entails no fundamental difficulties. 
Evaluating deviations of strings from eq.(1.5) is e more serious task. 

It can be performed in zeroth approximation. We assume the devia
tions to be small and neglect them in eqs.(1.1) on the background of 
the unit-order quantities and distances between the string centers. 
This trick has bean used in ref. /151 for checking the consistency of 
the string picture. In this connection we must stress that approxima
ting products (sums) over roots with a dansity function/131 may be 
incorrect if the initial expression involves e singularity (then, a 
rule of pBSBing over it determines the answer). But this is just the 
case "hen trying(151 to evaluate the devietions (see below, sect. 5). 
In addition, it the number of strings growa proportionally to W. just 
the O(l/W) deviations (eee sect.4) may result in a finite correc
tion that 1.s left as N-.oo. So, aven without the density-function 
approximation, to zeroth order we obtain only a rough estimate of 
the actual deviations. 

Por achieving a better accuracy, "e use Newton's iterations: 
5: [ X"tO_ )...(n)l ".(rt) = _",(..) 

(2.1)Tie' 'Vi' 't'j- , 
'\ ( .. ) • (n) (II) 0 

cp~..,= N .f.tt~l1 _" l.. Aj -~' +L (2. 2)I )t-i ~ ~. )...(ftL,\l..,_ i 
~(..) A-.W~ (..) . f ( J ,~ (2.3)0 _

V;, = t)'t'J laX" ' f,x - L. M, n - 0, i , 2 , 00')' 
A.t step n of t he i t eratlons , it U nece8ssry to fi nd t he vector 
( :?~) of logarithmic errore in th e BA.B (1.1) , t o c omput e the MxM 
matru of first derivatives (2.3) , and to Bolve tbe sys tem of /of linear 
equat ions ( 2. 1) . 

;i 
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Eqs.(2.1)-(2.3) involve complex numbere. However, we can make 
fact /161uee of the that physical solutions of eqs.(1.1) are self 

-conjugate : {Ai} = {Aj}. Then, the problem is reduced to a s ys t em of 
~ real equations for independent real parameters. 

Newton's method (2.1j is e most general method for solving non
linear equations with a repid convergence in a vicinity of a solution. 
However, in this method it is necessary to keep a lsrge ma trix o.f 
derivatives in the computer memory (in our computations, we were li 
mited to M~128), and besides, initi&l approximations should be ac
curate enough because of the following. Formation of strings and 
string-like configurationa/3 ,4,6,71 entails that there ara substan
tially nonlinear singularities near the solutions of eqs.(1.1). As 
a result, a "zone of attraction" for the linear algorithm (2.1) turns 
out to be very smell. On the o;ther hsnd, a lot of "pares it io " solu
tions with equal roots have a rather wide zone of at trac tion. For this 
reason, we have not succeeded 1n computing a sufficient ly full piotu
re of excitations for high tlpins ~ when the above-described "string" 
zeroth approximation for the deviationa proves t o be too rough. 

3. The Pull Set of States for ~.1, N.6 
A search for the HAE solutions at relatively small N and ~ 

allows us, on the one hand, to verify the hypothesis of the BA comp
leteness, and on the other hand, to make definite conclusions about 
the structure of the solutions, that can be extended to higher N 
Bnd 1. 

In the -1-1, N-6 case, the sector of singlet states (L~O,M=6) 
is most instructive. In table 1, complete data of t hesa s olutions are 
presented I the string prototype {nQ} , a configuret i on'26t n -strings 
lllith the corresponding Qn(X) (1.7); the Dumber H of boles, pbysioal 
exoitation/ 2,71 over the AF vaouum; the energy (1.2) £ (J==1) lind mo
mentum (1·.3 ) P 2"fr (mod N) I' the va,lues of t ha {i-,;} param&ters, tha i r 
arrangement on t he compl ex pl ane i s sketohed in fig. 1. Asterisks 
poi nt out "d oubl et" solutions that have II symmetrl c "partner" {-AI} 
l' {A)} wit b t he 8a.me energy and opposite mamentum. 

One ca n make ·the :f ollowing oonc luaions from considering tbe pic
ture of the solutions. Pirat, ·the s t ring approx1lllation gi ves a 001' 

reot qualitative 01assif10ation of states. The AP vacuum - the 2-.2024 
state witb tbe minimum ener gy - ia in faot • seB of 2s-etr.inga/2/ • 
Howeve.r, deviat1o::lB frolll pertect s t rings ('.5) are not always small: 
only string. of length 2~t1=3 (or :fragments of longer strings for 
bigb-excited statea) bave really omall deviationa, Tbe least str1ng
-like is the 2040 state, in whicb a 2 -strlng and I 4-atring witb 
canters at zero bave united into a symmetric oomplex, the 4-string 

.J 

remarkably "bent". Among the solutions, there sre exemples (1020 3D 

and ~o50) with a doub l e root at zero.Thesa syuunatric solutions that 
include the 1-string and the perfe ct 3-string et zero sBtisfy the 
restrictions of ref. /10I , end therefore, Bre physical. 

Table 1. 	 Configurations, numher of holes, energies, momenta, 
and BAE solutions for singlet states: L==O, M=N=6, 3=1 

{na} H E pA {A;} 
2_\ 20 21 0 

I 
-6.219 352 5 0 ~438 492 14 *.548 302 991, 

t:.520 705 591 

10 20 30 2 -5.081 138 8 0 0, 0, -%.474 497 87f, -;t{ 

10 21 3; 2 -3. 941 227 2 2 -.236 263 09, -.266 972 74, 
-.252 556 77 -%1.000 476 7331, 
.504 174 68 T.535 930 691 

20 40 4 -3.876 298 6 

-

0 ±.065 745 96 ±.502 532 081, 
T-l.557 215 511 

21 40* 4 -3.250 000 0 5 .279 770 34 %.491 697 271, 
-.142 231 69 *.500 177 165f, 
-.n7 5~8 66-*1.513 98198:[ 

22 40 " 4 -2.275 770 9 4 .6&6 976 56 %.534 944 56! 
-.338 110 18 %.500 133 7281, 
-.348 866 38 ~1'20:l C)62 H:[ 

1-1/2. \/Z 40 4 -2.657 B23 6 0 ~536 888 34,i.5oo 096 663!,
:t.1.510 188 ~81 

3_1/2. 31/' 4 -2.477 655 6 0 *.539 986 89, *.532 038 44 
%1.000 634 3561 

10 50 6 -1. 918 861 2 0 0 0 1:! :12.107 491 03! 

1~ 50 * 6 -1.533 001 9 2 .757 071 86, -.1~6 381 35-X, 
X+1.~64 633 ,. 10- ;1(1-2.304 466" 

10 )1~ -.158 963 72 ± 
2.084 91;9 85! 

60 8 -.768 869 75 0 ~(.5+2.255 552 ~ 10-7 )1,
11.500 150 0771 'i2.775 428 001 

However, the pictura obtained cannot, obviously, be con~idered as 
an evidence that the string hypothesls is always true. Essentially non'
string states are formed /3 - 71 at Rufficiently l a r ge N on the bflckground 
of e dense 2s-string soa, and it is clear that one-throe strings are 
simply insufficient for tb ia . 

Computations ha ve been al s o performe d i n higher-spin sectors , 
L:L.5 (M=5 ... ~) . The results a re pr esented in table 2 i n the same 
f orm as i-n t ab l e 1 except t he {~} ps rameters . The number of so l utions 
1n ea ch sec t or agrees exact l y with tbe pr edic t ion based on the comple 
t eneas in the sp i n space; for :S =~ . tM.s 1a 
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X'I 
...XI ,.. 

,(1" '" ~1~ tt xx 
2-1202i f02 030 1021'3; 

2040 2At 2240'" 

x 

x )I.t
x 

t1jZ\z40 3_1/231/2 
x, 

60io5c i150"'" 

Fie. 1 

~ N! -2: N! (J.1) 

1ft m!(M-ZI11)! (N-Mtm)! m! (M- l - m) !(N- M+1+ m) ! rrl 

Every Bethe vector is t he highest member of B s pin multipl et of 2 Lt1 
states with the s ame energy and momentum. Tbe t ota l number of sta tes, 
together "ith the ferromegnetic vacuum (M=O, L=6)' iB equal to 36 

== (2~+~)~ This ver i fies the BA completeness. 

4. The AP-Vecuum Computati ons 
It i e c lear that the aocuraoy of strings oa nnot be etudied on 

the ba sis of oe l cu1Bt i ons onl y s t ona N. It is necassary to oonside r 
a sequence of anelogous statea with different ~ va l ues , and t hen t o 
make c onc l usions about t ha N dapendanoa. In thi8 aeetion "a axami ne 
the RAE solut i ons ralatad to the AP- vaouum state. I t a spin (1 . 4) equals 
zaro, tha number of the {AJ} peremetersM=-'~ Tbe corresponding oon1'1
guration is the , sea of ! N 2a-tltringe. If wa neglect dev i ations f rom 
tha idealized pioture (1 . 5), then, tor the density of the string can
ters and for t he energy in t ha N-oo limit • • a obtain the axpres

donsn/ I 
(4. 1 ) N 

<roo ex.) = 2 c.cM (:rr X) 

6 

Table 2. Configurations, number of holes, energies, and 
momenta for statee of spin L=1 ... 5; N;=6 . ~ = 1 

L {nQ} 

1 10 21/2. 2-V2
1 10 2 ~/2. 21/2· 
1 ~o 234 2 _1/: 
1 10 2.3/2 2 -3/2 

1 20 3 0 

1 21 3/ 
1 2. z 3 D" 

1 2 l 3t 
1 2 1 3 ,· 
1 2 0 3 / 
1 2 -1 31 -

1 2 -2 3~· 
1 ~4/l1_'/~ ~o 
1 ij/11~l 3/ 
1 ~o 40 
1 10 4t 
1 ~ 1 4/ 
1 it 40•• 

1 ~ 4 4_"'
1 50 

1 5: 
2 2 1/: 2 _t/1

2 23/ 2 21/: 
2 2'/'12_.; 
2 2J/l Z_3/1. 
2 2.5/2 2.:11: 
2 2sfJ. 21// 
2 2 sl) 2_1; 

2 2 S/~ 2_~ 
2 2~. 2_~h. 
2 ~"'~ till 2.0 
2 ~1!l. ~-"l 2,-
2 ~tla i -Ih L,,
2 10 3 0 
2 i0 3l 
2 10 32

H E lp~ L {na} iH E 1Ft,; 
2 -5. 66 2 917 6 3 l 1.32.it 6 . -1.750 000 C 0 

2 -4. 667 421 8 5 2 11 3t 6 -2.070 914 8 1 
2 -4.447 428 2 4 2 ~. 3 0• 6 -2.021 547 3 2 
2 -3.255 542 0 '3 2 ~13': 6 -1.681 270 7 3 
4 -4.189 694 9 3 2 11 3-t 6 -1.198 283 9 4 

4 -3.460 827 2 5 2 40 8 -1.069 643 2 0 

4 -2.436 793 6 4 2 4t 8 -.978 653 47 5 

4 -2.483 070 :3 3 2 42.'" 8 -.739 282 61) 4 

4 -3.773 000 4 4 3 10 20 6 - 3.651 387 8 3 

4 -3.633 754 5 5 3 10 2-1 6 -3.149 552 7 2 

4 -2.750 000 0 0 3 102t 6 -2.230 647 5 1 

4 - 1 851 987 9 1 3 ~o 2; 6 -1.500 000 C 0 

4 -2.950 916 4 3 3 ~1 2: 6 -1.634 401 8 5 

4 - 2 .65'3 524 " I) 3 i 1 2.: 6 -2.500 000 0 0 

6 -2.081 540 4 3 j ~1 2; 6 -3.092 240 0 1 
6 -1 . 919 598 2 4 3 1t 20• 

6 - 3. 000 000 0 2 

6 -1.698 823 7 1 3 ~1 2_ ~ 6 -2.366 025 4 3 
6 -1.673 179 6 2 3 ~. 2_/ 6 - 1. 561 618 7 4 
6 -1 . 406 929 7 3 11 1, 2_.... 6 -.Q22 488 04 5 
8 - . 859 388 69 3 13 ~i ~ o t t 6 - 1.848 612 2 3 
8 - .783 660 38 5 3 3 0 8 -3/2 0 

4 -5.047 7 31 9 0 3 3~1 8 - 1.370 222 7 5 

4 -4. 447 831 5 4 3 3; 8 -1.038 828 6 4 

4 - 4. 090 576 2 5 J 3 , · 8 -. 6 'D 97 4 60 3 

4 - 3. 101 52 1 3 0 4 20 8 -2.67 1 461 5 0 

4 - 3.386 695 6 2 4 2: 6 ~.362 372 4 5 

4 -3. 568 729 3 3 4 2; 8 - 1.690 389 3 4 

4 -3.070 243 2 4 4 2; 6 -1 . 000 000 0 3 

4 -2.1 74 674 5 5 4 2,· 8 -.468 778 65 2 

4 - 1.403 21)1] I) 0 4 ~qz t\'1 6 -1.735 341 7 ,0 

4 -3 . 877 848 1 0 4 h ll iv! 8 - 1.340 832 1 4 

4 -).413 7 10 2 5 4 13/:1. tll: 8 -1. 1)7 627 6 5 

4 - 2 . 367 213 Q 4 14 ~~ 1-3h 8 -.1]93 196 75 0 

6 - 5/2 0 5 ~o 10 -1 3 
6 ·,2.268 901 9 2 5 4*1 10 -3/4 2 

6 -1.771 470 7 1 5 1: 10 -1/4 1 
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5 ?-~ 
. 1 ",2. 1 ] (4.2)Eoo=- [if If>= lnte~"{ ihmL2i=1 ~ ln2 ·tJ'-rr N.

{~ 1 hi 
For finite N, corrections to these formulas arise, a nd the aha pa ~-
2s-stri.ngs is changed: they "stretch" or "shrink" (for ~~·1, the 
interva Is between the imaginary parts of the stri.ng members deviat'!! 
from unit by a A ; for the vacuum, /'),.>0) and "curve" (for ~~. ~, 
the real parts become diffe rent ). 

Our numerical computations performed for 2s=2 .. , 9 , 1N::s 128, 

give the following qualitative pictur e. Maximum dev ia t i ons from eq. 
(1.5) a re observed for extreme strings, the remotest from the ori~in . 
The string-curving effect 1s relatively small as compared to their 
stretching. The following formula approximates roughly the stretch

ing as a function of the string-center coordinate : 

b.('X) ~C 2 ~ (Tl -x.) Ixl <:.i. f...t 2r-4 (4 3)
N ' --=.TL ~ • 

The coefficient C is of an order of 0.1 and decreases with increas
ing ~. The majority of strings have the O(~/N) deviations, and for 

the extreme strings the deviation probably approaches a constant, 

V(O. The mean value of the dcviations is of an order of O(trN/N). 
lIence, the effects tr.at break the string pic ture are by no means ex

ponentially small as it was suppoeed formerly. It ia interasting to 
note, however, that the string daformationa affect weakly the integ
reI quantities like the energy (1.2): the finite-size correction to 

the AF-V8CUum energy, 

b.EN=EN-E ' (4.4)
oo 

behaves like O(VN) , just as in the -!:.=! case/B/, i . e. the relative 

correction to eq. (4.2) is only V(~/N2). 
In tables 3 and 4, the N depandence is illustra ted for the-5.< 

and ~=! calles. The numerical data are presented for the mi n imum, 
mean, and maximum deviations from exact strings and also for the 

energy correction (4.4) with proper IV factors. One can s ee that f or 

h ighe r spin, when the "number of degrees of freedom" for string def or

mations grows large, a quantitative agree~ent with the empirica l f or

mule (4. 3) becomes worae a lthough t he charaoter of t he depe nde noe 

is retained. 
The spin dapendenoe of t ha string aocuracy and of t he energy c or

rection is shown in table 5. Through t he c omputer dat a up to -sN ~f:> 8, 
an ext rapolation has bean ma de of the le8 di ng-asymptot1ClO c oeffic i enta 
for A , ~i'nQJ< , and AEN a8 N~oo . With the growth In ~, an imp,-o

tflln 
vement of the s tring accuracy I e observed. 
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Table 3. The string deformations ~ and energy corrections 
....... EN for the AP vacuum at -S .. 1 

N ~rnin N ~",ea"N/~N ~m:u. 6EN N 
6 
8 

10 
26 

64 
126 
12B 

.24B 467 0 

.263 256 6 

.236 365 7 

.226 156 0 

.223 030 6 

.221 6B6 6 

.221 736 B 

.261 B91 3 

.245 636 3 

.235 766 3 

.208 477 8 

.194 011 3 

.186 619 4 

.lB6 471 6 

.0966 059 8 

.0947 B95 0 

.0940 232 9 

.0931 021 3 

.0931 293 8 

.0932 071 1 
,0932 OBB 7 

-1.316 114 
-1.285 479 
-1.270 731 
-1.245 094 
-1.239 031 
-1.237 217 
-1.237 lB5 

Table 4. The string deformations /:). and energy 

corrections L\EN for the AF vacuum at -!.=i 
N 6",(n N & ",ea" N/lr.N 6/'Y1a'J. ~EN N 
6 
8 

16 
2B 

.0460 430 5 

.0467 326 B 

.0373 252 0 

.0341 454 0 

.OB19 270 3 

.0755 645 3 

.0654 011 4 

.0601 55B 6 

,0433 5B4 
.0424 694 
.041B 261 
«041 B 106 

9 
1 
7 
4 

-2.305 609 
-2.213 779 
-2.109 443 
-2.074 654 

Table 5, The spin depend3nce of the N~oo asymptotics 

for the deviations II'om verfect Dtrings jj. and the 

finite - Si.ze energy correction MN in the ~ vacuum 

~ ~ (~..'nN)..,. 00 
-

u-~""...,.00 tl'tCl.lI' boo(AEN N ) 

1 .220 .0933 -1.235 

3/2 . 153 .070 -1.484 
2 .093 .060 -1.65 

5/2 . 072 .053 -1.77 

3 .053 . 049 -1.86 

7/2 .043 .046 -1.93 

4 ,034 .044 -1.9B 

9/2 .0)0 .042 - 2 . 03 

5. A Stri ng-Deformation Ea timate tor t he B-1 Vacuum 
I n expla i ning the compllter result~ f or f inite N, one has to re

gard a correct i on to the string-center densit y (4.1) and the etring 
deformation. WLile the first problem caD be solved by a perfeot 

() 



analogy to the 5=~ case/S/, there are a lot of difficulties in
volved in evaluating the deformations. As an inatructive example, 
we consider the simplest case of the -!''''~ vacuum. To demonstrate our 
approximation, we present computations in detail. 

Insteed of perfect 2-etrings (1.5), we start with complex-con
juga te pairs 

AJ=Xj±l±(.~}.J+O, (J = 1 ... ~N). (5.1) 

Our aim consists in finding a function b(x) that describes the devia
tions of eq.(5.1) from eq.(1.5),~(XJ)=.6.j' in a firat nontrivial app
roximat ion as N~oo. We are not going to calculate tbe density cor
rection which is O(4/N)/S/. Therefore, in the first approximation, we 
disregard the shifts of roots witb respect to their discrete posi

t ions, _ 1 , 1 _.. [ ~ ( . - .! '\ J - 5i Lt\ w.n N J 2) , 	 (5.2)XJ 
tbat correspond to the () density (4.1). One can gat en information 

00 
about these shifts from considering the phase balance in BAE (1.1).

1
We study 	the modulus squared of eq. (1.1) for Aj (5.1): 

X.i±lGA.1"~)]N 2nf 	 :X:l-~tf:i(j-A.tl~,t2)]11 [XrXl±i(.!AI-1Al+1) 
f J = ~ u '2 .r ~ d (5.3)[ -:x.-'-.-:-±'-:-i7::(!-A~.---'.!.;-) X.-x,±i(i~.-!A.-~) :x:.-X ±[(lA +1..~) • 
~ l J 	Z ~=-t J .. ~ J 2.1 rt to 2 J 2. I: 

Here and below, tbe abbrevietion ! implies that factors with both 
signs should be included. The logarithm of eq.(5.3) is rewritten 
identically: 

N in Xi+(iD./l)2 =fdx. S[2: S(:x-x,)-- Dex.)] t () (X)!. 
:r.·+(1.~ . -.Lf 1. I:~ "" (}O 'J (5.4)

21 J2. . f i' 
X ~{;X:(X±iL1~j-l~(:X:)d] xrx ±Lb:6;t zL\ lX)t2]} 

:rrX.±l(t6J-i~(x)-1] Xi-X ±lliAj+i6(:X:)] • 
In eq. (5.4), lie hsve picked out a correction to tbe "discrete

ness" of roots. This correction is amall, of tbe same order a.s 6 
(see below). Therefore, we cen omit ~ in calculating the corres
ponding contribution IIbich is then reduced to 

Cdx[2:'SCX - X ,)-<:t:x:)] t, 'X!CX±'~iJ, X" X..-:r.±L.A.OIl 


X" 00 J " 

= L it. ~-:X:lt+4 - N ) ~ !-_w..(Xjr) (eAj~ e2f ) 

(5 . 5)
f. (XrX!t+~: 0 p 2~~(IP)

J 2 	 2. 9 
~ 2 ft, 2.. + L ~ (Xr-Xc:) +4 - N~ ):1 + '4 

~~ l: 4'j (:~-r:x&f xl + 4 

10 

Here. as 	well aD below. we use formulae from the appendix of ref./7/. 
The constant ~j in eq.(5.5) ensures a correct passing over the sin
gularity 	at X -= XJ. 

The msin difficulty consists in evaluating tbo integral, where 
the imaginary part under logarithm involves a nontrivial dependence 
~(X). One succeeds in obtaining an analytic expression only by ma
king an expansion in ll(x): 

~ { Xi - x ±~ (1'1- .If...(x)+t] Xj--:x ± lL1~/16(X)+ 21} 
XrX ±L[f~fj .6.(x)-11 XJ -x.±.i.(-kAJ +~A(X)J 

=. ltt lXr:X±i(~6jt1) J(.rx ±i(1L\j-+2) 1 (5.6 ) 
X i -X±l(16.-1) 'X..-x. ± £. 1.6 . 

10 llJ I .1 2 J

T . + a~·+2 1Aj 	 2[-2 t):F:x.)~1 (xi-x..!jz +(t6.
f 

-+ZY - (x..;.-x)2.+ (~6.j.)1.1~('X.)+ o[~ (-x)1. 
The integral of the first term of eq.(5.6) is evaluated to 

\cAx. () (x.) itt (Xr x. ±'l(iAj-tt) :r.rX ±.l(jAj+2)] 
DO l x.-:x.±i(1.~.-1) 'X. . -J: ±.i LA. 

t 2 'i J Z I' 

(5.7)= N-In[X:t<!6r+~)2. cWt(j(xj)-Wt(l1l~j-) 1 
x;+ (i6r iY CiJ,J, ('J\ Xi) + ~i¥I (t1lD.j) 

2 (1 3)2.
~ Nitt 	XJ -t 2.1.(2 N 

2 c~ (:J( X .) 2 'Ii. ~t .xj+(1b.r1Y j 

Then, in the firet approximation (5.5)-(5.7), eq.(5.4) takaa tbe form 

~ t 2 ~ 0 (xrxtl2.+4 _ D Xf +!o 	2 tNI A. +L.. Ur (':I.-X )"2. N 1,.t\ 2. 1.. (5.8)
~i ~t' I!: X · + 4 " 

J- t 1 idJ "t2 _ zAj ] 
- 21l 6i,()",,(xpt )d~6.(x)~(:x:)r2(X. _X)2.t1 +(x.-Xltf.16 t~1 (x.-X)+(1A) • 

o 	 I j \2~~" J 

The computer results of sect. 4 suggest tbat it is reasonable to 
look for a self-consistent solution to eq.(5.8) of tbe form (4.3)1 
bJ,:x~('X.);-::,c. Then, tbe intagral in eq. (5.8) is taken ...111, and 
lie obtain a simple equation for C1 

[ +_.1. t.t{ = F 	 (5. 9) 
2'11 N I 
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F = - 1"" en cP.J. (Jl ;X-)t ~ [2: In (X; -~,,) f2-4 - Nin!} t Ii]. ( 5 . 10) 

if be J 1-:K 1:1') (X; - Y-Ic) xJ i * 
The consistency cOlldi tion requires that all the Ij's must be t il l' 
same. This is not difficult to verify by substituting eq.(5.2) into 

eq.(5.10). 
The results are included into table 6. The r; values increase 

monotonically with IXJ-I, therefore, only the extremes are presented. 

For computing C we used F",ax in eq. (5.9). Also tbe .6. data for tbe 
C value obtained are calculated througb eq. (4. 3). A comparison of 
tables 6 and 3 shows that our estimate has the least accuracy fo r 
extreme strings. This ahould be expected after the approximations 
made, (5.5)-(5.7). The errors are connected with the ~-order quanti 

ties and grow with an increase in deviations. 

Table 6. 	 The first approximation of the string deviations 

for the AF vacuum at ~a1 

N ~... a'l. It1 ...,,,N b.mea"N/l..NCFmax -

-

F""i" 
.0703 l.196.211.1054-0.5386 -0.545 
.0684.186.227.1047-0.5858 -0.594 
.0675 

26 

.180.209-0.622 .1043-0.63310 
.0659 
.0654 

.164.206.1032-0.777-0.793 

.156 
.0652 

.206.1027-0.921-0.94164 
.153 

.0652 
.205.1025-1.030-1.052126 

.152 

512 

.1025 I .205-1.032-1.054128 
.o65f . 147 .204.1021-1.253-1.278 

-

It is worth mentioning that the main effect originates f rom the 

difference (5.5) between the sum in eq.(5.10) and its a pproximation 

through the integral. Tbe rela tiva error of such an approximation is 

ratber l arge - in our ces e , O(/..t N/N) - j us t on s ccount of the s i ngu

lari ty at X=lJ' This di f f i oulty s hou ld be ta ken i nto considera t i on 
when ans l yzing criticall y the ve r i f ication of the str ing hypot hesis 
in re f . /15 / . The s e lf-cons i stent dev i a tions can diminish es N~oo for 

the mejori ty of stri ngs, howeve r , no t expone nt ia l l y. 

6. The Lowest Excita t ions f or 5-1 and ~=i 
Witb t he purpoae ot verifying t he string approximation, it is 

wort h compari ng numerica l da t a with the theoretical computations ba 
sed on the par! tlo t -string see pict ure/7/ • The lowest u:c itatione OVer 

the U vacuum for e ven N are the tri plet ( L=1 ) and singlet ( /...=0) 

states with H :=:2 boles located symmetrically at a maximum distanc e 
from the origin. Using formulas from ref .171 , we obtain tbe following 
expan s i ons for the corresponding excitation energies: 

E(t)_£ 	 = 5i.~ [.1_~·r & (g~f10. + d---L-)] ( 6 .1)
00 00 	 4N ~ {"'N ~'2..N [,,3N, 

£(~)-E - :J( 2.[i.+ A-_3fM(&~ITI)-t(O(~ i)] (6.2) 
00 ""-4N ~ ltJ N -'It\2.N \f..,"3N · 

(t) 
Here, Et>o is the energy of the vacuum (4.2). E_ is thet of tbe trip

let, and t:!!) of the singlet, i n the approximation of exect 2s-strings 
for N... oo. Our estimates (6.1) and ( 6 .2) ore asymptotically correct 
for f.., N»1. 

In the 1=1 case, both s tates include a real root (the sing
let includes a 3-string in addition) at the point Xo;O due to the 

symmetry of the hole positione (:x.~ = -X2)' The 3-string at zero remeins 

perfect, so the Ainglet includes the double zero root. Like for N=6 
(sect. 3), solutions of this type are physical for apy even N /10/. 

Thue, th"e structure of the lowest states for ~ = 1 , juet as their 1Il0

mentum (Jl for the triplet and for the singlet), agree with the 
string picture. 

It is interesting to observe the accuracy of eqs. ( 6 .1) and (6.2) 

for finite N(table 7). A good ~greement proves to take place only if 
" - £(1.) £(~)we compare eqa.(6.1) and (6.2) Wl. th ths trlpJ.et 1'1 s nd sir.glet N 

energiea at finite N over tbe "<';beorcticel" vacuum £00 rather than 

the actual one EN' The resson ie the rollowing. Pinite-N energiee 

involve a considerable correction MN..-{f)(1/N~ This correction is cau

sed, on the one hand, by a changa if. the string-center positiom/8/ , 
and on the other hend, by the s t ring deformation. Por the vacuum sta 
te, these two contributions have identical s:\.gns lind add. III contrest, 

for the loweat triplet and s inglet, 8 shrinking of strings is obser 
ved instead of their stre tcb ing: /j,(-t;,,'>.t::..O. As a result, 8 definite 

compensation of the contributions to ~l:N OCCU1~. SO, the best agree

ment is attained when Dubtracting the ECJO' where no O(1/N) term i s 
present. It should be mentioned also t hat in formulas (6.1) end (6.2 ), 

ons hal to take e qually i nt o account nonleed ing terms which arise from 

an expansion in t~ rec iproca l of the hole coordinates -XrXz~j- tn8~ • 
The comparis on of the as a -str i ng dev lat ions for t he l ow est exo i 

tations with tbe va ouum one s (ta ble 3) gl.ves no reasons t o tell of a 

"string s tabilizsti on", an improvement or the st r i ng a courao y, atte r 
a dding holes. At H~2, no 1nd ioa~iona appe a r that t he exponent i al 
acouraoy can be rest ored at a lar ge number of exc1tations , ea 1:' 

would f ollow f rom assert10ns abOILt a thermodynamic l imit H-oo ( lile 
/ 15/)e . g., ref. • 
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Table 7. 	The string deformat ions and comparison of the 
excitation energy with the perfect-string app 
roximation for the lowest triplets and singlets 
at ~ . 1. 

/j.tt)b,,(t) N IrE~>:"Ecx1N [E!:/-Eco]NN b.~~I1" N/lr. NI",i"l ,,.,,"" I 

6 1.809-0.565 066 3 I -.315 369 5 -.0941 777 2 2. 022 494 
8 -0.617 807 :3 -.0897 069 2 1.814-.329 113 7 2.0)8 441 

10 -0.701 019 8 - .342 091 0 2. 050 427 1.831- .0874 367 4 
26 -0.969 213 6 2.098 167-. 41 2 014 9 -.0828 073 7 1.927 
64 -1.236 151 9 -.490 365 1 2.007-.0810 064 9 2.138 276 

126 -1.444 001 3 -.553 546 4 - . 0801 341 6 2.1 65 009 2. 056 

6.(~) IrE('SLE ]NH") NN [E;:/- EooJN 


L\~ea" N/ f" N ,., 00,,,,a,,!I '''''"1~ 
6 I -0. 306 025 6 -. 170 796 1 -.0510 042 6 5. 513 167 4. 44 ) 
8 -0.406 223 0 -.1 95 352 0 -.0507 778 8 5. 181 174 4.427 
~o ..0.473 175 4 -.214 622 7 -.0504 692 8 4.3774.953 954 
26 -0.779 617 0 -.301 611 0 -.05 17 27 3 6 4. 264 123 4. 088 
64 -1. 0613 860 7 - .390 250 2 ).888 )04-. 0539 063 7 3.847 

126 -1. 286 528 2 -.459 957 9 ). 698 988 -.0554 236 3 3.702 
--_L.....-... --

Compl eting th l!! sect ion, we consider t he 10'lfsst s i nglet s for5 =2' 
N=16 and N== (S. The se sta t es demonstrate convi ncingly an inadequscy 
of the string appr oaoh. The "perfect" stri ng hypothesis predicts, on 
the bsckground of t he 3-atring sea , 8 conf i guration of two addit iona l 
str ings , of length 2s·d==4 aDd 23-1 =2. , botb at Xf)=O. Only t he 4
string at ze ro may remain exact, eq.(1.5); tbe other are deformed. 

Neglec ting the aea deforma t i on Bnd taking into aocount tbe f i nl 
te ho le coord i nates (-X~-:X:l.~.9) , we would obtein17I , i Dlltead of 
tha 2-etring (),=±!l), a narrOll pair (NP) ).-:::.:f..1l. 'e can f i nd tbe 
ana l yt io solution to tba NP equat i ona/71 for arbitrary 5, too, i f 
tba bolea are aupposed to go to :tOO. Then, tbe (2.~-1)-string s t r at 
obae bomogeneously by a factor of 2~/(2 ~-1). POl' ~::o i, tbia 
leads to ),= *~ l. 

HOIIever, at N~f6, the computer givea A==-t.928 869 091 . Thua, 
tba NP adjoin. tbe sea 3-etringa which ehrink to .950 234 28 aa an 
everage. Alao, a oons iderable curving of strings OCCurBl the diffe
rence bat"een tbe strlng-membar relll parte 1& not 1.lIa tban balf of 
tbe imaginary-parts deviation from unit. Still more significant ia 
tbe string-picture violation 1'or the ~·i, N=~g 10ll..t singlet (fig.2). 
A ncollectiv1~atlon" of the zero root happens between the bent )_ 

]4 

-string and the NP which form together 
a symmetric complex ! .047 676 33 
! .947 753 25!. 

Nevartheless, such an assential 
deviation from the string picture af.1. fects the energy relatively little. The 
computer values of [£~-s?.Eo.]Nfor N=16 
and N=-18 are 3.520 646 and 3.434 215. 
Tbey are close enough to [Et/-E,,,,] N 
from eq.(6.2), 3.024 snd 3.018, al 
though the IV values are far from en
suring in N »;5. The weak sensiti 
vity of the energy to string deforma
tions aeems to be a rather general phe
nomanon. 

7. A Spin Wave for ~=1 ,N=123 
With an assumption that tha per

fect 2~-string eea i s present,ill the 
N-~oo limit, physical exc itations are 
realized as holes. A hole at s point 

- , ~ ~~~~~~- ~ gives edditive contributions/71 

to the energy and momentum: 

. (~) j[ 
(7.1 )E (oX) = 2. C~ (Ji X) 

p(Arx)= -2 rdan(e-~~). (7.2)Fag. 2 

Prom eqs.(7. 1) and (7. 2), the diapara i on l all fol low s tha t coi ncides 
/1 3/ :!I1tb t he !>==f caee 

Clo> <It>E == -1jl ~i.r\ P 	 (7.3) 
With tbe purpose of verifyi ng eq.(7.3), tbe anergiee and moman ta bave 
been computed f or some triple t t llo-hole etatu a t ~~f, N-f2S. Por 
convenience of the ana l yeis, t be s tatea bave baen eelaatad 1n wbicb 
the seoond hole i. aituated a t JC2~O, i.e. tba correap0nding to it 
Ql (:X:2)=O ( 1.7) is ebsent in tbe sat of 2-t1trings. Tbe energy end 
momentum contributions of th1a bole lire fixed about ill and -!:rL.. 
In turn, the position of tbe firat bole ~4 can slter and thereby 
influ.noe the energy and momentum of the at.te. Ua1ng tba dlaperaion 
relation (7.3) for the firat bole and aetti.ng JC "0. w. clln caloulQte2
a theoreticel exoitation energy aa II function of tba m.OIII8ntUID, 

E<*>= !:JL (1-~ p~t>], (I 	 (7.4) 
lind compera aq.(7.4) with tbe actual value I:N '-1:ol 
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We can also take into account 0 shift of the second hole. '!'he 
BAE solution contains a roal root betwee n the holes, 

x =i(x1-txZ ). (7.5)
O 

From eqs.(7.2) for both holes, it follows thet 
1 (I.) _ e-~ X f +e-!Jl X2. 

-tan [ 2 ~ ] - e-'JteX4+X2.) -1 . (7.6) 

Solving eqs.(7.5) and (7.6) together allows us to evaluate the sum 
£ (2")of the theoreticsl hole energies (7.1), - , corr ec ted to X2 -10 . 

The results of the verlfication are displeyed in table 8. The 
real-root position Xo ' the :nomentum of the state p,:t> , and the ener
gy over the vacuum E~-t)-Eoo are the numerical-solutlon date. On t l:la 
other hand, there are theoretical predictions based on eqs.(7.1)
-(7.3): the eimplest~eet1mate E(*) with X 2 =O, eq.(7.4), and the 
corrected value £(2 ) with the X2 determined by eqs.(7.S), (7.6). 

Table 8. 	The numerical \'erificaticn of ths diflpersion law 
for the triplet spin wave at ~=1, N =128 

-

Xo p.~{~ 
N 211.. 

£w_£N ()O 
E(tI-) £ (2'/') X2. J 

-.959 474 0 
-.332 183 2. 
-.220 362 8 
-.151 793 6 
-.099 868 0 
-.055 908 1 
-.015 683 2 

32 
37 
42 
47 
52 
57 
62 

1.574 455 
1.952 364 
2.308 973 
2.621 673 
2.871 558 
3.043 589 
3.127 427 

1.570 8 
1.952 5 
2.311 3 
2.625 7 
2.876 9 
3.049 8 
3.134 0 

-

1.578 383 
1.955 245 
2.310 978 
2.622 916 
2.872 196 
3.043 808 
3.127 437 

-.001 541 0 
-.000 580 7 

.000 065 8 

.000 753 4 

.001 688 4 

.003 477 0 

.010 264 3 

! 

I 
I 
I 
I 

(*)
Even a rough check through 1: shows a satisfactory agreement. 

Regarding the second-hole shift 1mprovee the agreement t wice . The 
equare-mean difference be ~ween E(2,c)and £;:'-£00 is about .002. A 
comparison with emeller-N CBses allows un to conclude t hat this dif
fe rence does not exceed t?(tlN). The st r i ng deforma tions for the sta
tes considered are of the same order as f or the V8CUum (sec t . 4 ) 
and for the IOtrest exc itations (aect. 6 ). A neVI phen omellon 1s s chs ' 
ge of e1gn of ..6(X) 88 X pel see through the hole pos itions. If the 
num h-4 r of holes grOtr s l arge , and they fi ll the real 8xis dense l y 
enough , th i a ma y l ead t o osoi llations and (I decrease 1 n L!:.(;r.) in the 
t he rmodynamic limit H-DO 115/ • 
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8. The S-Matrix for Some Sta tes 

ref. /3/Reason i ng along the line of , by means of formulas from
/7/

ref. , we ca n get an expression for the S-ma trix of sca ttering phy
sical excitations (holes) on each other and on complex-roots confi ~ 
gurations . The result can be represented as the follOtring relation: 

exp(-l Np CA>(X)] = (_) N-- f nS-f(X-X- ) (8.1)
j 

Mf~_t'J(/~ ~{~ (x-rfti(l~j-~)-HJI{) M..,+trtr X ± -( ,\ i. 0

X ne 2~ " V'u If n X - ;j l :t[~/t 2 '

j -sLnA{:-s['X.-'1±i~r~)t!lJ} I X- Xj ±i(/li-!,)-li 


I I (~)Here the notstion corresponda to ref. 7 ; P (r) is the hole contri 
bution to the momentum, (7.2); 

S-(X)= exd l [31(1---	 (8.2)1 hf(.X)]} r(-h;-i~) r(1tiI1) 
4~ (1 ox)(..X)'r 2~ +t 2-s rl1-l 2~ 


:I( X) = fdp 1iA (Xf) J~-1)f taM (!p) 
 (0.3) 

o P ->ihA(~p) 
The interpretation of the expressionfon the r.h.s. of eq.(8.1) as ~_ 

-matrices 	C6n be motivated with the use of the explicit coordinate-BA 
formula for the Bethe wsve vector, generalized to the arbitrary-spin

/10/
XXX model in ref. • The factors for scattering on free NPs, on 
multip16's, and on wide pairs agree with the BAE form 171 for these 
configurations. It i 8 interesting that holes scatter on themselvea, 
too: S-f(O)=ex.p[lJ{ (1-4.~)J. A9 :hoo at fixed X, the hole S-mat
rix (8.2) tends to 

5- i(X) ~~~ _[r (1+i -JX)r(~ --lf:x) ]2 (8.4) 

r(1-i f	 x )r(}+i 1x) ,
-I 

just the ~= .2 S-mat r b: squared. Por tw o- bole states at even N. f or 
mulas (8. 1) -(8. 4) agrae wi t h ref. /6/ • 

Por -s=1 , we can express J'(X) (8.3) through t he known mathe
m.tioa l tunct i ons: 

-!> = 1, X ~ 0 ~ 	 ~x -~x (a 5)

J'(X)~~.7[+x.fn ~(±~:x:)+i[Li2(-e )-L~(e )], . 
x Ixl<1 00 I 

Li2(x) = - Stl; -/n( i-x) = L. ~2 (a.6) 
- 0 	 {~ f 
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Eq. (8.1) i s obtained for perfect 2e-strings as N- 00 • It is 

interesting to check it for finite N. Tbe lowest triplets for 6=1 
(table 7, sect. 6) have been considered. Because the precise hole 

positions are unknown, we compute tbem through the excitation energy 
with eq. (7.1), remembering the symmetry of the states. The energy cor

rections are sufficiently small, so one may hope that the error invol

ved does not change the answer qualitatively. If the state includes 

two holes Xl ,):2 and s real root ~ (X1t X2.) ' then formulas (8.1) and 

(8.2) lead to the equation 


exp[ 2 i aiaR (e-1iXi
)] = exp{21. alan exp[-~5i('X(tz)}lL1liiJ'(:Xrl2)} 


X 	r[1+l~(X1-X)J r[~-l1(:X4-X2)J 
r[1-l ~(XrX2)] rl}+l ~(:X:1-X~J • 

(8.7) 

Using eqs.(8.5),(8.6) and taking the 

from the tables 117/, we can compute 

values of the complex ~ 
the phase difference )P 

function 

between 

the l.h.s. and r.h.s. of eq.(8.7). 

Table 9. The accuracy of eq.(8.7) for the lowest 

triplets at -5 .. 1 

N y; ,YJinN 
8 .049 .101 

10 .048 .110 

26 .043 .140 

64 .037 • 154 

126 • 0.33 .160 

One may see from table 9 that the phase difference diminiahes 

like 1/~N with a amall coefficient, and the !I value i8 comparable 

with ~maJ( (table 7). An analogouB examination can be perfonned for 

the other two-hole atates of sects. 6,7. Pa r n ons ymmetric states t he 

hole positions can be dete l"mined through the moment um and the real

-root location a,solving a qs. (7.5), (7.6). P Ol' singleta, besides the 

terms of e q . ( 8 .7 ), one sboul d introduce a n additiona l fe ctor on the 

r.h . s .. [t CX( Xz) +i i J/ [t(x.-:x:2)-1i-J, due to tbe )-atring. Tbe re

I!u l ts ere qua li t ative l y the seme as in table 9; •• g •• f or the firat 

s t ate fram tabl e 8, :I:::. - . 02 ,3. Tbus tbe acattering phss e t bat hllll 10
gari tbmic devietions ia more senaitive to tbe string d.~ormat ion tben 

the e nergy. 
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SllllmIary 

mOdel/ 11 The ana l ysis of t he BAE numeri cal so l ut i ons fo r the 

l eada to the infe renoe tbat the string picture g i v e s on l y e qualitati

ve 	descri pt i on of t he s i tuat i on . 

At ~"'1, N=6, tbe BA c omp l eteness is confirmed, and t he by po
thes is /2/ is abecked about tbe AF g r oun) e t atel a aea of 2s-striDgs. 

Por dif~erent ~. t he s ee stri ngs deviate f r om the i r nomi na l s hape by 

lV(~/N) or mor e . a nd one cannot genere l ly neglect t he a e deviBt ~_ on8 i n 

a further a nalye i s. Por t he AF vacuum, the e tring def onnat iotle dec

r easa with the gr owth i n -3 . 
The def orma t i ons i nfl ue nce t he energy ratber wea k l y : the re l d t ive 

c orre c tion i s ([)( i/N.2) , the abs olute one is O(1/N) . Th l s phe nomenon 

is 	conf i rmed for low-lyi ng exc H a t '! Dn a t oo , pa rt i c,-"ler ly, 1n ver .!.1'y i ng 

t be d i sper sion 1all fo r boles. A s imilari t y is noticea ble in t he beba 

viour of the energy correctior.s to t h e !,= ~ caee 18/. 
The expected dimitl iehit,gi1 51 of t he s ea-string de~ormat ion with 

enlarging t be number of holes i s not obse rved f or the two - hole state s . 

However , we beve found a change of sign of the defol~tione when paa 

sing holea. This may be a reaaon for Ii cancellation of the string de

viations. 

As 	 concerna the true situation of the BAE roots on the complex 

plane, it can d if'fer rather atrongly from t be string prescript ions 

f or excited .tates at high !:>. This leade to considerable difficul

tj_es in searching for new solutione. 

In the perfect -s6a approxlma tltm/7/ , the phaBe-balance equation 

is derived for sca t ter i ng phye icel excitations on allowed configura

tions. At finite N, t be equa tion ia sat isfied w!th the D( i//". N) 
accurecy • 

'Ie t ha nk J.I.V.Chizhov, A.Jl,Tsve l l c k, A..A.Vladimirov, and P.B• 

Wiegmann for d iscuss i ng our results. 
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ABAeeB n.B., Ae~enb 6.-A. 	 E2-85-887 

PeweHHe ypaBHeHH~ aH3aT~a 6eTe AnR XXX-aHTH~eppoMarHeTHKa 
npoH3BonbHoro cnHHa npH KOHe4HOM 4Hcne Y3nOB 

M3Y4aeTcR T04HO HHTerpHPyeMoe 0606~eHHe H30TponHo~ XXX-~en04KH reH3eH6epra 
H3 N Y3nOB Ha cnY4a~ npOH3BonbHoro cnHHa S. nonY4eHbI 4HCneHHble peweHHR YP3 B'" 
HeHHH aH3aT~a 6eTe, OTBe4aQ~He COCTOR~H~ aHTH~eppOMarHHTHoro BaKYYMa /AnR 
SN ~ 128/ H npocTeMwHM B036Y)I(AeHHRM HaA HHM. B cnY4ae s =1 npOBepeHa nonHOTa 
6a3Hca 6eTeBcKHx BeKTopOB AnR N -6 H CAenaHa nonyaHanHTH4eCKaR o~eHKa CTPYKTY 
Pbl BaKYYMHoro peweHHR npH KOHe4HblX N. 06HapY)I(eHO, 4TO AnR B =1 .•• 9/2 HMe~TCR 
OTKnOHeHHR OT "CTPYHHOH" KapTHHbI peweHHH no KpaHHeH Mepe Ha O(l / N). TeM He 
MeHee, OTHocHTenbHaR nonpaBKa K 3Hepr'HH BaKYYMa H HH3WHX B035Y)I(AeHHM cocTaB
nReT O(l / Ne). OAHaKO ypaBHeHHe 6anaHca ~a3 pacceRHHR ~H3H4ecKHX B036Y*AeHHH 
BbinonHReTcR nHWb c T04HOCTb~ O(1!lnN). 

Pa60Ta BbinonHeHa B na60paTOPHH TeopeTH4ec~OH ~3HKH OMRK. 

npenpHHT O&b~HeHHoro HHCTHTYTB ~~epHWX Hccne~o.aHHA. n~Ha 1985 

,vdeev L. V., Dorfe j B. -D . 	 E2-85-887 

ISo I ut ions of the Bethe-i'.nsatz Equat iens for the XXX Ant i ferromagnet 
f Arbitrary Spin with a Finite Number of Sites 

We study the exactly integrable generalization of the Heisenberg isotropi c 
XXX chain with N sites for the case of an arbitrary spin S. The numerical so 
lutions of the Bethe-ansatz equations are obtained that correspond to the an
tiferromagnetic-vacuum state (for SN$ 128) and to the simpl es t excitations 
ver it. In the 5-1 case, the comp l e t eness of th<! Bethe-vecto r set for N=6 

is verified, and a semiahal yt ic est imate of the vacuum-solution s tructure at 
finite N is performed. For s=I . . • 9/2 it Is found that there are at leas t 
O(I/N) deviations from t he "s t r ing" pic tu r e of solutions. Neverthe less, the 
rel a tive correction to t he energy of the vac uum and low-I y in9 excitations 
is O( I /N2). However, the pha se-ba lan ce equati on for the phys ica l - exci t a tion 
sca t ter ing is sat is f ied only wit h t he O(1 / ln N) accuracy . 

The inves tiga t ion has been pe r fo rmed at d ie Labo ratory of Theo re tical 

hyslcs, JI ItIR. 
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