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The most familiar interpretation of the celebrated ABJ axial 
anomaly 1 11 re fer s to the u ltrav iolet properties of the VVA t ri 
angl e graph (see , e. g. ,/ 1-3/ ). On t he other hand , dispersive 
analysis of the triangle d iagr am, init iated by Dolgov and Zak
harov / 4~ shows tha t the anomaly is relat ed to a threshold sin
gul a r ity of the corre sponding absor pt ive part . (For a recent 
comparison of various approaches t o axi al anomaly, see r ef 1 5/ ). 

Do l gov and Zakharov 1 4/, fo ll owed by Huang / SI a lso proposed a 
new explanation of the phys i c al or igin o f the ABJ anomaly. The
se authors suggest that the anomaly manifested in the absorpti 
ve part of the triangle graph is an a nalogy of the "Lee-Nauen
berg effect" occur r i ng i n the massless l i mi t of sp i nor electro
dynamics: Some tot al t r ans i t ion rates. correspon d i ng to proces
ses for bidden f or mas s l es s fermions by c hiral i nvariance, re
main finite in the l imi t m r ~ 0 of the ma ssive theory owing to 
mass singularities of the perturbation expansion 1 7~ 

The aim of this note is twofold: Firs t, we examine critically 
the above-ment i oned physical interpretation of the ABJ anomaly. 
Second, we reformulate in a more satisfactory way the crude ana
lys is of the absorptive part of the VVA t r iangle graph presented 
in ref. / S I and arrive thus at a very simple semi-quantitative 
derivation of the anomaly. 

To be gi n with. we shall br iefly r eview some earl ier we ll 
known results whi ch wil l be needed i n our discuss ion. The con
t r i bu tion of the familiar VVA t r iangle di agram is formally gi 
ve n by 

Ta/lv(k, p) = I 'a/lv (k, p) + I"'aVi! (P. k) : 

( I) 

I' 	 (!.', p) = (~ Tr((f_:!_~~_~~ (f .:_!!'lrv_~~_.:_~Lra Y5 
all!' ( 217) 4 «r _ k) 2 _ m2) (r 2 _ m2 ) «r + p) 2 _ m2) . 

The k,p are external four-momenta outgoing from vector vertices 
and mis t he f e rmion mass. In what f ollows, we shall restrict 
our selves t o k. p such that 

k 2 = p2 = 0: (2) 

the amplitude (I) then a pair 
of real photons from an 

corr e sponds to the of 
~terna l axe The requi
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r ement of the gauge i nvar i ance (vector Ward i denti t ies) reads 

11 vk T (k, p) = p T (k, p) = O. 	 (3)
al1v al1v 

The i n t egr al in (I ) i s an il l -defined quant i ty. If one defines 
it so a s to preserve (3), the corresponding axial Ward ident i t y 

/ l/conta ins an anomal ous term : 

1 qa T (k, p) = 2m T (k. p) + _ _ ! kP p O" . (4) 
allv I1V 271 2 Il V fX1 

where q= k+ p and the TI'-v(k. p ) • . corre sponding to the "normal" 
term may be ob tained from (I ) by the rep l acement y ... 1. For k, 
P sat i s f ying (2 ) , the TULl/k. p) res t ric t ed by (3~ may be wr i t 

ten in terms of two i nvar1ant amplitudes (form f ac tor s ) as fol 
lows (for a detailed discussion of t his point, see , e. g .,ref . / S / ) 

T (k,p) = F (q 2; m)l kPif'q +
U rll v 1 fL VfX1 a (5 ) 

+ F2 (q 2 ;m) (p ! _ k! )kP P U • 
v al'- p o- 11 av (XT 

For T (k . p) one ha s 
Il V 

( 6 ) T"v (k. p) = G(q 2; m )l kP p 
r 	 I1 VP U 

Equation (4) may be then recast as 

2 F 2. 2. 1q l (q ,m)=2m G(q , m)+ - - .. 	 (7)
217 2 

Thus , the second fo rmfactor F 2 i s irrelev ant f or t he d i scussion 
of axi al a noma l y and wi ll not be cons idered fur t her ; corr e spon
dingl y, we 	 sha ll wri t e simply F(q 2; m) instead of F) (q 2; m) i n 
the sequel. The abs orptive (imaginar y ) parts of ' F and G, T ul1v 
resp. ,wi ll be denot ed consecutively by Aal'-V ' A and B.These a re 
nonvani shing f or q 2 > 4m 2 and the f orm f ac t or s F , G may be re
pre s ented by means of unsubtracted d i spersion re lat ions 

00 

F(q 2; m) = -.! r A(tk.!!ll._._ dt . 
17 4m 2 t-q - 10 

(8) 

G(q 2; m) = _~ r- _B(~; .!?Ldt. 
Tl 4m 2 t - q~ - iO 

Obv ious ly, 	 A and B fulfi ll normal axial Ward identi ty 

q 2A(q2; m) = 2m B(q 2; m). 	 (9 ) 

2 

From (8) and (9) it is easy to see that the presence of t he ano
malous term in eq. (7) is equivalent to a "sum rule" 

A(q2; m) dq2 = __1_. ( 10) 
4m 2 	 217 

Since the normal term on the right-hand side of eq.(7) (or eq. 
(9) resp~ vanishes for m ~ 0, one must have 

2 1 2A(q ; m) __ - -o(q ). (I I ) m ~ 0 217 

The result s (10) and (II) have been first obtained by means of 

an explicit calculation in ref. 1 41 and later generalized 

. 19 - 1111n . 


Le t u s now d iscuss an i nterpreta tion of the result (II), 

suggested by Do l gov and Zakharov /41 and l ater made more expli 

cit by Huang 16/, which we have a l ready mentioned in the begin

ning of our paper. For thi s purpose, we shall represent the 

absorptive 	part AU/Lv(k, p) in t he following fo rm : 

.. 
2i Aal-l,,(k, p) = - _ 1_ ~ L r dO [ t7(P. s) y Yr, v(P:s')]

3217 2 W s,s' a 

(1 2) 
- V - li+ m 

[v (P', s') Yt, 	--2'2 Yjl U(P, 8) 1. 
(P - k) -m 

The las t resu l t may be obtai ned either by using directly a uni
t arity relation f or the amplitude Ta v(k. p) , or with the help 
of the wel l -known Cutkosky ru l es/3.1~. (Note t hat the absorptive 
part s of I 'a ll v (k. p) and in ( J ) are the same). Forrallll (p, k) 
s implicity, we have writ ten (1 2 ) in the c .m . system of tbe f i 
f inal -st ate photon pair; the k and p may be conven iently chosen 
as, e.g., k=(w, 0, 0, (,J) , P =«(,J, 0,0, -«.I). Then q2=4m 2 and 
hence we have a restriction w > m for AUI1J' to be nonvanishing. 
The four- momenta P, P' satisfy P 2 = P' 2= m2 , Po = Po = W , 

P -t P' = q. The integration is performed over the directions 
of P (note t hat IPI = (w 2 - m2 ) 1/2 ). The bispinor amplitudes 
U, v are norma lized by uu = 2m, VV == - 2m. We assume tacitly 
that ( J 2) is multiplied by polarization vectors (1 ' '2 of phy
sical photons such tha t k. l 1 = p. (2 = 0 ; it is clear from 
(5) t hat anI y the inv~riant ampli tude A(q 2; m) then survives in 
(12). In this way, t he A(q2; m) is mani f estly expressed in terms 
of t he amplitudes of two successive proce sses: First, the axial 
vector source creates a ferm ion-antifermion pa i r, which subs equ
ently i s convert ed i n to two photons. Following Huang 16/, he l icity 
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ar guments ind i cat e tha t both proces ses i nvolved in ( 12) are for
b i dd en by chi r al invar i ance in the massless limi t , if one uses 
t he f ami l iar co nnection between helicity and chiral ity f or m = O. 
( I t turns ou t that fenuion and an t ifermi on in t he i ntermediate 
s t ate must have opposite ch iralit ies f or m .. 0 and therefore 
the matr i x element s in t he numerator o f eq.( 12) vanish in the 
chiral limi t ) . For a fi ni t e m, t he con s idered amp l itude shou ld 
be correspond ingly suppressed by power s of m. Thus , naivel y, one 
wou l d expect that A(Q 2; m) .0 for m ,0. Howeve r, the denomi
nator o f the propagator in (12) may a lso vani sh (a t l ea s t for a 
particular kinematica l confi gurat i on) for m , 0 and thereby 
coul d in princ iple compensa t e the van i sh i ng mat ri x el ement s in 
t he numer a tor. An example of such a si t uat ion has been discus sed 
earlier , in a somewhat di f ferent cont ext, by Lee and Nauenber g 
in t heir c l a ssic 
sa t ion may indeed 
A(q2; m) = A(w; m) 

A( . m) = - - 1 (c}w, 16" 

m2 
=- -10 

1 

16" (,)4 

paper 171. Now let us see, whether such a compen·
occur i n (12). For t he invar i an t ampl itude 

we have, accor d i ng to (5) and (12) 

2 1/2 2 
- m 2) -.!!l_ ( d( cose) u) _ (cu 2 _ mw 2 2 ) 1/2 ('.os() ( 13a)

w 

(JJ _ (w 2 _ m2 ) 1/2 
--~ ( 13b) 

w+(w2- m2)1/ 2 ' 

(it i s i n order to remark he re that the corre s pond ing f ormulae 
re f . /61used in s ligh t ly di ffer from oursJwe shall clarify t his 
In reL / 6 l late r ). it i s correctly argued t hat no comp ensa tion 

occu r s f or w > m (even wi t hou t pas sing to (13b) i t is c l ear that 
the integral in ( 13a) may produce onl y a l ogarithmic s i ngulari ty 
like lo (wl m ) which i s not sufficient t o c ompensate the suppr es
s ion fac tor m 2/w~ . However, on t he t hr eshol d, i .e., for w =m, 
a " compensa t ion" of t he powers o f m i s c laimed to occu r sinc e 
f or w = m the in t egrand in ( 13a) i s independent of () and the 
denominator then yields t he de s ired negat i ve power of m. Further 
more , t he dimens ion of t he A(q2; m) is (mass) - 2 (thi s is obv i 
ous from (1) and (5» and the au thor of r e f. /61 t herefore c on
cludes tha t f or w = m. A shou l d diverge lik e m- 2. Such an in
t uit i ve pic t ure i s in quali tat ive agr eemen t wi t h t he f ormal r e 
su l t (II) ( though, however, no simple ar gument i s offered in /6 1 

to demons trate that t he i ntegral i n ( 10) is inde ed nonzero). 
In our opin ion , t he j us t described crude ar gument / 6! has two 

flaws. The f i r st is a t echnical one : Writ ing t he relevant formu
lae for A(w ; m), Huang / 61 i ncorrectly ignored t he phase-space 
factor stemmi ng from t he sum over t he intermedia te states (cf. 
the f actor IF-I in ( 12» so that hi s fo rmulae ( 11. 46) and ( 11.50), 
resp . , differ from the correc t ones (see ( 13a) and ( 13b ) resp.) 

by an extra factor (1_m 2 /u)2)-1/ 2 (cf.also refs. / 4•5 ,S / ). Thus, 
2instead of d i'/e r gi ng like m- , the A(w: m) is exactly zero for 

( ,) =01 (see ( 13b». Nevertheless , it is clear that t his techn i 
cal i t y does not change t he qual ita t ive picture, under l y i ng t he 
result (I I): I nc l ud ing the correct phase- s pace fac t or , t he peak 
of A(ClI: m) ( s ti ll propor t i ona l to m- 2 for dimensional reason s ) 
is only s hifted away f r om threshold, app r oachi ng the or igin f or 
111 .0. The second flaw whi ch we want to ment i on i s conceptual : 
In fact , t he r e i s no ques t i on of a " conpens at ion of t he powers 
of mil on the t h reshold (even i f we d iscard f or a moment the 
vanish i ng phase- spac e f a c t or ) since the r e is no phys ically sub
stant i a t ed (ch i ra l i t y- i nduced) suppr ess ion of t he re l evant mat
rix e l ement s in (12): For w=m t he fermi on-an t ifermion pair 
in t he i nte rmediate s t a te js at r est and t hus t he he lic ity 
chira l i ty ar gument s us ed f or w > m cannot be appl ied. Another 
way to see t his is to real ize t ha t t he relevant "ch ira lity
suppress i on fact or " i s no t simply m bu t r a ther mlw: however , 
m /w = I on the t hreshold. Of cour se , the ma trix e l emen ts in ( 12) 
may be propo r t iona l to m for w = !D . but this is entirely due to 
our no rma l i zat i on convent i ons. It i s ev ident t ha t the threshold 
behaviour of amplitude in que s tion i s deter mined compl e tely by 
trivial dimensional arguments, as the only available energy sca
le is then m. 

In this sense, the ear l i er i nterpretation 14 ,61 of the result 
(11 ) as an analogy of the afore-mentioned Lee-Nauenberg (LN) 
effect 17 / seems to be untenable. 

! 

The LN phenomenon!?1 is a true effect of mass singularitir.s 
of perturba t i on theory, compensating the suppress i on o .~ an am
pl i t ud e due t o approximate chiral invar i ance . For completeness, 
we shal l i l l ustrate this po int on a s pe c i fic examp le. Le t us 
cons i der t he two- phot on annih ilation of a n electron-positron pa i L". 
Aga in, we shall work in t he c. m. system and keep t he no tat i on 
emp l oyed i n equations (1 2) , ( 13) . Suppose that both electr on and 
po s i tron have po sitive hel i city and bo th final -s tate photons have 
r igh t - handed c i r cular polari za t i on. Then i n t he mas sless l i mit 
t he initial-state part ic l es have opposite ch ira li tie s; hence, 
f or m «w we may expect a suppr e s s ion of t he re l evan t matri x 
element by a power of the ra t i o mIw. I ndeed , using t he general 
f ormulae of McMaster 1 131 (see also 1 14/) , we obta i n f or t he cor 
responding di fferent ial c r oss section : 

2 
~= a (1-{32)(1+8)2, ( 14) 
4{l 4{3w 2(1 - 8 2 co.J.O,?

where a is the fine structure constant and 8 = lPI Iw '" (1 _m 2/u})1 / 2 

is the ele c tron v e l oc i t y. It is seen that the suppression factor 
1 - {3 2 = m2 /w 2 is c ompen sa t ed by the denominator for 8 = 0 or " . 
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Integration of the factor (1 - ~ 2 cos2 9 )-2 i n th e vicinity of the
2 

se points produces a s ingular ity of t he type m- for m ~ O. The 
t o t al cross section, corresponding t o (1 4 ) should theref ore be 
nonzero in the mas s less limit. To verify this, we integrate (1 4) 
over the angle s and obtain 

7Ta 2 1 [3 2 1 f3 	 (IS)
(J (w : m) = --- (1 + [3) 2(1 + ---ln~: 

tol 2f3c,)2 28 1 - f3 

for 	m-.O (f3 ~ 1) one then gets from (1 5) 

lim a ( 2 2 	 ( 16 ) 
m-'O \.0 \ w;m)~~rlJ 2 	 . 

Thus, we s ee that the compensa tion of t he suppression factor 

m2 / rv2manife s t ed i n (14) through (16) is due to "collinear mass 

singularit ies" familiar also f rom other applica t ions of pertur

bative quant um f i eld t heory. 

In the rest of t h i s paper we sha ll present a very simple 
semi-quantitat i:ve der i vat i on of equa t ion (10) or (ll),resp., 
which we be l ieve is more s at i sfactory than the crude argument 
gi ven in / G~ Let us star t with t he fol lowing s i mple observation: 
Since the dimension of A(q 2; m) i s (mas s ) - 2 the int egra l on the 
left -hand side of eq. (10) i s dimens ionles s. However, t he result 
of the integrat ion may on l y depend on m and hence i t must be a 
pure number constan t C. I t rema i ns t o show that C ~ O. To t h is 
end, we shall employ t he Ward ident i ty (9). A l i t t le algebra 
r eveal s that B(q 2; m) i s pr oportional to ( imagina ry par t of) 
t he contr ibution of a sc'alar tri angle d iagram (which corres
ponds to replacement of t he numerator in (I) by unity): 

( 17)B(q 2 ; m) = const. m Bse~ l.) (q 2 ; m). 

Equa t ions (9) and (17) t hu s imply 

2 
A(q 2; m) = const. ~2B( SCal. )(q 2; m). (18) 

q 

The quant ity B ( s cal. tq 2: rn) may be estimated with 	the he lp of 
scalar casea unitar i ty re l a t ion ana l ogous t o eq. (12). In the 


one may wri te straight fo tvardly 


( s eal.) 2 2 1 	 ( 19) B (q ; m) = f( q ; m) (em .-- 
(k_p) 2_ m2 

where t he funct ion f(q 2; m) includes all numerical cons tant s, 
normal ization factors, and the phase- space factor de scending 
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fr om LI lt' t; II II I " VI't 1111 ' in t I' rmedia te states. Since p 2 ~ m 2and 
k 2 = O. I II\' t· ,. ,,! gy-rnoll1<:fltum conservation obviously implies that 
p - k cnn l1C1~ Ill' 1l !1 Il1tJs~ s he l l. That is, the denominator (k _ p)2_ 

- Ill !! i u cI i It ,' r ,·nl. I rl)l'i'1 zer o for any considered values of q2 and 
n invo l vl'cl ill (19) and therefore (as a continuous function of 
thesl' V,II' llIh l cu ) does not change it s sign. This in t urn means 
thn l tllC' inll' ~rand in eq. (19) has a c ons t ant sign over the tl1hole 
ra nge of relevant var iables. Be sid e tha t, the f(q 2; m) also does 
nOl c hange its s ign . Hence , substi t u t ing ( 18 ) and ( 19) i nto t he 
left- hand side of eq. ( 10), one may immed i ately conclude tha t 

rA(q 2; m) dq 2 = C .f 0 
4m 2 

and this is the desi r ed resul t. Of course , the prec ise nume r i 
ca l value of C can only be det ermined by means of an explic i t 
calculation. 
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JlO)KeIiHOe pallbwa APyruHII all1'op3MH U p3HJ<QX TOKOI'O ,I.IHCnepCHOH
Horo nO/XXOA<I, B 4aCTlIoCT~1, nOKa33110. 'ITO HIiTepnpeTau,HJI "pc

yrOIlhliOA aiiOMaJIl1lf KaK awwora :>4xJ!eK1'a flu - flayelfOepra. HMeJO

m,ero MeCTO B l5esM3ccoBOM npeAeJ1e crnmopHoH 3neKTpOAHllaMHKI1. 

HBnneTCII HeoOoCHoBaHlIOH. 

PaGoTa BblllOnMeHa B TIaoopaTopl1H TeOpeTH'-leCKO~ cllH3HJm OIDlIL 

Coo~~eHHe O~~eAHHeKHorO HKcnfTYTa IIAepHYX HccneAOBaHHA. nyGK8 1985 

Horejsl J. E2-85-687 
A Simpl e Approach to the ABJ Axial Anomaly 

A very simple semi-quantitative deriva tion of the Adler
Bell -Jackiw (ABJ) axial anomaly is given, based on an inves
tigation of t he absorptive part of the VVA t r iangle graph and 
dispersion relations. Essential ingredients of our discussion 
are: normal Ward identities f or the absorptive part of the 
relevant diagram, dimensional analysis , unitarity, and ener gy 
momentum conservation . An explana tion of the physical origin 
of axial anomal y. proposed in some ear l ier t reatments wi t hin 
Huc.h .. dispersive framework, is critically examined. In par
ti cul«r:. the interpretat ion of the ABJ anomaly as an anal ogy 

of 

1:11 11 J.I',·-Nnuenberg effect occurring in the massless I iUlit 
Id lillI ' c~ ' 1 er t rodynamics is shown to be fallacious. 
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