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1. INTRODUCTION 

Physical Iladrons are ext ended objects and therefore it is 
natural to describe them in t erms of appr~pria t e nonl ocal ope
rators. Such operators ar e important both f or our understanding 
of QeD and f or practical c ompu t a t ions . Possib le candidates for 
such operators have been di scussed i n the li t erature 1-3 / .For 
example, a (biloca l ) qcn me son opera t or may be written as 

M ( X I • x2 ) = : ,/I ( x I ) 111 ( x I ' x ) '/; (x ) : , (J . 1 ) 
2 2 

where Ib( x) i s the quark f ield, r represents the y - matrix 
structure of (!. I ) as well as the f lavour content of the consi 
der ed me son and U( x

l 
.x2)is the s t andard path- ordered p!lase 

f ac t or wh i ch ensures the gauge i nvar i ance of M (xl' x )
2 

xI 
u ( x I ' X:!) -'" P exp ( - ig r dx /.L A (x» 1 ( I. 2) 

X /.L 

A/l(x) is the gl uon fi~ l d. The s ho rt-di s tance properties and 
renormal i za t ion of t he hadron oper ators such as (1. I) hav e been 
discussed, e . g. , in l1 ·2I • 

In t he pre s e nt paper we will dea l ma i n l y wit h the operator s 
whi ch emerge i n the operat or produc t expan s i on (OPE) of the 
hadron operat ors of t he type (1. I) near t he l i ght- cone . (The 
term OPE is frequent l y used in a somewhat vague sense . Through
out t hi s paper we s ha ll always hav e in mi nd the nonlocal l i ght
cone expan s i on i n the sense of re f .'4 1 unl e ss othe rw i se s t ated). 
The loca l operator s obta ined from ( 1 . I ) by an addit ional Tayl or 

5expans ion hav e been consi dered, e.g . , i n refs. / 3 . .6 .? / .Examp les 
of such (nonlocal ) l igh t - cone opera to rs (which have been already 
employed f or some pr actical ca l c ulations i n the earlier pa
pers 18 - 11 ) ar 

o K (K I ,I< 2 • i. ) =:if; ( k Ii) ru (K Ii. K2 it ) Ib ( K 2 i) : ( 1 • 3) 

or· 
+""1 dA -)0 ( K ,t ; it ) = a(i k ) r -- O(A (t- l)+ K ,A( t +1) +II: ;x , (I. 4)

2/7 

* 



where K 1 ' K2 and K , t are some real paramete rs and x is a 
li ght-l ike vec tor, )12 = 0 . 

The operator (1. 3) appe a r s in t he OPE d e rived i rl4, ,81 (d, 
also 191 ). I t can be u sed s tra ight forw a rdly for the de scri ption 
of deep inelas t i c i n c l u sive sca t ter i n g, since its anomal ou s 
d imension cor r e s ponding t o forwa r d matr i x e l eme n t s c o incides 
wi t h the Al t a r e lli-Pari s i evolut:i.on ke rnel / B,Il ' . The operator 
of t y pe (1 .3) ha s been u sed n l tio to d~fine 1 i ght-cnn e wave 
f u nct i o n / 12 , 13 / 0 f a meson parti c lp ul ingin £I n exc. l u s i ve :lr :J fl l' r 

i n g process wi th a l a rge mome ntum Lr ll nS ( l' r (5\." ' , l ' . g . 1:'.11,1 & ). 

In t he l att e r c on t ext, the Ilwin d i~ .:\clvan t:l!W (11 ( I, '\) j " 1 111' 
no ndi a gona l ity of i t s ano m;:J\otl s d i oJl' IW ; ( l ll )' ('" , ... : ,,' , 1, ' ) 111' 1' tIl e 
non fo rwa rd ma t r ix cll:!mt!nl s ill ' I :.: I " 

The opera tor ( I .LI ) em(!rg l's i n ,I Vil l l, lilt .11' tllol Ill'" I"" l" .~(! d 

in / 10 / . I ts ma tr ix €' l ~ml' l1 l l.l'IWl'I '11 v 11 ' 11 11111 ,111,1 • ' "1. ' -1111 " ', '1 1 ': t' lte 
turns out to be nO!'1 z e r u Ill r I I I ' ,,, lI v ,111 .1 "lI i ll' Id, '! \.!' j 1" IILiJlly 
wi t h the me son wave funCLi(l1i of I Ill' V,l l ld l,I " I 1 1 l:i 111(' 11 
na tural that its anoma l o u s dimc lI }. i " ll ",lI l ' '' ' I'" II ,JI IIj' I II 111111 1o r 

ward matri x e l emen ts i s di agona l W i l, lt 1" "qll' , 1 1 11 " 01.101 L1 1 ~~ t 
-dependent part y (t .t.' ) coi. ncides ,·, ' r II I I, I jU!;t with 
the Brodsky-Lepa g e evol u t ion kerne l 111. TIll' I . 'I .. ,, ~ .11'1 1111 I ht' tech
nical point of view, ( 1. 4 )i s preferred l o(1.1l ,I'j II l il~ h l -cone 
meson operator. On the othe r h a nd , ( 1. /,) ,' dnn"l \11 ' L1 I ,, 'd directly 
for the description of dee p i ne l a sti c ill (" I' IHIVI ' IH' " i C.' ri n g , 
since the forward matrix element s of (I,ll) Vill I I "It III . 1 i nite t. 
A solution of this problem takes i n to aCt"""II. Ih i ll I h," opera
tor (1.4) has contributions to the anomillllll~' d ill """Ii " I!!; .. Iso 
for Itl>l.lt ' I>1. 

From the methodical point of view, it i s (I I I Ill li 'j,. vl'ry im
portant that the anomalous dimen s i on s o f non l ."",1 l'I',h l -co ne 
hadron operators may be ca lculated i n a stra i )'.it l l,jfWoIl' d ;l11d 
compact way and that they co i ncide with thc r( ' II·v .III I , ' vil l ution 
kernels of perturbative <!CD. Our method is tC'c lll ll ,' 11 1 1 y v e ry 
close to those developed independentl y i n t il £' P :1)lI' I ' I ' ltl , 

The aim of the present paper is twofold. Fi nJl. WI' I ii n 'ss 
the importance of the operators of the type (1. /,) tI :! Ii 1', 111 -cone 
meson operators. We complete our p r ev i ou s inv es t i,.,oI l 1(111! , II - Ill 
by considering the quark-gluon mixin g wh i c h i!; n' l ('V ,I II I IlIr 
the wave functions of the flavour single t me son ~ , Wf' 01 i :H' U,. s 

in more detail the light-cone baryon oper a t or i n trc ll) 'lcl'ti i ll ' ll 
Emphasizing the methodical virtues and prac t ica l a SpeCl!' (I I 
our approach based on the operators (1.4 ), we slI ffilna ri z(' l lll' 
salient features of the calculation o f the a noma l ous dime n s i llns 
of the relevant operators. Second, in v i ew oE t he evident ad
vantages of our appr oach, we reinforce ou r e ar l i er 3rguments 
that the traditional OPE written in terms of local operators 
may be in fact completely superseded by expansions based on the 
operators like (1.3) or (1.4). 

2. 	MATRIX ELD1ENTS OF HADRON OPERATORS FOR LARGE 
MOMENTUM TRAN SFER 

In this sect ion we study t he behaviour of the me s on wave 
function i n the limi t of large mome ntum transfe r in the fr ame
work of (nonl oca l) OPE. To simpl ify our con s i d erat i ons we r e 
s trict our selves here to the fl avour n on s ingl et me s on o perator . 
The pa th , i ncluded i n the de f in i tion ( 1. 1), (1 .2 ) of t he meson 
opera tor, we fi x to a s tra ight l ine. 

Le t us now di s cu s s t he ma t r ix e lement of the me son operator 
(1.1 ) b e t we en the vacu um and a o n e -meson state o f momentum p : 
according to trans l a t i on c ovariance we have 

x X ipJ: 
< 0 I M( x I ' x 2) Ip > '" W ( x I ' X 2 ; p) = W( --= • - -=- . p ) e +, (2. 1) 

2 2 
1wh ere x_= x - x

2 
, x+=2( x + X ).Thus t he meson wave func t ion 

1	 1 2 
x ~ ' pwhich dep ends on the relative c oo r dina t e only IS W(.·':-= .- 2 •
2 

I t s Four i er transfo rm 

-	 iQ J: X x 
WCQ.p)= (dx e -W(--=-.- - -=- ;p) 	 (2 .2) 

- 2 2 

depend s on the momentum trans f er Q between quark and a n ti quark. 
As i s we ll k nown the large mome n t um t ransfer region IQ 21 .... and 
I Qp I .. ""co r r esponds to t he light-cone x 2 >O i n coord i nate spa c e. 
It is t he refore adequate to stud y the-meson operator near t he 
li gh t-cone with t he he l p o f an OPE. For t hi s pu rpose we s um
mari z e some essent i a l point s of this a pp r oach. 

According to the general p rocedu r e 14.81 t he x - prope r func ti 
ona l wi t h the mes on operator in s e rt ion has to be determi n ed 

x X 1 - prop er 

RT(~( -=- .- -=- , p)S) = l: ( dz 1dz 9 CQ ( x .zl,z2) · (2.3)


2 2 	 r - l 

~.b{z l ) rt U( ZI'Z2) "'( Z2):+operator s of hi gher d imension . 

The OPE is t h e n g ive n b y 

x x 	 K 2 K - )
RT(M(-=. - --=- )S ) '" (dK d.c F (X_.1(1.1(2)RT(O (1(1.1(2;x Sh ... 


2 2 l· .. 0 
1 2
 

(2.4)

wi th the help of the nonlo c a l expans ion o perator 


OK(K ,1(2 .x) =: .;; (I( 1i)(yi ) U (K i, 1(2 x) Ib (1( 2X) : • (2. 5 ) 
1	 1 

Her e, R de n o te s a n R- o pe ratio n . S is the u n renormal i zed 
S-matr i x, and x IS a 1 i ght- l ike vector r e l ated t o x suc h 
t h at t he l a tter a pproaches it i n t h e l imit x2.. 0. The ~oeffi ci ent 
f unct:ion F is determined f r om Of with re = yx_by the f ollowing 
p r ocedure 

2 iq z + i q z 

e ( x . XQ 1 ,x~ , qi qJ)= (dz1dz2e 1 1 2 2 C yx (x_.zl' z2 )' (2.6 ) 


3 2 

http:Itl>l.lt
http:evolut:i.on


I( 2 d( xq .) - iK l xQ I- 1K2 ,~- 2 

F (X ,1( 1 ,1(2)= ( (217)2 d( xQ2)e G(x ,xq • Q,Qj',,, ulj),(2. 7)


l 

u ' is t he r enormalization point. Le t us rema rk some impor-
I j • 

tant 	pOint s : 

(i) 	The construction of t he x-proper functional (in axial 

gauge) with a gauge i nvar i ant bu t path- dependent opera tor 

inser t i on makes no dif f icu l ties ; the path-dependence of 

the mes on opera tor i s contained in t he coeff i ci ent function 

Gf (x _,z l ,z2l; the pa t h- dependence contained i n U(zl.z2) of 

(2.3) r e su l ts f r om the gauge invariant choice of the expan
s ion opera t ors. Our cho ice of straight l ines simplifies 
al l construc tions . 

( i i)Al ready fr om d i mens i onal arguments it is clear that the 

operator with mi n imal d imension plays a universal role 

as lead ing operator in a ll OPE' s. 


In t he f ollowi ng we use a l so t he variable s I( = .!..(I( ±K las para
:t 2 I 2 

met er s and denote O I« K +K .K - I( ;i)' 'iimply byO(" .1( ) and {-(~ ,K ±K ).
2 + - + -	 + -I J + by F(x ,I( .1( ). On the other hand i t has been shown l0l:ha t ano

ther oper~t~r bas is wi ll be much more effective, namel y 

x 	 x t 2 t
RT(M(--=.---= )S) '" ( dKdtF (x .I(,t)RT (O (K.t)S;, ... (2.8) 

x22 	 2 ... 0 

with 

O!(K,t)= d(i K ) r~ O(I(+At ,-A;x). 	 (2.9)
217 

-q 	 -il(xq
t 2 dx + ... 2 

F (X 	 ,I(, t ) = ( 217+ e G (X ,iq , t ), 
+ 	 {2; IO~ 

q
- ( 2 	 - x _) G ( 2 ~	 )1G x , xq ,-_-- = x, Xqt , q. qj = /1 .. 

+ 	 xq 1 IJ II = q ± q
+ 1 2 + 

Now we are able to discuss the meSOD wave func t ion (2. I) near 
the l ight cone. Taking into account the OPE (2 .4) and (2.5 ) 
we ob tain 

W( !-=.--~":. . p ) = (d K ldK2F( ~ ,I(.I( )<OIRTO(I( .1( .i)S IIJ>+.• •(2.11)
2 2 , 2_ 0 + - + 

For the matrix- element of the operator (2.S) we receive 

lK+ xp _ 
<OI RTO(K .1<. , i ) 8I p> =e <DI RTrJ,(1<. i)yxUrJ,( - 1<. i)8 Ip>= 

+ -	 - 

. ItK llJ ( 2. 12 ) 
= elK+ Iptp r dte' - ~q(t./12) . 

" 

In (2.12) we used the definition of the distribut ion amplitude 
$ q(t.u 2 ) for a quark-antiquark pa i r with relative momentum eo 
inside a meson with momentum P 112 - 15/: 

itl( 1(P q 
<0 1RT Ji (I( i ) y x. u~ ( - I( x) Sip > = Xo ( dCe - $ <t,u2 ) . (2 . I 3) 

Re turning t o eq. (2.1 I) we get 
x x 2 i1(+ 1P' I c.1( 1P q 2 

W ( --=- - --=- p) '" (d K1d I<.2F ( x_. K+ ,K_)xpe (d te ~ ( c..u )=, 	 ' 2
2 	 2 x = 0 

(2. 14) 

(d c.G ( x: , ~ (1+c.) px . {-(1-t) px ; uu ) xp~Q (e./12 ). 

Of course the same result can be reproduced with t he help of 
the OPE (2.8 ) - (2. 10) . The most interesting point he r e is that 
the matrix element of the operator (2. 9) is directly r e l a ted 
to the quark distribution amplitude 

<OIRT0 1(K.t )Sl o>=a( iK) (~ <O I RTO ( I(+At.- A ;x )S lp>= 
217 

(2. 15)
i (I( + At- Ac.) 1P'	 _

dA 	 _ q 2 - - II( xp q 2 
= (d t (-- I xp 1 e ~ (t.11 ) xp = xp e . ~ (t, u ).

217 

Strai ghtforward calculation leads back to (2.14). 

x x 	 t 2 t
W(2' -2":.'P) = (dl(dtF (x .1(.t) < OIRTO (l( ,t ) S lp > + ... 

x 2 '" 0 
( 2 . 16 ) 

2 
= rdt G( x • 1... (1 + t) pi, 1... (1- t) px; /1 .j ) XP ~ q (t ,u 2 ) • 

- 2 2 I 

Let us d i scuss the obta i ned results. At fi rs t we see, that 
both operator product expansions reproduce in a c ompact way 
the s tandard d iagr ammatic calculation scheme. Obvi ously the

2coefficient function G{x . 12 { 1+t)px. 21 (1 - C)PX: II ) describes a 
-	 Ij 

process in wh ich participates a quark-antiquark pair carry ing 
moment<\ = (1+E)p/2 and q2 = (1 - t) p/2 • resp. ,analogously t o theQ1 
usual d i agrannnatic calculation . A Fourier transformation, fo r 
wh ich the es sen t ial contribut ion s or iginate from t he neighbour
hood of the ligh t cone leads to t he meson wave f unction (2 . 2). 
In this sense bot b OPE's are equivalent. On the other hand i.t 
has been shown that the anomal ous dimens ions Y(K .K • K' . 1<.' ) 

of the operator 0 (1( ,I<. ) are comple t ely nondiago1ia1716t.A more 
detail ed inves tiga tion shows, however, t ha t it contai ns the 
same e igenvalues as the Brodsky-Lep age kernel, so that it i s 
in fact a nondiagonal version of this ker nel. The most impor
tant point is, that the anomalous dimens ions of the ogerator 
(2.9) are partially diagonal. By direct calculation I I / it has 

5 



been shown that these anomalous dimensions i n the ll onsi np,le t 
case are simply rela ted to the Brodsky-Lepage kerne l. In t he 
next section we sha l l ex t end thi s r e l a tionship to t he f lavour 
s inglet case. Furthermore we i nvestigat e a baryon operato r whi ch 
is 	simply r e lated to baryon wave f unctions and evo l ut ion kernels. 

3. 	QeD EVOLUTION KERNEL S AS ANOMALOUS DIMENSIONS OF NONLOCAL 
LIGHT-CONE OPERATORS 

After the general exposition of the preced ing sect i on, let 
us now concent r a t e on t he me son and baryon l i ght-cone operators 
of t he type ( 1. 4 ). Let uS recal l the s t andard defin i tion o f the 
par ton d i s tr i bution ampl i t ude of a scal ar, fl avour singlet meson 
i n terms of gau~e invariant bi l ocal l i ght -cone operators of the 
type (1.3) (c f . 14. 151 renormalized at a scale rL2 : 

+ 1 i £'1( ip 
<O I RT !/I(K X)YiUQ!/I(- K_ x)S I M; p> = 'il> (d ~e -

q 
eIl «./.I2) '(3. la) 

- 1 

< OI RTx/.IF, (I( x)UOr'\ -K i)i"SIM ; Il> = 
/.1 1\ - II 

2 + 1 I t it ip a (3. lb)=(xp ) ( d te - ell (t,1l 2). 

- 1 

where U q and UO deno te s ymbolically the pa th-ordered phase 
factors in the f undament a l and ad j oint representations resp. 
(d. (1 .2) and/2 •9 / ). I n eq . (3 . 1) M is a s calar fl avour 
singl e t me s on with momentum p; eIl q and ella denote the qua rk 
and gl uon components o f the parton di s tribution amplitude res
pectively. In analogy with ref. / 10 1 we introduce t he fo l lowing 
ope ra t ors 

tq a · . d A q
o 	 (l(.t)= -- a(IK){-O (K+.\t,->.). (3.2a)

ail( 2" 

ill . d>' ao 	 (K.t) = a( I K) (--0 (K+At. - .\). (J.2b)
2" 

0 0where 0 q , 	 are operators of t he type (1. 3) (cf. ref. 19 1 ) 

Oq(K+.I<_)= : cb«K ++K_ )ihiUq!/l « I<+ -K_ )X):. 

G ...u /I 	 a Ae )o 	(K ,K }=: x'l F, «I< +1( ) 1 )U F (I< -K )I: . 
+ III\ + - V + 

6 

It 	is then easy to ver i f y (see eq. (2. 15» 

tq 	 - 2 iK ip q 2
<O I ItT ( O (l<,t ) SIM;p> =( xp) e ell (t . /.I ) , 	 (3.3a) 

~ 	 _ 2 iKb a 2 
<O I RT(O (l<.t)S I M;p > = (xp) e ell (t, u ). 	 (3 .3b) 

Notice t ha t (3.3a) contain s an extra fac tor ip in compari son 
with formula (2.15). This i s due to the extra derivative wit h 
respect to K in (3.2a). Such a der ivative is useful if we want 

0 0t o deal simply with the quark- gluon mixing, since involves 
one extra factor i in compar i son with oq (see also r e f. / 91 ). 

On the basis of the argument s given in / 10/we expect that the 
matrix elements of t he operators (3.2) between vacuum and one
meson states are nonzero f or I tl < 1 onl y. 

We may now consider t he mixi~g of the operator s (3.2) under 
renormalizat i on . One expects t hat the corresponding matrix of 
anomal ous d imensions should reprnduce the evolution kernels for 
t he scalar parton distribution ampl itude obtained earlier by 
different methods 1 14.19/ , since the renormalization group equa 
tion for the operators (3.2) may be reinterpreted in view of 
(3.3), as an evolution equation f or ¢lQ(t./.I 2) and eIl°(t.u 2}with 
r e spect to u2 • The main virtue of our approach is that an expli 
cit calculat i on of the anomalous dimens i ons of the nonlocal ope
rator s (3.2) is indeed feasible. We thus a rrive at an alter
nat i ve and e f fi c ient method o f direct calculation of QeD evolu
tion kernels. In technical sense, our procedure turns out to be 
very close (though not i dentical) t o that deve loped in the pa
pers 118/ •• 

In the sequel we shall formulate the salient features of our 
method (a sample of one-loop ca lcula t ion is given in Appendix A): 

I. The anomalous dimensions of the operators (3.2) are gene 
ralized functions yAB(I<.t.K'.t') (where A,B denote q or G) and 
may be defined in terms of the corresponding Z- factors as f ol 
lows 

if ZAB( ") (d I( "d "ZAC( "")YCBC " " , ') • (3 • 4)p.- l(.t;K.t = t l(.t.l<.t l(.t.l<.tau 

--We st£eBSThat in all cal culations we restrict ourselves to 
the interval It I <1 , It' l <1 • In principle it is possible t o cal
culate formal l y-the anoma l ous d i mensions in que st i on f or 
t. t 'C;(- ..... ). 

7 
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where in shor t hand notat i on 

Z-l Z qQ0 tQ )uoren. zqo ) $ ( o,q )ren. 
= q (3 . 5) 


( otO ZGq Z - 1 Z OG ota
(
I Pr IPI 

In (3 . 5) t he symbol $ means matrix mul t iplicat ion combined with 
the in t egration over K' ,t', Z q and Za are the standard Z-factors 
for quark and gluon fiel ds respect i vely and the symbol IPI 
denotes the sum of a l l relevant one-partic l e irreduc ible graphs. 

2. Argument s given in 1 101 indicate that yAB(K, t;K',t 'li s diago
nal with respect to the var i ab l e K ,i.e., 

yAB(K ,t,K',r') = 8 (K - K' ) yAB(t.t'). (3.6) 

We shall veri fy (3.6) by an explicit one- loop ca l cul a tion. 

3. It turns out that the mixing (3.5) takes place for pr o
per l y symmetrized operators onl y. The gluon operator OO(K ,K ) 

is syuune tric under the exchange Kl -' K or K __ K , K -> K add 2
2 + + - -

OtG (K, t) is symmetric under t he exc hange K -> K , t -> - t • On the 
ot he r hand t he quark operator OQ ( K1 ,K 2)ha s a more invol ved sym
metry behaviour ; its anti- symmetric part mixes under renormali
zation wi th the gluon oper a tor whereas the symmet r ic part de
couples completely. The operators to be considered are there
f or e 

t q . a d>. q q)
Oa ( K, t) =t1(l K) -a·' ( -- [ 0 (K+At . -A)-O ( K+At'>') • (3 . 7a) 

1 K 477 

to . . dX a ao (K.t)=t1 ( lK) r -- ro (I<+>'t, - A)+ O (K+ >' t,>.)). (3.7b ) 
8 477 


q
Ev ident ly , (3.7) i mplies <f)Q (t) =- cIl (-t) wh i le cIlG(-t)=cIl°(t) . Th i s 
agr ees wi th the symmetry proper t i es of t he scalar-meson par t on 
distribution amp l itude s es t ab l ished on physica l grounds / 14< 

4. The explicit one-loop calcul at i on of the matrix yAB(K. t ,K',t') 
amount s t o t he evaluation of the uv-diver eent parts of the 
Z- factors i n (3 .5). The relevan t one-l oop diagrams describing 
the quark-g l uon mixing are f amil i ar and have been exploited 
i n many places (see , e .g., / 9.21 1 ). The Feynman rules for the 
operator vert ices corresponding to (3.7) are obtained i n stan
dar d way. For an exp l i cit exampl e s ee f ormulae (A. I) through 
(A.4) . 

5. To eva l uate t he uv-divergent part of a relevant diagram 
we emp l oy covariant gauge and emp l oy dimensional r egulariza tion. 
I t i s convenien t t o start wi t h the exponential form of the ope
rator ver t ices (see (A. 1) or (A . 3». After introducing Feynrnan 
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parameters and shif ting the l oop momentum k, t he exponent ia ls 
from operator ver t i ces are expanded in Taylor ser i es i n powers 
of k= kx . I t t urns out, that such an expansion terminat es 
after t he fir st f ew terms when the integr at i ons are performed, 
owing t o ji2 = O. This simple observa t ion is crucial and facili 
tates grea t ly t he whole calculation. 

6. Ultima t ely, one is left with an inte~ral over >. and over 
Feynrnan parameters. The se pa rameters may be appropriately 
t ransfo rmed i n order to recover the correct parame t ric depen
dence of t he lowes t operator vertex. 

Al t hough it is clea r that t he one-loop ca l cu lation is parti 
cular l y simple , we be l ieve that our method is appl i cab l e to 
higher- order ca lculat ions as well , s imi l ar l y to the me thods of 
ref. /1 8;The re su l t s of our one-loop calcula t i on are t he f ollow
ing (d. (3.6 » 

g2 1+t 2 3 (t-.-t )]yqq(t,t') =-C F- [ 6(t-t')(---, +--) + '2 S( t-t') + , • (3 . 8) 
8"2 I-t (t-t') + t--t 

t .. -t .yOq(t,t') = -c £ [6(t -t ') ~(I +t -2t')- )1 (3. 9 ) 
F (32772 1-t ' t '-+-C' 

2 _ (t ) J-> -tyqo(t,t' ) = -Or .!.-(O(t - t ' ) (1-t) (1-t'+2t) (3 .1 0) 
217 2 (1-t')(1-t'2) t' -+ -t' 

2 
g 

2 
')( 

,2 t,2 __1__ + 1..) 1_t+
yOG (t,t ')= CA4 ,,2[ O(t-t (1+t )(1- t ') 

(t -t ' ) 2 I-t' 2 
+ 

1 , 11 1 0 f (t ... -t ) J - - l> ( t -t H- - - -) + (3.11 )
2 6 3 CA t' ... - t' 

-1
where the d i s t ribution (x-y) + is defined by 

r _ 1_ ¢ (y) dy : r ¢(y) - ¢(x) ely 

. (x-y ) + x - y 


and CA , CI' denote the quadrat i c Casimir invar iant for 
SU(3) i n adjo i n t and f und amental rep resentat i on resp.; 
nf i ~o!R~rnumber of quark flavour s. Of course, (3. 8 ) coinc i des 
with the corre s ponding r esult for the f lavour nonsinglet casil~ 1 
The formu l ae (3.9) through (3.11) may be compared with the 
evolu tion kernels der i v ed in refs!a,191 • Our result coincides 

9 



(up to i nes sential overall factors) with those of Baier and 
/141 if in t he lat terGrozi n fo rmulae one s e ts 2x-l =t' ,2y-l =1. 

The fo rmu l ae of Chase /19/ ma y be recovered from our s by t aking 
t ... y ,t ' ... x and mUltiplying (3 .8) through (3.1 1) by (1_t,2)/(1 _t 2) 
(th is i s due t o a d i f fere nt definition of t he par ton d i stribu

in /1 9 / t ion funct ions ). 

Le t us now turn to baryon operator s. A t rilocal baryon ope
r ator analogous to (1.1) has been proposed earl ier (cf / 2 1 and 
r eferences there in, see a l sd eO / ) 

B(X 1 ·X2 ,X 3 ) = 	 "'al (xl) r/J (X e) r/J (Xs ) . t f3 f3 f3 • 
1 2ae as S 	 (3.12) 

q q q )
• U R. (xO,lt 1 )1J.;:...a (x O,x 2 )Uf3 a(xo'Sa . 

f1 a 1 -PI!- 2 S S 

Her e a, ,131 denote col our ind ices co r r espond ing t o the f unda
men tal represent at i on. The compl ete anti s ynme t r ic tensor cf31f32f3S 
produces a co lour singlet. The operator (3.12) r estr i c ted to 
t he l ight - co ne may be u sed t o de f ine t he quar k dist ribution 
amplitude of t he baryon similar to t he meson case (see ref. 1201 

for more detai l s). In d irec t analogy t o the meson opera tor (1 .4 ) 
/l11t he baryon operator on the l i ght-cone is defined as 

IB 	 13 2 
o (l(,t ,t 2 ,t 3 ) ",,3-- r dA 1 dA2dAS 8 (" 1 +A +A )OB(I(+IA.1t\'-.\I).(3. 13)

1	 2 S
di l(2 (2,,)2 

where 

B 	 1.1 &2 s - - o (1( +"ltl ' -AI ) =~ ~ (3: r/J (r. 1) r/J (Z 2 )t/J (Zs)'
&t a 1 ~ a 2 -S as 


q _ - q - - q- - 131 f3 2f3S

Uf\a (EO' ZI )U ?,o,Z 2)U~as(Zo .Zs): t 	 (3. 14)

f32a1 

with 

ZI = to-Ali, IA.I = 0, 

- 1 - -	 , E - a (E 1 + 1 2 + Z 3) = (I( +).It 1 + "2 t 2 +1\8t 8) x.o 

These expressions have to be taken at t 1 + t2 + ta = 1 . All quark 
and gl uon operators in (3.14) are defined on the same light ray 
fixed by i . For simplicity we assume that the spinor fields 
have mutually different flavours and all spi~s are parallel, 
i.e., we consider a baryon of spin 3/2 with the same spin pro
j ection onto the direc t ion i . ~& is a spinor related to i 
according to i"=~"'a~b l'/b. The ( -tensor produces the colour 
singl et structure whereas the spinor ~a eliminates in st andard 
manner/22.2S1 the nonleading twist contributions. Because we 
res t rict ourselves t o one-l oop calculations and mass l ess spinors 
i t i s convenient to use the t wo-component spinor formali sm/2!!/. 
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Let us now introduce the quark dist ribution ampl itude 
q,(tt,te,t s ) f or three quarks with momentum frac t ions t1 ,te and t3 
inSide a baryon with momentum p 

B
<0 \ RT O (O,-A. 1 ,-A e' -As' Sip > 

(3. 15)
- t.I tl A. t Xi> B e 


= f dt Idt edts 8 (I t I -1 ) e ct> (t l ' t e ' t 3 ,p. ). 


Then t he matrix element of t he baryon operator (3.13) between 
a one-baryon state carry i ng momentum p is given by 

IB 	 a 2 dA. 1 dA 2 d AS
< OITRO (I(,t 1 ,t 2 .t S )S \p> I~ = 3(-131) r --=--C-=---'~ x 

... 11 <= 1 I( (2 IT)2 

t (K+ v,,1 t I) pi_II UI A\ pis 

.8("1+A2 +"s)e . r dU 1du2 du 38(Iu\ -1) e 4Zi (u l ) 


(3. 16) 

= 8 iKpiq,B(tl't2, t S ./) IItl =t' 


The calculation of t he anomalous d imens i on of the operator 
(3.13) in a covariant gauge repr oduce s wi thout further assumpt i 
on t he Brodsky-Lepage evolu t ion kernel /121 (For the explicit 
calculation see Appendix B) 

y (I( , tl,I( ',t~) =8 (1(-"' )[ , 1, , VBL(t\ ,t;)-3Y28(S)(tl-t;) ] (3.17)

t l t 2 t 3 


wi th (CB = CF 12) 

~ VBL (t"t;) _£Cs I ~8(tl-t\) (8(tJ'-t J) +li (t k-tJ).(3. 18) 
4,,2 cycllc(tI- t t )+ , 

permut.. tions 

The additional term containine the anoma l ous dimension Y of thee 
spinor field results from the external legs. These cont ributions 
are usually included in the definition of the anomalous dimen
sions. 

For interesting discussion we thank F.-H. Dines and A.V.Ra
dyushkin. 

APPENDIX A: 	 Determination of the Anomalous Dimension yoq(I(,t,I(',t') 
in One Loop Approximation 

As an illustration of our techniques we shall describe here 
the essential steps leading to the one-loop result (3.9b) f or 
the anomalous dimension of the meson operators (3.2). The rele 
vant Feynman diagram is shown in Fig. I. The Feynman rules 
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Fig. 1. The one- loop diagram 
determining yQq (K , t , K ' , t') 
according to the defini t ions~p2.-kP1+~ (3. 4 ) and (3. 5) . 

p f or the lowest oper a tor ve r ti 
I< ~ ces corresponding to (3 .7a)and 

( 3.7b) re s pect i vely are (al l 
momenta ou tgo i n g ) 

~ - °r~(i,K,t; q l·q2) (A. ) 

9, .1" ,/1,5 
=l; Yl (q ) q2 e iK ~r Q{ \A{t+l) qi + lA(C-l) cl2 \A(t-I)q 1 +1A(t+l) q 


fa + + 21T e -6 2 1 


=B Y'i +e IK ~( B(t +qjq+) -8 (t -qjclt- )1 (A.2 ) 
rs 

_ OOb (i,K,t;ql,q2 
a. ," v ~ (A.3)

Cff,a,f' r~b) v 

=-8 Cjlv(ql' q2) l(ci+) cI ei K~r .Q.[ e 1A(~1) <i l+
lA

(t-l) q2 !A(t-l) <il +\A(~l)q
+ . 2 17 + e 2]

ab 

(A.4) 
= -8 be . (Q 1 ,Q 2) elK ~[ 8(t+q Iq ) +8(t - q / q+)J.

ajJll -+

wher e qt = q1± q2 and C"v(Ql,Q2,i) - q l ~gjlll-ij'lq2iv - Q2Ila,i" + (Q l Qe) iiv' 
Let us remind that thr oughout t h is paper we employ the notation 
a"i"= a for any four-v e c tor a" ( includ i ng the Dirac matrices ) . 
We perform ou r calcul at ion in Fe ynman gauge. Pr oce e d ing in the 
manner descr i bed in Sect. 3 (c f. i t ems S and 6 therein ) we obtain 
for t he uv-d i v ergen t pa r t 6f the graph i n Fig. I; t h e f o llowing 
expre ssion (we use the c o r r espondence In(A / I' ) -> (4-D)-1) : 

IQq = 8 YCr~1n~ r ~f dx r dYY dp+)p+ x 
dl v rB . 4 ,,2 I' 21T 0 0 (A. 5) 

Ex{ (xiil-(1-XY)P2)(~\+E ) -iy xGi1 +XPe) «1-Y)P l + (1-sy) Pe) cE 1 - e)1.
2 
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where 

El '" E (A,x,y;t,p .p) '" e 1A,( t-1+ eY)P1 + IA (t-1 +2xY)P2 

1 1 2 


(A.6) 
_ _ 1A ~ ~2 '" Ee(A,x,y;t,Tll.P2)~ e (1-2Y)Pl+IA(~1-exy)p2 

Not e that in the c onsidered c a s e only t he first two terms of 
t he Taylor expansion o f t he operator vertex (A .3) i n powers of 
k g ive nonvanishing contribut i ons af ter symnetric int e grat i on s , 
a nd these l ead to the two t e r ms i n the i ntegr a nd of (A.S).Now, 

a - - - 
o b serving t ha t ay(El+E.z) = 2iA(Pl + X~)(El-E2) , we may perform 

par t ial integra tions in the second term in (A. S). We thu s get 

- 2 


Oq <' _ r.: - iKp+ C g 11.(- - I ) ( )
I dlY ""°uYlU'+ ) p+ 6 r32~ In Ii p+ I+ + p_ _ A.7 

-with 

dA 1 1 2 2 - I t-= r -- r dxI dy y ( 2y-y )8(x)-(1-x )S(1-y) ] CE +E2 )12" 0 0 (A.8) 

c= r ~ ( dx ] dyy [(2y -lHi(x) +(l-l )o(l-y) + 4(y-y2 +J:r)1(El+E2 ).
2" 0 0 

In t he i ntegrals (A. 8) we may now per fo rm a transforma tion of 
t he in t e gration variables f rom (A. ,y ) to (A. ',t') so t hat A (t - 1+ 2y)= 

""" A.'(t'+l) a n d A(t-l+2xy)= ).'(t '-1) fo r t he t erms involving El , and 
).(t+ 1 - 2y ) =A'(t'-l) a nd A.(t+1-2xy) = ).'(t'+1)fo r t he t e rms i nv o lv
ing Ee • Thu s we re s tore the correc t parametr ic depend ence of 

the exponentia l s corres pon ding to t he o perat o r v er t e x (A. I). 

,Af t e r some manipul ation s (A.B) may be t hen r e cas t as 


1+ = f cIA' rdt' [ /1 (t-t' ) Z+ (t,t' ) +9(t'- t) Z + (-t, -t' )HE 1 + ED)' (A.9 ) - 211 - - .. 

~here 

Z+ (t,t' ) = (1-t) (1 + t - 2 t' ) (A. )0)(1_t,)8 

Z_(t,t') = (l-t)(1+t -2t') _ (1_t)2 + 2 1-t (A. II)1-t' ,(1-t' )8 (1-t,)2 

and 

E 1 '" E (A' c, . o.,. - l'\'(C'+l) Pl +IA'(t'-1)
1 • • P l' PI! ) .. e P2 
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http:Ee(A,x,y;t,Tll.P2


1.\ ' (t '-1)- + 1.\ ' ("-1) 
E = E ( \ ' t '. ft ;lI ) PI P22 - 2 1\, • t'1 ,t' 2 = e 

Now it i s necessary to integra t e in (A . 9) over '\' and employ 
the form (A.2) of the operator ver tex . Then we have 

Oq r A " 
Idl '" Cr --In - r dK'8(K-K ) r dt x 

v 32 rr2 	 j.I. 
CA. 12 ) 

x[ O(t-t') Z(t,t ')- 8(t'-t) Z(-t, -l')] o:s (1,1('.l' ;p •.P ),
2 

where 

Z (t, t') =Z+(t.t') - t'Z_ (t.t') = ~ (1 +t-2t'). (A.13)
l-t' 

Thi s , t oge ther wi t h the definitions (3.4) and (3. 5) gives the 
resul t (3.9b ) if we take into account the antisymmetry of the 
operator 0:S (i,K'.t' ; Pl,P2) under the exchange t' -.-t'. 

APPENDIX B: 	 Determi nation o f the Anomalous Dimensions 
yel( • tJ ,K ) ,t',) i n One- Loop Approximat ion 

Here we calcul ate expl icit ly the anoma l ous dimension o f the 
nonl ocal baryon operator (3. 13) . Up to fir st order in I the 
Feynma n ru les f or t he operator vertices i n momentum space 
are (al l momenta outgo i ng) 

..-1, 
oalaeas (i.IC ,t ;ql )

l- I.. I.e I.s• f "-
rt2.JClz. '1J,ct,JCI"at 	 (B. I) 

0(" ~~ O() 

e d'\ld~dAs I(K+I'\ltj)Q+ -1:I'\.ql a aeas = 8 q { 8 (I A.) e e (1 ~! (
. + (211)e 	 .. 1 I. e I. s 

.iIl,... 
II • _ &a 1a e as - . 

ql,lt)Sjml{ 11 '.~'I" 	.,<x,. ,II' 

9f.)tl, Ie.) tl rZl llz C/J ,4.,3 
0(1 ~ ~~ ~3 

_ _ dA d.\e d.\s I( K+ I Altt>q+ -i I A1 qj 

= (-i g) J:/L 3 q~ r 1

8( I A1) e e x 

(2,,) 2 


-11. 1k 
e -1 I. f3 f3p,f3 

x I 11: t t\ a/)l\a/~ a3+ cyclic perm.(123) I(1 S:~ll./a.s • (B. 2) 

where q+= q + q + q and q - q. i ; the do t ted 1 ines corre spond 
t o the f ac tbr s 2u(zr.Zo) and t he symmet r ization with res pect to k 
according t o the dif f erent orig i n of the gluon l ine has t o be 
taken. 

To comput e t he anomalous dimension of the operator (3.13) 
in one-loop a ppr oxima tion the f ollowing diagrams (Fig.2) must 
be considered 

a..) 	

11\ 
+ ' h ~ 

6-) 

+ 

Fig. 2. One-loop diagrams contributing to the anoma l ous dimen
sion of t he baryon operator (3. 13) . a) Gluon- exchange between 
di f feren t quarks; b ) Gluonic contr ibutions from the V-factors 
approaching one quark (symmetrization included) . 

The integrals corresponding to t he diagrams of Fig.2a do not 
contribute because the gluon propagator contains a factor S,b 
and one then encounters the expre ssions such as (cf.ref. / 2• ) 

I. b a 1~"S 	 «t aeas
'-r;f31t~fJeSl.b ( - 2CBSal"eSf1l /3; .. o. 

15 14 

http:2u(zr.Zo
http:1:I'\.ql


The first step in calculatine the Feyruman integrals correspond ing 
to the diagr ams of Fig. 2b is similar to that in Ap pendix A. One 
thus gets (note that C B = C /2 )r 

2 
k 	 =.!..... °B -2 fI.d!v 	 4112(211)2 3~ 10-;- f dA 1d\d,\s o(I .A.1 ) e! (K+k'\l t\)74 x 

- i('\2Q2 + ~q8) -!['\l (l -S) + '\ex]Qe -I [ ~(l -lI:) +"ss]qs1 

x J dx~ I e (e +e 	 ) 

o (x) + 

, a a a 
+ cyclIc penn. (123) Ie 1 2 	 s ~ ~ ~ . (B ; 3) 

a a a s 
1 2 

Now the following substitution will be made (separately for 
every par t of t he sum in parentheses) 

1
,\ ;=(1-:1)'\1 +x'\k' t' = - - t jI 	 1 -x 

,\ ;= ,\J 	 t'j ~ t j 

:It 
,\~ = ,\ k 	 t'= t - -- tl

k 	 k 1 - x 

such that ~te = Itr and 

dx _ dt i ..!.J. 
(x)+ - (t ; -tl )+ t ' •I 
Then the expres sion (B. 3) takes on the following form 

2 

= 4~ 2CB ln~ r dK' fdti dt2dt8'0(kt'I -1)0( K-K' )I dlv 

(B.4)
B 

x [ 1: : ~ 8(t l - tl )(0(t2-t 2) + o(ts-t s») 0 (K ',t'! ,x ). 
cycli c (t 1-tl)+ t 1 
perm. 
(1 2S) 

Of course, f or every part of the sum in (B. 4) only one of 
the integrations has es sential meani ng. From this expres
s ion we can read off the anomalous d imension (3 .18). 

APPENDIX C: Definit i on of the Deriva t i ve Opera tion a (bd 

For ~ imp li c ity we shal l expl ain the construct ion of the ope
ration a ( iK ) introduced in eq. ( 1. 4) for a scalar field where 
the operators OK and ot read 
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K ._ IK1i q1 +!K2 xq2 . • . _ ~ . 
o (K 1 .K2 • x ) ~ r dq1dq2 e . ¢(q 1) ¢ (q2)' =' ¢ ( K x) ¢(K x) .1 2 

t ._ 	 xq_ IK iC4. . o 	(K.t.X) = r dqldq28(t --_-)e .¢(Q1)¢(Q2)' 

xq+ 


q±= q2 ± Ql 

Now it is possib le to rewri te t he second oper a t or as 

d'\ i'\(u q -i"q )+!K 'i~ 
O'(K,t;i) = ( dq1d~liq + 1 ( 2,;' e + - :¢(ql)¢(q2): 

. d'\ K 
=a(iK) ( -0 ('\(t-l) + K. ,\(t+ 1) +K; X).

211 

According to the last equat i on , the symbo l O(iK) has t o be under
stood as a fo rma l operation wh i ch in the Fourier representation 
produce s t he factor l iq I . I f we take into account t ha t (see
ref .125/ ) , + 

- -li"qo 1 1
Ixq l = r doe (- - Pf - )

11 ,,2 

we 	 may write the operator ot as 

j,\ (I i q - i q )+ I (K-") silt. 
Ot ( K , t;X) = fdqldq2dAdo(- ; Pf~) e + - : ¢(q1)¢(qJ: 

=- r~ f ~ Pf .1.. 0"(,\ (t-1) +K-O, '\(l+1) +K-U ; x).
211 IT 0 2 

Note that in ref /10 1 we have not taken into account the factor 
liq I correctly but this did not inf luence any o f the resu l ts. 
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Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condensed matter. 
Applied researches. 

Being a part of the JINR Communications , the articles 
of new collection like all other publicat ions of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communica tions wi 11 be 1 ssued regul ar ly. 

18 

http:1985,B254,p.89


COMMUNICATIONS, JINR RAPID COMMUNICATIONS, PREPRINTS,AND 
PROCEEDINGS OF THE CONFERENCES PUBLISHED BY THE JOINT INSTITUTE 
FOR NUCLEAR RESEARCH HAVE THE STATUS OF OFFICIAL PUBLICATIONS. 

JINR Communication and Preprint references should contain: 

- names and initials of authors, 
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BpayHmBeHr T. HAP· E2-85-678 
~pOHHbie orrepaTOpbl Ha CBeTOBOM KOHyCe 

PaCCMOTpeHbl Me30HHbie H 6apHOHHbie orrepaTOpbl Ha CBeTOBOM KO
Hyce , MaTpH'IHbie 3TieMeHTbl KOTOpbiX MeJK,D;y BaKYYMOM H OAHOMe30HHbiM 
/ OAH06apHOHHbiM/ COCTORHHeM COBIIaAaWT C aMIITIHTYAOH pacrrpeAerre
HHR KBapKOB B COOTBeTCTBYWmeN aApOHe. HalliH rrpeJKHHe pe3yTibTaTbl 
0606maWTCR Ha CTiyttaH KBapK-rTIWOHHOrO CMemHBaHHR, KOTOpoe Hrpa
eT pOTib IIPH OIIHCaHHH Me30HOB CHHrrreTHbiX IIO apoMaTy. AHOMarrb
Hbie pa3MepHOCTH paCCMaTpHBaeMbiX orrepaTOpOB RBHO Bbi'IHCTieHbl 
B OAHOIIeTTieBOM IIpH6TIHJKeHHH. TaKHM o6pa30M, BOCCTaHaBTIHBaWTCR 
3BOTIW~HOHHbie RApa AnR Me30HHbiX H 6apHOHHbiX BOTIHOBbiX ¢yHK~Hii, 
rronytteHHbie paHbme APYrHMH MeTOAaMH. 3TH pe3yTibTaTbi ycHrrHBawT 
HamH rrpelKHHe aprYMeHTbl B IIOIIb3Y TOrO, 'ITO CTaHAapTHOe TIOKanb
HOe orrepaTOpHOe pa3TIOJKeHHe MOJKHO 3aMeHHTb pa3TIOJKeHHeM TIO He
TIOKaTibHbiM orrepaTopaM, orrpeAeTieHHbiM Ha CBeTOBOM KOHyCe. 

Pa6oTa BbmorrHeHa B Jla6opaTopHH TeopeTHttecKoH ¢H3HKH Ollilli. 

Co06JIIeHHe 06'heAHHeHHOrO HHCTHTyTa R.D;epHbiX HCcne,o;oBaHHii. Jly6Ha 1985 

Braunschweig Th. at al. E2-85-678 
Hadron Operators on the Light Cone 

Meson and baryon operators on the light cone are studied 
which reproduce the well-known parton distribution amplitudes 
as matrix elements between the vacuum and a one-meson /baryon/ 
state. W,~ extend our previous results to the case of the 
quark-gluon mixing which is relevant for the description of 
a flavour-singlet meson. The anomalous dimensions of the consi
dered nonlocal light-cone operators are calculated explicitly 
in the one-loop approximation. We thus recover the evolution 
kernels for meson and baryon wave functions derived earlier 
by other authors using different methods. These results rein
force our earlier arguments that the standard local operator 
product expansion may be superseded by an expansion in terms 
of nonlocal light-ray operators. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
Communication of the Joint Institute for Nuclear Research. Dubna 1985 


