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I . Introduction 

POl" the lIet time • good dea l- or attentton •• It :pe,a to 88)'111.

me~rtc cb1r.l tield (ACP) Doda18!1/ viz. nonlinear c: aodela with 
ftcti oDI lIIodi!1ed by the We88-Z1BQ1no-'l'ithn ('IZ") te%'fJllJ/2 , )/ . Such a 
generell:ration ca n be constructed fo r anyd-z principel chiral 
field (or)/l.)/ and n-, .upereymmot~ic 0%lo•• 10n of tho 1. l t.~4-6/ 
~t appears 1n the problem of nonabell&n bosonizatlon/)/. In etring 

.odele /7/ • in higher ,uperexteneione of Liouv1lle equatton/8 •9/. etc ~ 
In light ot tbls. rurtber underetend1ng the gea.etrlc and group-theo
rei1a..l 08s8nt,1ela or ACP seelAB urgent ~ 

An i.portent 1ngnd1eDt ot ord1nery 1II~.tric spece c> modele 
1n«-2 f i ncluding the pr1nc3pal d .odo1.8 1s tbeir an-ehe11 dual 

e~tr,l10-12/. Dua11ty tran8£orcet1one ~1~e the .qualiona of ao
tton with kine_tic l(eul""er-C.rtan equatIons end ph_1 a decisive role 
in a8t.b11eblns a c18.alcol inte~b11it, or tbeee .odele. 

The d -2 ACP 6 modeLi are elaD integrable , both on el.a~lcal 
11,.14/ and quantum leve18/1 5 , 16/. Thuo 11k, their ordinary c:P 

prototypes, theee are e%peeted to exbibit • dual invarlanee . This 
to certa i nly tbe ease it the couplIng oonetant ot ACP 1a not 8ub

jeet to the intrered etability oond1tlonlJ1 becAuse w1thin tbis r.D
ge tbe clasBiee! AC' equatious are reduced to those of etanda rd pri n
cipel CP simply by B cbans _ of variBblo~/ 1 J/ . H~.ver, 1n order to 
cover the general situatIon (at ••••11 sa beyond the Infrared tixed 
poInte ) and elao baying 1n .1nd tbai t he equivalence Jus t a eDt10ned 
..y be ruined at tbl quantua levII , 1t i8 o~ Interest to aee duel 
In••rie oce and to fInd an explicit tor. ot duality traU8fo~tlone 
tor ACP directl, In original ..rl.bles . To do it 1e ODe o~ tbe In
clntl.l. ot thl present work. 

Due l e,.....l17 at ordinary CI". ! It Jll.Bni.teet .1tb ..ploT11l8 the 
langue«e at Cartan'" 1-tonu end w. begin b,.. 'tl""luJ8l etlo4 tbe ACl' 
equat10ns into tble geODetrlc l.oguage (Sec t. 2). It e11o.8 ue 

y 

t.o pt duality treDstorweUOnB "tor general d.. a2 .ole ," 1n • c:oncl.e 
~t.pl. to~ and to .bow th.t, just a. in the eODventiooa1 ee••/l0-1~1 
tb.J' _r. d1reC!t17 reuted to th. cOJTeepondlQ& linear .J.tell and 
t o exi.teno. or a n infInite aerie8 or nonlocal conaerTed curr.ota. 

!xteneion to the Bapersrmmatr1c 107 1s giTen 1n Sect . 3. In 
p&rt1cubr, we ob1:_in a menU'eetl1 Bupal"'BJlDZOOtr1c expree, JI 

... ,,



e10n ~or gene ra ting function of nonlocal vector curren~ •• 
In Sect . ... we d1ecuBo lfII"l5e equ1va l encea betlteen 1..0-, and other d.-2 
intesr-b1o .,.t OmS ( inoluding standard principal CP) witbin the Car 

tan'" tor.a a pproach . 
?he aecond mein goal of the pre.ent peptr is to introduce the 

DoHon ot dual algebra (and duel gec.etry) of c.{ ..2 d ~odel. end to 
shc- ita uaatulneBs in Dtudylns eta.eicol and quantum structure ot 
tneoe modele. fbi. 1e done 1n Sect. 5. We abow that the e~uet1oo. 
ot &n1 J....2 d model on 8ymfNtrl0 C080t apace olmulhneoWily deaoribe 
oo~e d~odol .ssociated with anotber, dual Qosat epee• • Por 1n8
tB nee. prlne1pal OP on If!. group G t., dual to 01' on the cOll!lot G'YG • 

G(. b.tna a eomplex1t1cDt1on or G ..... to tbe ACP 1I0dele, it turno 
out that ps.sing to their infrared t~ed polnte caD be d••er1bed on 
~ pure ala-brule ground ee It .o~t ot cont raction of tbe dUll algebra 
whicb br ings the relevant dual coaet apace to COIIpletely rtatten. 
We diecuee a1ao possible application. of du&l .lgobroa tor tbe ane~ 
1J910 at quantum AC~ c) aode1o wlthin the co...erlnnt baokground field 

fM~bod . 


P1nall y , i n Sect . 6 we conaldar along .t.SlaT linen ao a.~t


ric ...ereion ot clas.leal Cp! -model l!'uWBled 1r, 115/. The teob

oique s ot C.rtBn'a forms eoobles Uft to readl11 oat.bl1eb that aucb 


e moe !! _cation yields e trivial dynftftiC•• 


2. ~~e Cartanle po!!e Description of AC~ and continuous 

Dual SYlIS! t!"% 

2 .1 .. 1'1:::18 equet10ne of d. -2 ACP on a .s.rOUf G in tbe etandard 
to~l.tlon throu~ current_ , are written ••1 ,).6,1).14'-) 

(f+2) d-t- ~:t + (1-'l.)d_ 'j+== 0 (2.1) 

Q+ ~:'- - d_ j .. .,D+)-}= 0'* ~r:O )~T' .o:~);}r~~) ,3(~)E G (2,2) 

7-= ~. , (N=o,i ,Z, .). (2.) 

_here I t.. are generators ot G . Ind 1ntegar N 1n eq.(2.J) rot
1eet& the quant1zation or coupling constant 10 front ot tho WZW term 
in tbe oO~.pOnd1ng 1n..r1aot lotton/)/ (1n .het tollowa, •• shall 
never n(lec! In explicit tOni of' tho llu,te:-) .. ~.n ~ ;; 0 ••0 reco..er 
the etandard aqu.tiona or priDcipal C7 on group (; /17-

19/. ~o other 
uaeptionsl vsluec of ~ ere t j , '11l Cluanw. coaae the, corre.pond to 
the 1n·rered tued pointe ot the tbeory, l. e. to .erDa 01 ~ ...tunotion 

.) "e VO e t b<t l1sl>t cone noto:.ti on .IL.. _ ~ (L 4- 2.. ) 

x* : XO '" XJ., d;t ~"X" -"2 CI.:>:.' - O'X' 


2 

/).20' .. At. tbeee \~alue8 or 7 eq.( 2 .1) 1s dre.etlcal1y eimpl1fied, 

0-) 1-:. 1 ~ d~ ':1_= 0 .) !)l=- i ~ 2. '1... -=: a (2.0) 
and can be explle1 t1y 1--:tegret.d 13 I 

In fact, eqa. (2 . 1) , ( 2.~) are covariant w1th re.peot to two 
independent ( but 1eOll1orpblc) conahnt pa remeter groupe GL., , GR, who
s s .et 1oD on g(~ 18 detined eo t ollOW R 

3'(x) -= ~ft, 8(%) g/ (2.5) 

The original group G fo rma a d1ogoMl subgroup i n t he PToduc t 

G<. I< Gp,' 
G . ~L.= ~ R 

and 1s real1~ed ~y bomogeneous 11nea~ t r-natormat lons. Trenetorm&
tiona trom the coset GJ.,'1.GF./G are 1nhomogeoeou8 Bnd,in e0.1 parti 
cular pSl"Il1:atrlsa.tl on of 8(:);.), are nonlinear. TbUD we 8C ~ua1l7 dea 1 
'tIltb tbe nonlineer d Jlodel on eygmetrie spaC.Gl~&R/G 1 12/. $uab 

o modele are treated m.oet naturally in terms ot lett -i tl'nriant 

Cat-ho 'o 1-fol"mD end DCM w. proceed to rewrUe eq8~ (c .. 1) . ( 2 .. ?) 1n 

this CsDi t.at l , geometric language. 


!b. etandard defloit10n of Carten ' . fOrm8 CQD be tound, e.g. 
in 121/£ In the preee nt oape, both due to the direct product .truc~ 
tnre ot the wbol e .~tr,. group and to tbe exleteuc. of the autaaor
ph:Ls tll Gl~GR t hey admit . closed re presentation tbrough tb. ele

ments ot groupe GL.. and GR -): 

W;t. -= wlT': ... t l 3L.l (x)d±<'JL.(x) - 3~ l::t) d±~~(-l:)J, (2.6) 

E)± -= 6>iTi. =- t [~~l(:x.)~.r 3<. (.x ) + ~~\~) d± a~(.>:)l (2. 7) 

Rere. lJl ho .. e tho me.niDS ot. conrieDt derlvat1vee 01' parametere 
01 thl eoft'ifIt G-,.G,..!G .md G±: are tho r;;QJIIP ()lH!~·nte of G-connection. 
1hei!la obj., t5 ere 1nvariant under tbe le t t riB1d G-L atilt G-R ebltte: 

g"t~)- g" . g,,(~) 1 iR(~)--- 3R, JiR-tr) . (2. 

.Be.1Ftee .. there 1.0 • tre.dOll .ith reepect to tbe l'"lgbt gaq. G
innstoraattona: 


3, (X) --'" 9" (:l.) h(.x) , 3~ (:JC ) - 3/{ (~) t. (.x.) , (2.9 ) 

u.h -+ t1 Wi I, , ~.t -? t'el; J, + tI'dz t (2.10) 

.J A cUtterent l al 1-fom 1e cQllphtel,:r d.t1neq t'lr the tlatf1.c1.ntr- 11' 
:ite decoapoaltlon 1rJ tbe coordinate dltterent1.elea So, .hen .... UIII 
tb, tU'1I nOart.nl (OnD" •• n0rl!l811y aeln the s e t ot ctlr"epond1ng lr,
rt.parH!ent r:Qilrr1d.r;t~ (the•• Ire .ec:tor anal'! 1n or 11nG:"1 bOl!lonir. 
eeaa bnd spiner ~ne~ 1~ 8uper&~~~10 cI8e)~ 

.j 
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n l t8 tre&dom eBn be ulleti, e.g. \ 0 kill tn 3t.(2J, ifp.p",) III t tlft para

lM~ers e~cept those eooNlnlt1 E' lng tbe e ~eet G~Jl.GJG tbnt 8IDOuntiJ 

t o ' ho HeDtif1eatlon: ;!.! (.>: ) = J~J(:J..) 
Ti~, lat WI ohOlit that t.he following G-saugo e;;l var!..nt . yut-ell 

o ( e quIUonA t Ot' 8..t ' W±: 

C &_ - d_ e~ T (~r . &_] ~ [CJ-r- ,W_1 = 0 ( 2.11.)r 
V-.W_ - V tJ r =(1 (2.llb) 

Vr W . + Vok,..-2C U ...J. ,w.J= O, (Vt-;}t ·\ O.t,) ( 2 .1 1e) 

16 equ1valent to tbfJ ny.tee (2.1), {2.2}. ro Lh l. en" , •• l~.n't1t)' 

2 (.;(.) "Ub tb" G - gauco 1nvariet nt qWlDtUy 
(2.12)3 Cl) ~ 1. (,'))//C'>:) 

whicb p08lle.,eea juot the t~n8formatl on pT'orertl~" ( ~ . 5) under tbe 
action ot groups ~ . GR .. on,oc , J=1a ",.t. ,1 1.0 u l:: a8 

. Z !Ji:»= 31.(;') Wi: (;>J 3/(.>.) (2.1) 

and. up to q numerical reetor -~ • cen bH ~r..l" a ••••poei.l 
gauge of' W.t which 18 achievell vh" G - g.uge \"'f~rUl"Mtlon .1tb 

h(:r:) = 11;/(2). It toll"". fr... (2.7 ) .n~ tho ' ......torm.oqa.(2.G), 


tton lawa (2~9), (2 . 10) that 1n this gaugo : 


6J~ = - W r = f 1:1:, 
'inall" ta ktng !nto accoun t G _gaup CHIYllriance or tho dYBte~ (2.11) 

we Iru,,. comtider 11; in this .. rl1.c 1llar i."up 'lind get juJI' oq• • ( 2 .1) , 

(2.2). 
In 8yutem (2.1 1) I "he tireL ".UeqUltt:iunn a .. " ktnllMUo MsLU'er

Cartan aquaCiono "b1eb are identically »a .. Jetted _ 1LII the d.tinition 
(2.6) . (2.7). The tbird equation is d,n".1cal, tha only JJ 1U.rence 
trom ao ~nalogau8 equation of principal CP baing in en .nam.lo~ 

tenD~ 7. In _hat: 10110-8 it w111 be con'l"enlont t o r ua,kaeplng to 

tbe philosophy ot/22/. 10 treat (2.11) ••• ~loeed OYDL•• of equa
tiona tor tbe ,G-algeb.re v.lu8 ~ vo c tor fl" l d. e~, tv.! . Ttle moB"! 

taportant polnt Bcout tb l a lotor9~;l tion 1m the cov~rt.nc. of (2.11 ~ 
under gauga croup (2.10) . Ao ••• glYou aboyo. "!: h .1 KUcrnntooll tbll t 

fi%. , W.t eaa.nt1.ell, depend only on peromaLere ,t tbe oOflet G.i,.~/G 
wblch are tbua the true 1nd.pen~ent vorlnblllo ot Blat•• (2.l l). 

2.2. At ~=O, .qB~ ( Z.11) <:i.scr1be tbe 8tenrllrJJ pri.nclpal C", 


aoel p06see8 B rem.erk,abla invert.ncI under duaUt.y trannron.ticn 

110- 121, 


I I' ~ 
 ( 2 .14 )S± = fY± , C<J.to = e.t W ;: 

,I 

wbere A 1. a Hal e 0l18t"nt panattte-r. Thiel iCY.Tilne. 10 eBsent' 

aU,. en-fthell one beclIiu.e (2.H) m1xe the dYf!1I1D1cel equstier. of' ..0-

tiOD (2.11c) (with Z -0) '1nd the k1r.emattc lCa:.J.rer-Cartan equation 

(2.11b). Moreover, one of th~ jntecrwb111ty condit1on. for ~h. 8x19
teoce of tbi@ traneformat1on is just the equ6t1on ot motion. lmple
mentlDg (2.14) In to".. at group elements '~L. (.<). flf;.t:() according to 
"he "preeentaUotl (2.6). (C?7). we bave: 
ql01 'J QI » I 
<JL.(:X,~)C7±.(jL. (, , ,1) = fY,,- +e- W.r ; 3/.t,o)'" <'1.,; l~) ' (2. ' 5) 

d;(l,))d~ 3~ (1' , ))= C>.to-e1:~,-,-).t ) g~(:l,O) =~R.(:t). ( 2.'6 ) 
q I I 

Thoee fJqUIJUon.e are solvable _1f,h rflspect t(l '1" or ~k. only provi
ded eql!. (2.11) hold (wah? .0). So t.oa letter an nothing elee alJ 

the int~~reb111ty conditione for aysteme (2.15) , (2.16) wbioh can 
thus be t~ated e8 veriant. ot linear eyetem for prloQlpel cr . More 
f6miliar form ot lineoT oot /17,'8/ oooes out wben re.~itlng, e.s. , 
oq. (?lS) through tbo ••tr1x Y!(:J.., 'I) d.rlnod by: 

'(.l,~)" !]L (;J.)J(· i(~ ,J.) , LJ!(l,O)- 1 , (2.17) 

Yo b... A ±~ 

Or '1(:.: ,).,) '" T (e - i»)1; lJ!(:3,),) (2.'6 ) 

_!til e) recogniz.ed e8 8 lpeetrol pal"8.11lJ!1tar. 

Th~o, the C1800ical lntegrebl1ji7 of principal CP 1e direct ly 
related to dual fl,YlftCietl"y (2.14). '''1\j108 dUBHty tr8nafonaet1.on. ero 

extrem.el y ebapl@ "hen :realh.d on C4r ten' 9 t01'llls. in teras. of t he 

coset ~rBmo8tere they are nonlinear ena nonl~.l se tollowe trem eqs. 
(2.15), ( 2.1E.). 'M1t~ aame 18 true for the eurrent .:J.t(l:.). 'l"be l!ual 
trenBCo~ed current 18 given by 

I I ' 1 (ot I . / /J -l/,;1
j:t (l ,,)= Jj (.x. ,~) "'1 g(~,~)': 284p .·9UJ.t .11.- t:t,))~e-'T h r. (2.1 9) 

I t 1s Qonaerved ••• conseCluenco o~ the (zO eqIJ.(2 .1 ), (2.2) and 

eq. (2.1S) 
d-r- 'J.' + d_ 1:= 0 

end 00 ..y aerve liB a generating "function tot' In 1nUnile.•equlnce 01 
nonloc.l eoneerYed currents wbiob Ipp.a~ eo coeff1cients 01 tbe ~y
lor Ixpansion Dr :;..../ In pOIIt'ere ot eloo_ i /11, 121. 

- e:r:T.ow to n:tend th1e dual B,11IDetn to the gene"l eII.e with 2¥O" 
TO an..er thSu qu.etica, we note first that the 4ual lovarience 01 
",f1hll (2. 11 ).t (=-O 1••81n.l.1 related to the tact tbat tbe equI - ' 
tion ot .0tSon ( 2 . 11C) end tbe e e c ocd ~urer-C.rt.n equation (2.11b) 

ror ?=-O enter 8ycrMtr1celly. Oce ceo. rea-tore th1s .)'DI:Detry t or 

210 too. To BchieTe it, let UIEI pus i n 1!!tIS.(2.11) to e Df»f "!onnec
tion 

" 
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"" ( D,-/ = e_) (2.20)&1: 0 ()± :%: 'l4)1: ..,.. 
in terms ot .bich e-qe.(2.'11 at'e rewritten I!!B 

());t -;1_ e.. t- [e , iU ;. (1 f)[c.J~ , L ••t].= O. 

~ 

T (2.21) 
V.c.J_ - V.(..)~ =0 
V

T 
(.J_ + v. W .. = C 

New a proper general1z$tion or transformations (2.14) 1. 
1';1- I ,I (2.22)
Ct, ~ Cit , W t = e 'C<J..,. 


Qr, in ori81n~1 vsrlebles
e: ~ fh.J:.~'(l-e;~)c...h ,wi «el )w± (2. 2) 

lie Dee that eqA.(2 .. 11) p08Reon a dlUlll B)'IIIfietry !/lit any Z ' lnolud

log exceptional v.lu..ell 2:-.t! ~ ~c Lluallty trs'rIs:to:rt:lStiQoa i!l the 

general caBo .TO gi7.n hy eq•• (2.23) • .PDT ~':;O tbtose ere reduoed to 


(~.1~). 

All _bat ••u uald above about tb~ relation between dual symmetry 
and ln~egrabl11t1 Qt prtr~lp81 CP 18 true in tbe C888 ot 4CP 88 ••11. 
TIle Zr'O oaaIog. ot eq•• (2.15), (2. 19) aro 

<~t,)I_j(.t,~ )o>± 32)(:lr~)=' 9±...L(~~1)eJ:.l±~JW±; , (2.24 ) 

do!; yr(2)(.1: ,,,) '" ~ (1. + 7)(e±.I- .1)~Jo r (~)(:I.,>} (2.25) 

The linear eyote~ (2.25) oan be eB~t In the tor. au~.ted tor AOP 
oarlier (soe, e.g. /1)1). Ne edlees 10 ~ay. the infinite aerieR of 
non ]oca l eODservad C~rTeDt s 1D again conntructed by t be recipe (2. 19): 

~~t)t:!.,).) '" e± ~'f(f)ljr lie!) ) (1-0'?' :J~!):(J-f)d. j~J~O,(2 . Z6) 

) . Dual Tranrtormat1ona of SuperBymmet~ie ACP 

~., ~uperexteD81on ot ACP 18 described by tbe fol1ow1ng 218teQ 

of ~uper11ela .quatlonA 15. 6/." 


(i; t)]). J _- ({ - OD-I .. ",. 0 . (J.1) 

D...T-+]). T+ ~{I..L 3'" 0#1±=~D±3-j) Hc<,a)<" G, O.zl 

])±=7j~r 'L e±~ ,])~ll.t~;d~ JD... ,l)·t= o. (J.J) 

Tb., baAie left-invariant C8I:-ten ' fI tom" !.n thin r:all~ are dot1r.1 by 
th~lr apino1' e~ertlcl.nL!I ( ~t. e'ts.(- .6 ). (2.1)); 
·1 It e~o~ld uot l.ad t o co~tue!~D that bere theaI ~2 eplno~ heye
t he III.,. lndic•• ± all VeoiOTIf d..!..1 .7: . !tIe.a tn~Jle e~ worely &ark 
cbirality ot epinortl (un1hr ~be c{.2 Lorents grO\l~ I)' (1I j ) the :!: 
oplnolrltnoetorm Infl.pend.ll~ly or each atbe,r .. itlJ tbe hillt _elght.1) 
B8 cOCIpaNd to tbe ± compor.entR of ..ectod .. 

5 

8,,"" I Isil~,6iJ)r~L.(l,/I)T .i~l-.,(,fDt ~ktJ.L)l, 
() . ~ ) 

Q<-" 1[~/(~,G)b! ~t(J,6) - !J1(-l,c)}>j-~~l~ ,e)J . o. ~) 
One ..y, ot cou.ree . c onsider aleo vector c oeffic1ent A (),r I W!: ( by 
uslng vec t or derivatives t~ ( J.4) . ( ).5) inet@8d of epi nor oneo) 
wh1eb eontain purely b080Die oneR ( 2.6). ( 2.1) .8 t he lowect compo 
nent", til t be ir e -e-xpanelon_ However , dUB to the entlco1llllutatlon 
p'rOpertiea (J.3). these objec t s turn out to be compoee ti of op1ncr 

Aupernold. ( J . 4). 0. 5), 

Q~ = -, (TI± 8± T8,8, "2.Q~) ( J. 6 ) 

W±~·, (]).t52.t'" {BJ: ,Qri ) , 
The N .. 1 8nalogs of eqe . ( 2'., 1) o r e as fo110'1110 

:.D.. R ... D. 8..... i EJ~, ft).. {52. \ Q .J= 0 
( ) . 7 ) J:r+Q_+l:J:Q .. " 0 


JJ; 52 _-~_ Q. T2 ?iQ · , Q -J" 0 (/},, ; D" -' {B~, ). 

Again. the f i rst t .o equat lono ar e t be kinema t i c ~urer-C.rte n equa
tlane .~j}e the th i rd ono 1 ~ tbe e qua t i on ot mot len . Tbe equivalence 
of (). 7 ) t o eqa. (J.1), (3.2) can he proven in the s.8U18 W81 48 1n 
the bouonlc csse, by 1de nt lEyl ng ./ 

(j(J.,B) -= :/iy -,tY)JR-(J ,e) . 
SimilariLy or aye t eaa ( ) . 7 ) ~ nd ( 2. 11) BUgg8 Bt8 a l ikenoss of 


their duo l 1nvar lence propert i e s . lnde ed , dualit y traneforma t lo~B 


leav ing inve r lan t Bqa.( ) . 7 ) have the Ba~o form a. 1n ( 2. 2)t 


B:"fl~±i(i-e*A)52.t , Q>e,l 2±. ( ).8 ) 

It 1~ i ntere atlng t ba t t he vect or C8 rta n '8 tOrmB C).G ) rev.al nOl 
core complica ted dual trenoformation I e_a; 

:&E:~ =->-~Wr '2L ). S2...,Qt 
:8 W" = t)o cJ-' -.- 2, ). 52..L 2 .!:. 

'l'h1D 10 related to appearenee ot fUlIIlonlc Bouroe t tll"1lL8 in the r.b ••• 
of tbe tblrd equetlon ot tbe booon1c ayetem (2.1 1) 1n aupere,.motr1c 
c••• • 

Ouel jnvarlance ot the aupereymme'r1c AC? equations ( ).7) lmpll
~e t belr integreb111ty. Sn the SBme fes bion GB ror bODonle AD,. We 
reB~ r1 et d1Dcuaolon ot this catter to giving explicit e7preDol one 
f er goenerat1ng tunet1 0De of tbe T"levant Bet of nonloe"} conserved 
8u,P4!"CUl'Tf!nt". n 

The ~altc aplnDr current I~:1e relete" to ~L.:t: all.logou.ly to 
the 'l"olAonle 0:, 880 ( eq.(2 . 1JD: 

7 

http:all.logou.ly
http:j~J~O,(2.Z6


- ? ' I " J ' I ·1 .  (J.G)L~. =-F.,. (ft..l ~ ,t')...)~lli- (..(,i:J)~ 
f'er1'o l"'mlng 1n oq~ CL9) B "lJl.d1 t.l t.rlins 1 0£'C.!l t1on WE ge t tne generet

1t~i\ fum:.t1oD of nlJt'llocal er .. !'lor IHlpeTCUl"J"'8n~8: 


i· l1) I( . ) t l . I J I 1 

.!: 1..1 ,~,~ " -Z e ' :1.:. (l ", l),jL, (>,1) J T-I ,e', I) . ().10 )

/.{ 	 L 

I '>;, ,~L. y,e,)) ='i8="rL~lTr)ed:r.?]Q, } .( lU,tl"I). ( 1. 11l 

D. I~J.(i. + 0 -D_ T~1)· (1-7) = 0 . (3 . 12) 

One. lDa y womler h ow to ,COtltt truct by .1'.:U :Ile vec.tor SUpel"(;UT
'~" J ' 	 

t'~ ot J :!; III'hletl wou.ld nave: c o m'ol'lHonel cone 8rvnt1.on proper t ies 

wi t h respect t o2 -dltf eren LiaLlon Bind start .ith ordinary CionDsrved 
Current .. The 8nfJllll'el ' hs I 

'1 (~)'= D -L,r 	 D. 1J ) 
...J t L.r. = 

'l'he (lQna:erva t i o n Ill'" or _J.JY d irec tly f0110\"6 from eq.( J .12 ) .nrt the 

haoi-c antle~u t qtion relat lona ( ) . J ): I 

(i + t ) d,t :J~!)'''' (1- ?)Z_ 'J~?) = O · (J.14) 

It is easy to ob til.ln tor .'1l,U' a repr"8enta tl on 1n t e r'UlO Df Certan's 
f o rme : 

t J' ctl I I .. ·t ") 'nQ 1 Q'1:!} (.T"l,,\)=-Z e dL(l,t;').) l (J~ -.(;L U' 7)E: " ?1·' L ,; . L !J j~(>'<»)\3.15) 
Note that the suparcurrent (3.13) is a uua l transform of the follo\ll1
ing baeic conserved vector superc.urre n t : 

,,(1) ...,m'l ? '] )' . . , " Q Q \ 'r iC (J'\:J± "' :';''' )<00"-1(.,,,('<, 0 l(<J~ - ", c o.t ) .<) .)1. ..! ) /= 
(3.16)

3(:xpJ al: ~'l(X ,ClJr L 1,,(1 ,1':) 11; ('I ,e) . 
It ie worthwile to note the pre eencl;t of the tenn bl linear in fer

mionic aupercurrent which 13 ne w compa re d to the 8lrpI'6 s l!Ilon for the 

bosonic current (2 .. 2). I n t he purely bO:1onic limit . when ell the 

fermionic components vanish, we r ecover the "hnilarJ eJ: preseion. 

4. 	Classical F. qu ivale n~ 1e9 of ACP to Snme Othe r I nt egrable 
d &2 Models 

In thia Section 'JI'e s ge i n re tl.lrn to t he boe onic e8o.e. lleverther_ 

18sa, ell the concluai ooo ., 8 fJha ll arri ve a t a pply 09 .a l l t o super
eymmetric ACF. 

We heve eeen above t h~t tha dUBl inva r \a nce propertieo ot ACF 

end conventional pri ncipel CP are strong ly e i mila r to aa ch o tber. 

In fact, tor ~ i ± i the simila r i ty becomee i denL 1 t y a8 i n this caee 

both modele era equivalent ( a t lea st, .sit t he c J.gs olca l l evel). 

Indeed, in tenna of new current" 

11 

(4. 1 ) 3 (i;-nJ,t.J;; ::. 

ectuation:): (2 .1 ), ( 2 .2 ) take the f orrr/ 13/: __ 

i+ "i_. :t1+ = C : .• 1_ - <1_1• • Ur :LJ'= 0 (4. 2) 
!Iote; :hat tbe ascond equation 1.s nOlli' yotiltt1ed only 1I'1 t h tak.ing ln t o 

a ce-ou,,"; tbe dynamical aqust.io[l ( 2. 1). Por ?JIl 1:. .1 the msppinft <4. 1) 
16 i nverti ble: eqs.(4.2) ttllply tor J= just ecte. ( 2.1}. ( 2 . 2) . 'fhhl 

equiv6'Anca 16 aee n also when comperinK the lin~9r aYG t ea3 (2 .18). 
2 . 25) . 

Ths BaCia pbenomenO :1 1MB! f'eato 1 t Be lf in tho Cbrten I is fOl""lnD app

roach t.)Q. Resca ling £A...4 , W _ 10 eqa . (2.<1) !If Hb 7~ .t i a a 

w~ '" (1"+ ZJ W.<c 	 (4.3) 

.8 	repr'?Isen t ( 2 . i? 1) s e tbe eyet t! 1l:I or e qul!!IHomt of' a t enda r J principa l 

fl.etd ~ 

(J., @_ - d_ @ • • C@" ,8_ 1+ [ru e, Z:U .= 0 
( 4. 0 

n,~, + r7(J = 0\I r ~,- V _ T 

.......... r- ~ ,......, 
 cJ 
'1+(./..)- -'7_ (.)t = · ~ ~ "-' 

The curre nt corre '3pondin;; to the pair 8.t, W..,t 18 just ~~ (4.1). 
It 10 .orth not i ng that t he system (4.4) can be achieved with a dif 

fere n t resceling ofW~, e. g . wit b 

IAh ->;> [;j1; =Jql iJ~ U~d), w.t= zrp-:-T cu,,=, (1'7i). 
However, all these c h enges of vsriables ere related to (4.) by dua

lity trenaformatione . I n particuler, WI- is a dusl trsnsform of01
,r'	 i -" - 

~ith tbe parameter '\ :., !.;~ • The corresponding currents are 
" A_ ! l ' 'l. 

rel~t~d to J~ by nonlocel transformations of the type (2.19). 

\t e xceptional potn t s t -=:t i the ebove equivalence gets lost. 

The ~Y9t em (2.21) tak es a "triangular" forml 

C).. &. -?_;9.- ~ [ft, 6lJ = a (4.5) 

2~ W - -~ (<J . = (lv_6) .. T '1_ 0~ ~ () /" 

It res pe c t s ae before gauge group (2.10). Since {)z is now a pure 

gauge. '",e may choose e· =. 0 
thet reducee (4.5) tc t h e following eyetem /9,20/: 

21,~ . - ~:t (:~_ ~ 0 1"=? W± 7d!:;ipi, 2:1. y'''= 0, (4.6) 

2>.. w_ -. 0_ C",1. = 0 
Thu8 , fo r 2== ± i the ACP is cla8sicelly eiuivslent not to princi
pel CP but to a free massless scaler field 9.20/. 
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We wioh to emrhB~lze t hat th e e qu t vBlences dlecUB8ed 80 tar are 
essen tial l y ol1-nhe ll phenOt:lentl SQ t hes e erpl o1 t an interc bange b e t 

wee n the kinematic con~tratntd. viz . the Maurer-C.rtar. e~U8t1or ft 

(wh l.eh are equs l 1y yul1d on .. end off-t!lhall ) tinl) the dynamical field 

equa t i ons Bsaoe i a ted wi th 0 ~etln1 t~ ac t1on. So t hes e equtvalencee 
ros y be b~oken at 'he lul l qu~ntum oLt-ahell level . AD example of 
such an ~quivalence _bleh hold" nn~y in eloBR lea l theory hAa been 
given in /7,2 31 . It La Ina t ruct1ve t o rep~oduc e this ~xampl& i n 

our nota ti on . One mA Y change ve rlubles 1" eqo.(2.2 1) onc p. ~ore ( ror 
definiUrll!!lOB, ... e Be t tl~ 1 ):

.--- -.::::::: -..... 
O. ~ G< = Q-,= ~ li- ?~'W.!: -= eh • (,,1 - 2' rz) kI-t: 

ufr --"" &3.r ~ 1: IV, . 


to lewrite the sys t em ( 2 .21) S9 

d~ ~___ ~ (JT~ [ 0; I o-J =0 
( 4.7 )

V'+&J_;\7_ &j~-..('I 'J.- 2 2' [CJ. o_ ] 0 
~ --- -..-
r7 / . , -" {J ""0·'1 .. 4.0(/- v _ -r :;::::: 

F ixi ng G- gauge by t he condHlon 6Jr. -;:: 0 we put (4 . 7 ) i n the fo 

d -< W_ -t 01,;:; (.~. - ;< .' j - t ' [ 6, ,iJ] - C

(), LJ_ - P_ LV, = 0 


"bleh la obvioufJ l y .solved by 

WI- = d~ I.f , ~ ;;u- _/ 1 - 7' [ tl. 'r', ~ IpJ =0 (4 . A) 

The 1~8t equation 1n comp letely 1nteg rsble/ 17 •24 / flnd,se we see , 

at any Z it 1£1 o l s nc i C".fI; lly e «utva l e nt to the orJg1nel ol'otem (2.11). 

Hc::" eve r , qu antum theQriet:l ~etJ ('Ichted with ACP and the 1'leld ~ Dstio 

t y tn, e, .{ 4 ~ 8 ) radically differ .: r e ieYBnt f') -f'unctiono do not coin 
c ide 2; (exc e p t 'he point" 1=!. J ). In the lIIecond callie there Bre no 

s r guml!m ts for 7. t o be quantlzf!l d , etc . So om!1 mUAt be ceTf!tu l when 

try ing to extend t he a bOVe equ iva l ences to quantum region . 

5 . Dua l Al gebras e nd Discrete Dua l ity 

HaN we i nt r oduce tbe conc epts ot rtulIl .. lg1!bn and du.l C laO 

d ol lied u se t he," to h i ..·o art a l ,.;sbro lc: inhrp:re:htion of interplay bet

wee n ACP equations in d i rt'ennt r eg11C:ee 1n ponmeter ? . Ie discuss 

s ]eo pODs1bls odventegro of applying tbene notions in analys1. ot re

nOl'Clali'Zstlon struct u re of quentulII "ACP l!!ode18. 

5 . 1 . Leo!. U.8 ~egln lignin .llh lhe atendflrd principal CJI' equa 

ti on " which eor:reepond to sett ln(. 7. -:::. 0 in eqe. (2.11). By pe8,,1ng 
to new Y8rhbloIR 

"..., 
(5. 1 ) CJ± = ;r W.;; 

101 

.8 repre~enc tbis system B8 

';)+19_ - ~_ e. -r8~,6U - [iJ, ,c:J _1= 0 (5. 2. ) 
.--. .~ 

(S.2b)V-. W_ 1 · V_0+ = 0 
.,- /" (5_ 2c)V~ (,i)_ - 17_ 0+ "- 0, 

~ow we .1A~ to treaL t be Decond equat i on SA th@ dynamie&l one , 
.bile eq.(5 . 2o) as belonging together with eq.(5.2a ) to eame Kfturer 
-C8rtfin set .. ~o "hat 61gebrtl euch llaurer-CaTtan aquat10DII my corr e s 

pond? The 8flBl'ter 18 rather eurpr1.F.llng: this In the ela:ebra of ne Tl 

-compact group G" • D cOlllpbx Ltles ~lon ot G..... To eee 1 t I IUt intro'" 

l1uc..e on l-torm 2:. ~ ,,1tb valuoe in t hin B1R'lb~lI : 

Z-c;'O)-:=. -W; (L T·)-re~Tk= w;N + e;Tk 
(5.) 

[ A\AfJ~-lef"'T"' , [A\T ...YtCk.... W, n~TeJ'iC'("'T~(5.4) 
It 19 ai.pIe to check tbat the ~uTer-C8rt8n equa


tion tor Z::l~>O) • 

, ;:(170) _ ?-Z~""O) T [Z:::~-G)) Y'l_~) J-=O 
o. - ~k 

just reproduces eqe.(S.2.)t ( 5.2Q) tor the coer~lcleoLa L<Jt ' ~r 
Keeping in mind that tbe eystem (5.2) i s covu r lant 8 6 be f ore wi t h 
respect t o G -gauge t rtlnafonnattona (2.10 ) w. r.:aay t rt enttty it as 
deacr1b1ng the d-2 6 model 00 c oset G'/G *>. Thu3 , i n two dlaeo 
alo!') a the re existe e kind o f discrete dUl!ll l1t ~1 fI,mong tb. prlnc!~l CP 

OD a group G and C'F on the coeet GC'IG ) GC 
be ing a c OC!ple~ e ,.te n 

B10n o~ (; • Tbe crucial i ngredlent of tbia c orrecpondence 18 t he 

exchange at Lhe equaLion of ~otj on witb tha seco~1 Wourer-Cortsn 
equation. In partleu16r t it tollow8 f~ the existence of the dU$l 
c1.ac rjption tbat t he or1g1ne l lIyotOID (2. 1l) (IItHb (=0 ) bstJ on 

another . dual 8.t of independent dYnamical va~i8blee (besides tnoss 

pe ~1.rlz1ng the eoeet GLI'C6k /t; ) t wbich are the t)l!tret:Oetera ot co
net (//G .. Both sete ere ~l!!lted by 8 eompl1eatc)(:J nonloe:al trenB

tormst ion ~ 

w. ~h811 ca l l ft1sebrae or the t~ (5.4) due l 8 1gebre~. A dual 

;l(!;8b'rfJ (an1 tbe corresponding dual d ....adel) Q!ln be defined l'or Gny 

.2 CP on tbe group G. not only tor pri ncipal Cf'. It a1..810 c01n
c~de8 with one of tbe Teal tOl"'l:i8 ot GC-algebn (e.g., dUll to the 

.sU(2)/U(J) - CP I. C~ 00 lb. <o .. t SU(,, 1l/U(1)~SO(, ,2)/SO(2». 
It 18 .ortbwlle to note t hat th. eZlatenca o~ 8 dual dlecription ot 
CP d ... odt.'le s ••q to indicI'e the presence of sicond sequence of 

oj 
Reaall that t.be ghoflt proi'llell tn d ~od.l& on nonoOlllpitct l"OU 8 

doee not arlee it tbe fltabl l1ty subgroup ( G in tile "r.l!lou~ cI!e)
1,. eompftct,. /zr;/. t' 
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nonlGCsl conoor...ed currents in ,bette mc.delt1 , that O r} . associated 
w1tb the arr1ne alpsbrs cOrJ8tructe1 by the (lus1 .l~.bre. 

5.2 . No,.. , w-hl"lt abolJt the gene]"8 1 sltuatJon with ,,-,! 0 ? It turna
/C~ l 

out thn~, arter p~[)a1ag to lcJ! • _18 l10y sgatn interpret oq8 . (2 . 116) 
and ( 2 . t 1c) SF! the Maur.,r-C~rtllQ oquotloDS I!!IIBtlociated with the 01

gob", : 

LA' A'J =-i c:hT/'+2, "«"(fllfl'T~~'C· fkAk['T'TfJ=1 iN k 

to generatoTft At-: Af 

) 
" (t)£..:! -- c.)k A".r ~ "I< t:Y r I 

(" 
k' 

" C T(5.5) 

d~ r'!' -;! L~)+ ( L: 
1,1\2: :!)J=O~ e'!.;; l2'1'lcc). (? If (') 

To inspect. tbe otructure of tlul <.. I,t' ..ldltutjun relstlomt (5 . 5 ) tt ~I!' 

onven1ent to pIIlHt ~ T t : 

['\"Ak} ,(1 -1/)(,"I'T f, rAt.I"},('·...,,'" [Tf, T4J l(fk"'T"' ( 5.6 ) 
I 

(1n tel"1QJ of f}1 , fA) • • t.b1e rI!!lerrengeettnt jUAt correftponds to gDir,g 

Over to the 8y;tem (2.21»). '11m!!, for 1? '7 i the ~trueture l"~b
Liana (S.f.) define the a l gebra of group G," 6Ft., tor (~,.( 1 the 
e l gebra of G~ and f or l~ = i the Ilgebre or I nhomogeneou8 grOl,J P 

l'hG' 6- where l'n,. 1.e 8n 1nvariant subgroup with tt O!J.eUIO t,rftna

la.t1 on generators (h lJ;~G-)belong i Dg to Adjoint 1"'el'rtlaent,etjon 

of G I 

[k )A"Jo O,tA' )TkJ « .kfJff , IT' ,l'J ,( ;k(, t , (5 , 7) 

Respec t 1 ve ly . dual G - model p f or lheBe tbt"e4t cassl!I eOrTeopond t.o 

t ho c a •• t . G, X Gp-/G . G-'/G ond 7.,(. GIG- . The tlrot two c•••• 

ara e quivale nt Lo eecb other by iii dberet e duality G,,~ (jfl.!G~> Gyr; . 
It IlIb oul~ be 8\reaeed lhlH t he duel () -moJelo e r e o-lwlIllyt:l ord i 

nary oneo. thei r equat2on~ o~ c otton have 6 uniform standa r d a ppea
ra"oe a nrl r ol l ow troo t he c onventional .e tl on!! _1th no II'XII tenu . 

Ale o , H 1& u nkno.n •• ye t. bow t o undlNt.ad t he qUlnU,:aUon of 2 
wlthln tho dua l de~crtptlon. Tht~ con~t8nt Bcqujre~ now a purely 

a lge br.lc m~.ning aa a paramet e r or cont rwet1on or geDarel dUl l al 

gebra (5 . 6) t o the a]gebnt. (5 . 7) 81"'181nl"; 1n tbe l imit?"": L 1 • So 'the 

AC' G-modol . t (~! J. h dua l to () -Do".l 011 the tlot, co• • t apace 
1'",<1&/6 ",-, £h ' t he t 19 I t.heory or h ..as elton free booon fieJds l 

ju.at 1111 outed by ao,e . (4 . 6 ). '!be c1eaelc.1 equiva lence of ACP w!th
t¥ ±:j to principi l elf also dIrectly stems from the exiatence or the 
dUB l de8or!ptlon end i t ta anothaT1Pute alsebre 1c ~ece of tbie oqul 
vl l enoe . 

Itn(Jlillin8 the duel elgebra end tbe re l ated dual geo;:oat r y oed.-:!' 
(j modele m.y b. of uee 1n quantum c.ee, when ut udyI n8 tbe reno~ll
utioa structUl"e of "belle mOflele 't111lhir. the co.... rhnt baclcgl"ound 
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fi e l;:.' IDethoc:/2t;/. !n~eedf 1n ac;usl OBlculBt 1om'll one may put the back

grounrl field on-ahal: _ber. it obeys tbo ayetea (2.'1) Cor the simi
lar one t" the cllse of other lJymmetri e I!Ip!!lCft do lIode 18) Ind bence 

respects aD additional 8~try unde r the duel r.roup. Therefore, the 
background field dependenoe in effective aetion caD be epr8ad over 

the invarisnt tensor 8trucL~rea (curvatures. toretona, their covari
ant Jerlvll1vea ••• ) 1n t_Q al~ern8tiv8 weyB: one may do 1t coYariant
11 .1th reapect eitber to the tnitial ~eametry or to the ge~try ae
90ciated ,,:..tb dual coeet apace:) Cona1.dor t e.g. the ACP lIooel near ex

ce!ltlonel pointo {,::!.i. An .nalysis of' ius renonnalization properties 
itl tble regton 011 ' tho gectDet:ric grc.unds .,.,88 pcrtonM~ in /20/ (_jth 

makIng use oC tlle worl·l hnftor l a nguage rather tban the Cb rhn' B forme 

8pproac~ corresponding 1~ e""ence t o dee ling ~lth the tangent space 
objecto) . The authore ot/20/ bevo obeerved 8e well that tne clase1
cal ACP e~\J.tion or motion I nclud:ao tbe connection e!:. = b.t:":!: ~c.JJ:: 
(10 uur nOLltion) wba.e curvature 18 proportlonnl to i - t~ Bnd 

noee v.niBbee Qt 'l~ 1: i (cr . eqe . (2.21 ) ). «ext. they have round that 
thft rel.vant background rle l d runc t i onal (Wi th tho baokground ~teld 

betD(t ofl-shell) largely containl .1uo t t he EIIboy C!! gene ralized curVetll 

r e Rnd this p~operty he. been use~ to demonpt Tete ultrnvlo1e ~ f1nlt~

.LIt: a c!' ,\C' 0 medal at Il= t 1 ( nGeomptro~'a.:Ji!l" / 20/) t o two-l oop 

ardor. flu. eVft r , tbe in t ~in81e rea. on _hy t he generalized curvatur e 
eppe~r8 reaeined unkn OW D. The prese nt s tudy ~kes i t clea r tbat this 
reaeon 10 t be invarienee ot cLl.alcal ACP on-lhe ll under t he dua l 
group . 1tb algebra ( 5 . 6) . Tt•• toet tbot tbe AC P equa t ions ( 2. 11 ) . t 
Tony ~ admit an equlvs.le nt representation a s tbe aqustlono or ord l
nory d model on 8 d!l.el (;.00(1 1. B'peca guarentee. that the ACP baek

grocnd r1eld expeneion ~y b~ to~lDt.d 80lely 1n t erm~ or the COT

reapon!ling geomtnrlc qu.nt1 t1ea e± =eL t ZCcJ.t 8 nd c;:;: ~ ~ l.V:=. • 
40 B nBult. jU8t the curvatu re of ""e.±: wl1 j be encountered Ityel")"tbere. 

li~ the contraction Hrait 'l.~.=.:i , dual cose t ep.F:e ot ACP compl.!lltely 
tJat"ttno }recsll tha t it becomes n-d1mens1on.l 8ucHdean space 

E...... l>....C!t;.IG ) a n:} 'Chiu 18 akal, s gflru!'re. l geolletric " ••on tor which 

~ u1t~violet' count~rt ormn ot ACP van~Bh a t t h oBe p01nt~ . 0! COur88. 
a fUrthe r la~our 18 ~eeJ~o ~o prove ~n~8 conJDo~ure . 

1n conclus i on or thl~ Sect . , it 18 tn t erostlng to lnqulrQ _b a t 
is the analog or dual algehraa 1n covariant BUpiratrlng oodola/27/ 
"hIch .:.In be treated 88 d."2 O-caodelu wi t b J.:al O 8uperapeca all t be 
t.~t =ant~old 128/ . 

f, ••aYU'betr'..c n - ¥-leld d lIIod.l 

The }8at topic _e _leb to dlacu~B concernA .n aaymmetr1c varelon 
or.:

Tb1~ kind ot Cua lt ty ~y no me.n.8 suggeet s the quantu= equlvalanc. 
n1' tre ~rlg1na l and dLl81 G rr.ode1s . Indee d. the to,.. or quentUlll Y&:" _ 
tt~ae 18 fixed by the ~~~t~e ~r classIcal antioD and 1e d1tr. rant 
tor b'lth oeoe8. 
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of Cp i -model /1 5/. Uoing 'the Cart e n Ie torms language we dePlonBt

ra te t h.at this theory c onta i no n o dynamics on the cleoalcal l evel . 

He begi n b7 reca ll ing t hat CP 1 --clotiel ( or the It -'field !:IO

del ) 1s BI!!I80c11!1 ied wi t h 8yt111'!t8tric s PlIce SO (2)/ U( 1) . '!'he re levant lef t 

- i nverient Ga r ten l s t onsa g , v..J are defined Il~ the I'Iv e r t i cel tl 

.tld "hortz onte. l" part s 01 • epeel.] e l emen t or SU( 2 ) - elgebro : 

g\X) de geX ):. 8,t,+t..)±=.elT' +wiT', ,d,2 , 3Cx)E $lJ(t/ 6.11 

In t e n;l8 o:r them. the clas s i ca l equatiDne of Cpi mode. 1 rab~ (see, 
e.g/ 19 •22/) 

;)-+ ()_- d_ G~ ... [c.J.... w_JcoO (6 . 2.) 

\lot W_ - 'V_w. = 0 (6.2b) 

\l W_ T V. W. = 0 , ( 6 .20).. 
wh ere (6.28 ). (~ . 2~) ere klnematto Kaurer-CRrt~n equat ionB wbile 

(6. 2~) 18 the equat ton of motion (88 before, we are not i nterested 
in corresponding La grangl ans). The ayetam (6.2) 18 cov.~1.nt with 

r eapec t to V(1) -gauge t ra nut orma t1ono :

!rrx) ~ g p)e'f'I:» , e:· et .&; 'f~,W{'e"'c.JrfF~ \"'(~t) l"r.(6. ) ) 
One may de fine a gauge l nvar1ent 5U(2) current 

'1 ± " 3(~) Wr g-Jt :>. )" 1fT' ~ ~;T3 (G.O 
" hich i6 cO?lserved t n vi r t ue of (&.2 ) : 

:1.. J_ + 17_ ':1, ~ 0- (6 . 5 ) 
-'piAn aeymmetr l c va M e r.i Or C c orre !!l ponde t o' a detonrlBtlon ot th10 

l sw on th a pe t torn of eq. (2 .1) / 1S/ : 

d... :1 • .. C' ;t 'j-t ~ 0 , (6.6) 

where ~ 111 somO nett pOT8'11e t er . 

Ua ing Lh. r elation (6. 4) 1t 10 e•• , t o find bow tbis det or.a 
tl oo I. dl.p l&yed In to"". of ~j;. c.Ji; . The tbtrd of eq•• (6.2) i. 

lIoa1!lad af! 

(1+ c )V.W. • (.1 - C)[W... ,W-1~ 	 (6.71 

(bere, e~.(6 . 2b) haa be.n uBed). W. ob_erY. ;bat for C =ti I: i tbi. 

ne. equation eontelne both "verUeal" and Hhorhonhl" parte wbleb 
should be ze~o I.perat,ly: 

) V.,.LJ_ " C " i)[0+,W_]=':W: !cHT 3 = (6 .8) 

TbUG, in asymmetric CBB e one 1s lett with tb~ ~1d _7at.. (6,2) but 
8upplemented nO. by tb~ .d~ttton.l nonll~Br QQnut~~nt (6.8b) . At 
c=·1 • there reuin onl)' "tbe ~urer..certaD equ.tlone and tbe eOtlat
ralnt (6 .Bb), wUh no further dynamic",l "str1et1cn•• 

II 

Let us demonltrele that aq.(6.Sb) triTie112es the the ory. Confil

der first the case .hen 
(6 . 9 ) W:': 0 or (anc:t) W '--- 0 . 

!beDe condit ions clearl: solv. tb. constraint (6.Sb) en~ the equa
~1Dn (~.8e ) (.l~b taking aocount or the Kaurer-Certan e~uot1on 
(6 . 2b)). In vtrtu. of eq . (6. 2.). $:: 1••"" • pure U(ll-geugo and w. 
mey net lt equal to 3ero (01. eqa. (4.6 ) . In tb1ft gauge. eq8.(6.2b,c )..,.., 
~+(.J_ - ct W~ = 0 "\9CV~"- Orr i(:>-) ) a;:.Lr'(:c)=o (6 . 10) 
eJ.. 0_ .. 0_ w. ~ () J 

1.e. the m0081 turn., ~ut t o be puge-eq:ulvblent. to s f' r<l tI the ory . 
The Ga•• with CAJJ-FO, c.J!. -¥ 0 ie mont COnlll!lDtent to t:reet 1n 

terss ot the rami liar correspondence between C P model Ilnd aios-Gor 
don e q,uation/10. 17 .2'1/. In tbia ~eoe. tbl!l:re u;tBts 8n ::t - frame w118re 

.qm.(~.2) are reduced to 

().. ;td(:t)= ~V1G(:t)·,s;"'d(~)~Wiw.jE"i. (6.11) 

!hen~ tba conetre1nt (6 . 8b ) ~lngl.e out 8 subc1ass at triv1al ccns 
taDt eolutioDe 1n the pha se apa ce or B ine-Qo~on equation: 

~'" G(:>::) '" 0 "* 6(2') = lUi (N:: C, ' ,2,- .J 
Ae to tbe dual eymcotry , oqa.(6. 2a . b) and ( 6. 7) for erbltrary

C A~ i nvariant under t ba ot andard duality t~D8to~t l on 110-1 4/ : 

59!:: O . 8 c.v± =t- >- 4l± 
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MaaHoB E. E2-85-865 
,llyanbHocTb 8 d . 2 Iot0Ae.tI;IlIX aClt"'14CTpH"4HOr O KHpallb HOr'"O nOIlA 

BW;IlIafleHa HenpepwwKl~ AYan~HaA CIt~eTPHR ypa.He~~ aCkMMe TpH"4HOrO KHpallbHO
'-0 n OllJII /AJl..nl 8 d . 2 /ypa_He....-:i WenHttoI!"'ti¥X II - MOA~ C MtfOr03Ha'-lHblH ,Q,eHCT
Bi4 eMl i4 HaMAeHa pea nI43a ",... " n04tOOp.a3oeaHM.1 A.Yan~tiOCT'" Ka ".140 reOfoteT p H'-leCKOIol 

A3wKe ~PH KapTaHa. 8~CHeHa C8"3. 3ToH CMlioIMeTpKM C H HTerpHpyeMOCT b~ AKn . 
PaCGHOTpC: HW ~ a K npocTo~ . ,aK H cynepCkHMCTPM~~ cn~aH. al eAeHW nOHATHA 
AYa.r\II.HO" . nr e.t)p... M AYan~"oM G wlolOA811M M nOK.3~tta ")Ii aallftQIt ponti A1IR n OHHMa 
~III KJ"1aCCH"e.CKC)tt " lCaamo.Ot1 eTPYKTYpw d . 2 ,..oAe.neH AKn. B "aCTHQCT... . no
Ka3a He . ~TO nepe~OA K l U"4 Ka~ "HGPaKpaC~ CTa6Hn.HOCTH AKn IotOMMO onHGaTb '-IN
eTc .q n re!SpaH"IaCfCH Kate fCOH TPolfCY,HIC) Aya ll.l1oH anre6pw . nj).,eOAAiIlYO K """'Y. "'T O 
oaK rop-npOCT~HCT.O coorUCTCTa~eH AYa,.HOM ~-MOAenH CTOHQ8HlCft nnoCKHH. 
C aHanorM~H~ T~fCH ~peHH" ~H~nH3MPYOTCA TaKlife yp.8HeHHM aCHMMCTpH'-lHOH HO
AenH n-non~. HeTOA ~~ Kap ,.~ n03DOflRCr yC~aHOBHT~ , ~ TO K~CC~'-leeKa ~ AH
HakHKa ~Tok ~Aenl4 , pHeMan_ H8. 

Pa50Ta ."nOIlHe.Ha • RaCSop.ITOpHH Tt!opeTM'-.Iecxo;i ¢H a .1KH OHflH. 

IIp . rrpMMT OCh.emtlilellMo r o MHc.'ftI TJ"Ta lUlepllld. Hc.c:JM;,ao........ .o.y6•• 19115 


Ivanov E. £1-85-865 
Dual ities in the d=2 Asymmetric Chiral Field Sigma Mode ls 

Using a manifestly geor.lct r lc lan9 \ J ag~ of Cartan's forms, we expose conti 
nuous dual symmetry of general d- 2 as~etr i c chira l field (ACr)model s (ano
ther name of du2 o - model s with mul tlval ued I ction) and find co rresponding 
dual ity trans formation s . So t h ord inary and supersymme t r lc ACr are treated ~ 
Like In t he case of s tanda rd chi ral f iel d . duality t ransformati ons of ACF 
prove to be intimatel y rel a ted to I ts integrability . \Ie introduce al!.o the 
notions of dua l a l gebra and dual o -model and demons trate the i r important ro l 
for unders tand ing the clus ical and quant...,. struc ture of ACF . It i s shown, 
in parti CIII~r. that pass ing t o i nfrare d f i xed poi nts of ACF rodels can be 
described In a pure al gebrai c way a s a contrac t. lon o f dual a lge.bra , .., ith 
which the cose t space o f dual 0 - mode l bl!cOI!'Ie$ fl at . FInal ly . we anal yze. In 
an an. logous eontext, t he c lass ical equ~[ton5 o f bty~etrlc vers ion of ~- field 
p model . These are round to yiel d . trivf.1 dynam iCS . 

The Tnvescigatlon has been parfor.fte.d at the Laboratory of Theoretlcol 
Phy-s;lcs . J INR. 
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