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1. 	Introduction 

This is tbe firat paper of e serieD devoted to tbe investiga
tion of the infrared (IR) aaymptotics of perturbative QeD end to the 
applioation of the results obtained to the analysis of hard hadron
-hadron processes for wbicb tbe problem of a consistent taking into 
account tbe IR Singularities was not completely solved yet. 'Ne tried, 
ho~ever. to organize the presentation in such e ~ay that each paper 
is 	maximally independent of both the prec Ii' ding and subsequent ones. 

In thie paper, in eectiona 2-4 we construct a class of tbe ~u
ge conditions (contour ~uges) which are especially suited for the 
anelysis of the IR properties o£ the gauge theories (tbese gauges 
e.g., are free from ghosts end the Gribov ambiguities). I n sect. 5 
we consider some particular forms of the contour gauges. In subse
quent sections the contour gauges ars used to study the renormeli
zatlon properties of the contour (loop) averages end to derive a re
normalization group equation for the infrared esymptotics of pertur 
bative QeD. 

2. 	Quantization 

Thougb our analysis will be restric t ed to the perturbative 
aapec t s of QeD, it is desirable to avoid using formalisms t hat ara 
definitely nonappropriate (or questionable) wIthin the nonperturba
tive context. Here we discuss the problem ot choosing the gauge con
ditions whicb are unambigoua both in pertuxbative and nonparturba
tive approaches to gauge tield quentizetion. 

Tbe quantization of the nonabelian gauge f1elds was first per
formed in perturbation theory (PT) by Feynman/1/ , by Feddeev and Po
poy121 and by De Witt 13/. The crucial point hers wsa the choice of 
the geuge condition ¢ (A"', w) '" 0 • It sbould obey tbe follOWing 
constraints, 

~(..) 

a) 	Unit, the equation <P (A , w),. 0 should hsve a unique aolu
tion (the problem of one-to-one correspondence), 



b) f urthermore, the re s t r iction on Artogether with the original 
s ys t em of nona bellan fields must deecribe a genera l ized cons
trained ha mi ltonien system (i.e., t he two Dirac'" quantize
tion condit ioue/41 should be fu l filled). 

The esasnti.ally perturbat i ve nature of the quantization ~or the 
moat of gaugea ie a consequence of the fact tbat norma l ly (e.g., ~or 
the moat popular Lorent z gauge) the validi t y of the above constrainte 
cen be checked only within PT. However, in 1978 Gribov observed 15/ 
that the firat conatraint is not f uifi lled for the Lorentz gauge 
out side ths PT applicability region (where both the coupling constant 
and the gauge potential A~are smal l ) . 

Lat er it waB established, that in 80me gauges (e.g., in the axi
al and planar onee/6/ ) t here are no Gribov amb i gui tias at all. 

In what followa we wi l l sbow t hat there exists a wbo l e class 
of gaugeD f ree from t he above amb i guit i es. 

To cons truct them expl i citly, we incorporate tbe we l l-known 
f i eld/71geometriC interpretation of t he gauge as tbe connection of 

t he pri ncipal fiber bund le PCR",Ei) with tbe i'our-dimensional spaoe
- t ime Q4 being ite be!!e a nd the fi ber being tbe gauge group 9 • 
For t he ga uge f i e l d A ~(ti) end eacb element ~(>() of t he fiber 
q (K) we define t he field 

A Ii fA .

Ar ex ) = ~- e)() ( A~ ( ti) + t 'J~ ) 3 (x) , ( 1 ) 


Then the eet { A~(ti) } f or aD ,3 C)( ) forma the orbit of the gauge 
equivalent field conf i gurations. Por t he quantization one eboud 
cboose in a unique way a single element from each claas i A~ (x) } 
for all >( € 1(4 , ~ E 9 • Note tbat wuob a choice can be made in two 
waye: first, one can write down an analytio equation on 3 "';j(>< , A) 
(requiring, of oourae tbs t it ebould bave a uniq~ so l ution) and 
aecond, one can fix "by band" aome element 3 ( ><,A) from each class 
(without a hope to get aD ana l ytic equation for :J ). The firat way 
corresponds to tbe standard spproach with tbe general gauge condi
tion <p ( All, :J) = 0 • But a8 it was emphasized earlier, in the gene
ral OBse it can be reB l ized only within the PT frs~work. Tbe aecond 
way can he, i n pri nciple, applied witbout any reference to PT, but 
normally 1s not well su1ted for Bny practical purposell. I n tbe ne.xt 
eection we demonstrate the approach to tbe gaU80 fixing problem 
(and. bence. quant i.ation) whicb bas the positive properties of botb 
the above waya. 
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). Derivation of tbe Contour Gauges Condi tion 

Let ua fix some point (>(0, ~ ( ){.J) in the fiber bundle. To uniquely 
srrive at a neigbbouring point, one must def ine two directions, i.e., 
the direotion in the bass and tbat in tbe f iber. The direct i on in 
the base csn be defined by the tangent vector of some curve going 
through tbe point 1(0 • The d.1rection in the f iber caD be unambiVlous
ly defiDed aa tbe direction in the tangent subspace corresponding 
to the parallel t ransport. As a resul t, we arrive in a unique way a 
neighbouring point of the fiber bundle. Moreover, we know tbe equa
tion of tbe para l lel transport 

'Cl0!t' (2)~ 1>r- [A] ~ ( ~('») = 0, 

wbere J)/" l A] = tI,.. - i.'i/ II,.. is tha oovari ant derivative and -2:r-CS) 

1s the ~rametrization f or the curve going througb tbe (0 point 
al'(O)~ It!: . One oan eesily f i nd the solution of eq. (2) 

~ (~) :. P~xp ( i:J J 
~ 

d.JI"- 4,...(.'1») ~ ( ...(») . (3) 

"0 
Tbe fixat i on of ~(~) ensuras t be unique choice of the element i n 
each orbi t of tbe gauge equivalent fields A;C e-) (eq. (1». As it 

fol l ows f rom eq. (3) , tbe field A~ ia determine d by the form of 
the ~ r (q -contour , a nd, consequent l y, t he r eeulting gauge condi
tion on i ts components aleo depends on the contour choice. The most 
important constraints on t hia cboice a re: 

a) absence of the self-interaection points and 
b) existence of 1I0me oontour connec ting )(0 and an arbitrary 

point X • 
The comparatively s imple f orm of eq. (3) enables us to find the 

expli cit form of the corresponding gauge oondition. To tbis e nd we 
note tbe f ol lOWing property of the pat b-ordered exponentials 

x x 

P(>I<F' (:~ I.(~l'A~ ( ~)) = ~t(>() Pl.'lCP (~:J Jd .. f<. Ar-C i-)) ~(.I(o) 
~o It'o 

"hicb, "ith acoount at the e.xpUcit f orm o! ~ ex) (eq. (3», gives 
the gauge oondit ion on t be oomponents of Ar- ( ~) in the following 
genersl form 18/: 

PI.' KP (;~ J 
( 

.(,,/t.4I' ( ~)) co t (4) 
/Co 

for a ny X • The gaugea of this type wil l be referred to as the con
t our gauges. 

Anotber f orm of the gauge oondition, equivalent to e q. (4) can 
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be obtained by subet ituting eq. (3) into eq. (1): 
X 

A:I J ~ ii!r - +- ~ A ~Ar- (X ) =- c( ~" ox E (i!-, lIo ) G;"pCii!; A) E (1!, xc:.) 

Xa r (5) 

A+ A ~ ,, ;! s,-,
E: (ii! ,Xo) A"l'l-) E.( ~,lC o) _ " I 

OX('- S:D 

... + ~ Ao. 

+ E ( >I, Xo) Ar- ( ><) E (X, to)) 

where ? (~) 

E(~, J(o) =O Pexp('3 J ti!:lJ<Ar ry~ 
t o 

and 
;?,..(~) = Xt-< ' 

"., 

Tha r. h.s. of eq. (5) depends on the original field At'- , and 
t he s t art ing point Xo of t he contour, i n principle, depe nds on )( • 
As a result of theee dependences , even after t he gauge condition i s 
impoeed, t here remaine t he arbitr arines s in the choice of A~dicta
ted by the residual ga uge transformati on law 

4;()() - U +-()(o) (i.~ (x) -4- t '<lr- ( l()) U (t'o ) , (6 ) 

Some important specific examples of eq. (5) wi l l be considered in 

section 5. 

4. Quantization Using the General Contour Gauge Condition 

After fixing the gauge condition on A~ ae givsn by sq. (4) , 
the ~uantiztion can be performed in t he standard way (eae, e.g., 
ref. 4/). One s hould only check whether the three constraints on 
the gauge cboice mentioned in aect. 2 are fulfille d. The first cona
traint ie fulfi l led automatically by construction. As for the ~wo 

other constraints (i.e., that ths commutstor of ths gauge conditione 
applied to differen t points can be represented as a linear combina
tion of the gauge conditiona and that the commutator of the gauge 
condl tiOD and the "natural" connection of the Lagrangian can be i nver
ted), their fulfillmant csn be eatabliahed without any use of PT. 

A specific property of the contour gaugea is thst they all are 
gbost-free. Indeed, from the gauge transformation law for ths psth
-ordered exponentisls gi ven above it foll~e that on the orbit of 
the gauge condition eq. (4) the ghost functional does not depend on 
the gauge field. Hence, the measure of integretion over gauge fie Ide 

4· 

~ 

~A ... 7> ~ S(PeKp( i:1J«~~ i'~( ~)) -1 ) 
I >(0 

does not change under the potential-dependent gauge transformations. 
Performing the gauge group shift in this expreesion one can factori~e 
out the (nonphysioal) volume ot the gauge group. The remaining exp
ression 

I( A 

"Zl At" ~(Pexp ( ;3 Jd~/<-Af"(~))- 1) 
"0 

defines the integration meesure for the generating functional. 

5. Specific Examplee of t he Contour Gauges 

Choosing the contours with the fixe d end pa i nt Xo (i.e., not 
depending on X ) one can get Bome particular exsmples of ~be gene
ral gauge condition eq. ( 5). Ueing the defillition of the A~ -field 
ona can obtain from eq. (5) (which gives the relation between the 
oomponents of the original and transformed fields) the equation for 
the components of the field A~ 1tsa If' 

x 
~ :I 5 '0 er- A,
A.... ( x) = d~v ~ ~ ,,<>(l, A ) , (7 ) 

I "0 /" 1 

Thus, within tha class of the contour gauges with t he fixed 
[md point of the cant.?ur tbe gluon potentia l i,. is a linear funct i ona l 
of tbe glua n f ie l d lSt-<v. Now we ahow bow cboos ing the lntegre t ion 
cont our in aome part icula r \/lays one ce n obt a in thr ee '/Iell -k.nown 
gaugee. 

8) Pook-Schwingar gsuge 
Let the integration oontour be the s t raight line c onnecting tbe 

point. )(0 and x • Then it immediately fo llow. fram eq. (7) that 
I 

At-()() -=0 ( 11 - Xo ) " I.Is S ~"r- ( to ~ 5. (.(- 1<0)) 

or 


(lC- Xo)r- At«x) =O. 


b) Hamilton gauge 

Chooee the contour be given by the straight line parallel to 
the time 8xia and going t hrough the pointe X ~ (lc~ 7) and ~= (~oIZ), 
wbere 4: 0 is an arbit rary parameter. Tbe depeudence of::J on x 
a nd t be arbitrarinesB ot the to - choice iuduoe. according to a q. 
(6), the residua l gauge trans"format10n with U <j ) '" U U~ It) • Prom 
eq. (5) .e get 
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..... , ,... 0..... f .... ....
0Ar- e X) = ~~a( ( AoI.. ( ~. X ) .. j.cl> (.: 0_ t- ) 90(0 ( ~'. A:l)) . 

"here 

,?O(s) = 4, 0 .. s. ( Xo_ 4.0) • e~( S) ~ xo<., 0\= i, 2 , !' . 

c) Axia l gauge 
To get the axia l gauge , wa shoul d take aD inf i nite l y long pathl 

fl
-i'r ts) ~ )( 1" " ( i-.,.p (- E!"'») 7- ' 

where ~ ia sn i nfinitesimal paI'8lllJ!ter and fi t'- fixe a Lhe direc
tion of t he path~ Substituting the explicit form of ~ ,.... (r.) int o 
e q. (5) we obtain the relatione between the trensformed BDd original 
fields 

~ 8 ( ~ t - ~ - - E"s. ( B)AI' (x) =- Yl" ~dS E (.(. VL';, 00) ~ ",.. rl( ..- no:;. i A) E. ( X+ n s, (0) e 

and batween the componanta of A;( )() 1 

A~ (l() = n" Id.E, G",.. (x .. Yl£;. ; :1 ) e.-lOS 	 ( 98) 

~ . . 

SJ. .t: d ::)< ' >'\\1 
" -It (? ~"(-< 0 ( ; A'), 	 (9b)

(2• .-) 	 ro::n).' O;: 

"here 
0<> 

E. ( )(, (00 ) ~ Pe>:p ('f} J~E, fi r- Ar- ex+ "s) e- O;:S ) . 	 ( 108 ) 
(> 

Hence, in a7:ia1 geuge~s ODe can also express the potential A,... in 
t erms of t he. f i 61rl <=i,.. .... 

The eXpressions (8 ) - ( 10) play a very important role in our 
analysis of the IR structure of perturbative QCD (for a briaf out
line of our approach aee ref. /8/ ). So , let us discuss their struc 
t ure in more deteil . By definition of tbe P- ordered exponential, 
.e beve 

~ Cia OC) I(. 

E(lf,"") - L C'a>K.J"" I' " Sd!;" exp (- E) :' S,.) g(S1<' .. <. Sl<.~ 
l:, 't O 0 0 L : , 

(10b ) 
( 11 A(~... "5,)) " . ( n Ii (... "~Ie. )) 

or , in mom~ntum representation , 

6 

~ , 1( )( ~ - t. J ( "t4f 
E CIC ) : Jc(~e E ( )(, oo) ~ L (-:]) n ---..!.i4~(/( - L " .) ( lOc) 

t.s 0 i' 1 <..2".) j J 

(1\ A(tt)) (nA( "' i)) 


( n l.., · ·_+Ic:V· ; ') · ·· ( .... Ie, .. /,,) 


We emphasize tbe very important property of eq. (10c)1 the sign 
of t he i E term dictat ing the position of tbe corresponding poles 
1s an unambiguous ly f ixed by the equati on for the con tour def ining 
the gauge. 

Alao uaeful is t he mome ntum repr esentation for eq. (9) 

.... ~ ~ Jd4 G "
e 
t' cP) rwAI'- (K.) = - i 	 '), l'l,,~,. . E (t:- p) , (11 )

I 	 <"2~ )' (p.... )- , € <>. t 

~ ~ "
"here E is given by eq. (10) "it b A,..'" Ar- =. AI' u-~ , (Teo. be i ng t ha 
matricea of the adjoint represent at ion of the 5 U(~) group. 

One of the basic results of t be present seri e s of papers (par
tia lly fODD ulated i n ref. IB/ ) ie that the I R asympt otics of the QeD 
Green funct i ons are determi ned by the vacuum averages of the c ont our 
1nt egrals , v i z., by patb-ordered exponential a long open paths for 
the gauge-de pendent Green funot i ons end by Wi lB on l oopa f or geuge
-invar iant quantities. The spec i fic form of the integration path 
in both t he cases is determined by t he mome nta of external lines. 
Our goel i n the subsequent sec tions ia to derive e renormalizat i on 
gr oup equa tion for the IR behaviour of t he on-ehe l l Quark form f ec 
tor in Qe D using t he multipli cat i va rBnormali zabi lity propertiee of 
t he path-ordered exponentlal.Jl established in refs. /9-11/. 

6. Renormalizetlon or t he Contour Averages 

Pi ret .e summarize 80~ results obtained in the above-mentioned 
p8perB / 9-11/. It was es t a blished tbat the renormalization propert i 
e s of the cont our averages are compl ete l y determi ned by the smooth
ness propertie s of the integrat i on contour. I n the cese of a smooth 
closed cont our the effect of the ultraviol et divergence s t hat appear 
atter one ex pands tha ',HIson l oop W [c J 

~ 	 .L ....W [ e ] ~ 	 - Tr <01 Pel<p ( '3 ::rc(~I"'- A.. (~) ) 10) 

~c < ' 
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into t he PT series reduces to renormalizat i on of the coupling cons
tant. wbile W [<: ] rema i ns t o be s renorminvarient quant ity 19/ . 

The situat ion ohanges 1f- the contour bas singular points of the 
following two t ypes: 

s) endpoint of an open smootb contour 
b) cuaps (angles, eee f ig. 1) and self-intersections. 
Par the firat case i t wss proved 19.101 that the additiona l 

ultraviolet singularities reault in a multiplicative renormal1za
t ion of tbe contour eversge E( c , ~ ,r) = P \!ltp ( .- ~ Jol~ ~ Ar te)) 

E. (c , ~rt"'.t"'-) = Zc. ( ~, ,~rt" )) Eo ( C''a1f'l /)' ''' ')' (12) 

For tbe type b) singul srit ies Polyakov/91 f ound tbe additionel 
contri bution to ~[c1 

W ( >-) l c ] = - ~ c; (r d:1o-i ) e... ~ ( 13) 

(where ~ is t he ultrsviolet cut -off parameter) and proposed that 
in bigher orders of PT these s i ngular i t i es are grouped into a mult i 
pl icative fac t or Zc~sp . This statement was t ben proved in ref. 111/ 

Hence, for an arbitrary c ont our 

( 14 ) E(C'3 I rl· r) ~ ~c ( t.. 'A I"" )) ~c.us/ {d . ~, .~( ,..'») ECC' 'J r,..').,..'). 
I n f act, USing tbe contOur gauge t echnique one can derive tbe 

mult i plicativity of the cusp s ingularities from the multlplicativity 
of tbe e ndpoint ones, i.e.,from eq. (12) . 

Nota f irst, thet E ( c, ~ . r) is nothing elae but the gauge 
t ransforma t ion from an arbi trary gauge to the C -contour one . This 
means that aq. (12) itself states just t he fact t hat the use of t he 
C -cont our gouge does not affect the mult iplicstive renormalizabili ty 
of the theory. In this senae tbe contour gouges ere on the same f oot
ing with the ordinsry ones (ess umed in refs. 19-11/). 

Observe now that an arbitrary contour C baving a cusp or selt
-intersect i on at t he point X can be represented aa a sum of two 
contours and with X being their oommon point (aee fig . 1).c 1 c2 
Impoa ing ~be cont our gauge 

p e'ICp (i~ J~ ~~ AI'" (~)) ~ { 
c 1 

and i ncorporating the gSugB-invarianca of W [c. ] we ge~ t he cont our 
average 
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w(c)~ ~T""<O\ P(!'kf>(~~J.(';!f<-A'" (~)) I o> J 
(15) 

ole {' i 
<- ~o",~ou. ... ~,,«.~ ec 1 

defined on the smooth contour CZ • According to eq. (12 ), w [ <:1 

in th i s CBse i s multiplioatively renormalizeble, with tha ~ -fsctor 
determined by the endpoint singularities of the smooth open con'tour 
cZ• Thus, t he cus p singularities of the contour C a r e equivalent 

to the endpoint singularities of t be smooth contour ca l culatedc 2 
in the c 1 = C / Cz. contour gouge 

2: <: u.s.p (c.) = ~c I (16 ) 
2 C1cl. - contQ u.r 'Quge 

In vi ew of the arbitrariness in the splitting of C into c 1 and CZ ' 

t he gauge invarisnoe of the r.b.s. of eq. (16) should be maintained 
by the corresponding changas in ~c • From eq. (15) it follows also 

l. 
tbat i n ths C, -contour-gauge the psth-ordered exponential for Cz 
is renorminvariant if and C const1tut e a smooth closed contour.C1 z 
In t be next section we sball demonstrate t he va lidity of eq . (16 ) 

for tbe simplest contour shown in fig. 2. The relevant specific f orm 
of the c ontour gauge in this case is the axisl gsuga. Using now eq. 
( 14) we obta in tbe renormalization group equation for the c ontour 
sverages 

( 17)(, ;,... + ~(~) ~3"- rc (~) + Ircu.r.p ( 3. l~iD) E: cc:, ~. t' )=O. 
whera, by definition 

(.) e.., 'lc I ( 18) 
-a-c (~) ':.- De.../" ~ = ,... ' 

is the endpoint anomalouB dimension and 

() e..., e .....,. I 
1" C.....lOp ( S, h; n -=- - -;, e.. ' (19) 

,. f< '''' 

is t he gauge -invariant cusp anomalous dimension. In the Euclidean 
spaoe '6 ,ss follCl'lls trom eq. (13), is given by 

c.L<~r 

'lo- (0 l") '" "'... C F ( "If c4Q-.--t) . 
U c....s p d , -.r <l 

In the next sect ion we .ill obtain its analog in the UinkCl'llski 

space . 
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7. 	Ana l ysis of the Infrared ASywptot i c8 

As an example of t he a pplicat i on of our epproach to t he IR pr o
pert i es of QC D we c onai der t he IR 8symptotics of the simplest quark 
-phot on vertex f unc t i on i n t ha on-ehell regime for quar ks. Its IR
singular part is given by ·) 

I ~+ 	 (20)1T/. ~ -Tr{ cIE ( 0 , 00) E (O , oa ) / o> , 
r l2 /Jc. - 't P 

2 2 2where p a nd '1 ar e t he quer k mOlD8nta. P = lj = ')'\"I and 

A 
-J '" - 10 sE p( o, (0) -: p ~~ p (;3 D J s P,.. Ar- ( p!.) ~ ) 	 (21) 

ia the patb-ordered exponentia l generating the gauge transformat 1on 
i nt o t be sx i al gauge specified by the vector p~ • The r . b.s. ot 
eq. (20) is gauge-invariant , and one can a c tua l l y treat it as the 
pe t h- ordered exponent ial corresponding to t he contour shown in fig . 2. 
Hence, it can be analyzed ueing the tecbnique ~eveloped in the pre 
ced ing section. 

Fira t we ident ify all poss ib l e 80urees of t he u l travi ole t sin
gularit i es. 

a) 	The contour ia open. snd hence one may expec t the end- point 
singulerit i es. HOViever. due t o t he cut -off fa c t or exp (-€L) 

(whera L ia the running l engtb of the contour ) these s i ngu
larit i es a r e a bsent i n our case . Hence, t he e nd- point ano 
ma l ous dimens ion van1.shes: 

Oc ( ~ ) = 0 	 (22) 

b) 	The contour s hown i n fig. 2 bas no se l t-intersections , but 
it baa a c usp at the po:int 0 • For the ki nemat i cs 

Q.2.= _ (p_ 911. ~ 0 

we are int er ested i n tbe cus p never disappears and , hence , 
the renormalization f ac t or of e q. (20) i e determ:ined jua t 
by the cuap s ingularit i e s . 

.} Eq. (20) may be unde rstood either i n te rms of tbe eikonel 
spprox1m8t ion or on tbe basia of the fact tha t the one -pa r ticle 
irre duc i ble quark-pbot on vertex f unc tion has no IR singu l ar1t i es 
both in p - and 'I - axI a l gauges. A more deta i l ed discusa i on a nd ge 
naralization to more complicated situat ions will be givan in a 
subsequent paper. 
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Apart from the UY .ingularit i es , eq. ( 20 ) contains a lso t he IH 
ones t ha t are due to the long- ra nge gluon exch snges. The ir study is 
j ust the problem of our main ooncern . As is clea r from £1g. 2, the 
re l evant s cale is determi ned by t be length L of t he contour which 
i e i nfinite in our case . Thus , to r egular ize the IR aingularities 
we cut oCf t he l e ngt h of t he cont our by L<- . }lor t he UV singulari 
t ies we wi l l use two regularizs t i on schemes: dime nsions l regul ariza
tion al'ld t he out - art ueeu by Pol yak ov i n ref .19/ Lbat amounts t o 
ad di ng tbe small para.met e r Q 2 t o t he denominstor of tile gl uon pro
pagator writteu down in the confi guration s pece representation. 

Expanding eq . (20 ) in the forma l (unregul ar1zed ) PT s eri e s givea 

expressions of the type 

J rr J6 . e"p (- H . ) D ({ P} ' s.} { CPo: P~) 1) p. , (p 0'
00, " , f(l:'-.J ) V-~-L } ' ) 

J P.. Pc. 
l I 

wbicb are scale invari snt witb respec~ t o transforma t ioTlo (5 .. ~ -'>), {5,) , 
After f'egularization of sll singulari tje s this trans formation must 

be 	 substi t utad by 

{ s.:) ... " (5 i ) , L '" ). L, ~ - ~ t' ( a.. .... 'A 0.) . 

As a result . t be finsl sxprBasiono for the PT expa ns ion of sq. 
(20) contain only t be dimensionle s s c ombinat i ons i nvari ant under t he 
a bove scale t ransformsti on , viz. (,....L) in the dimaosional rsgu
lar izat i on s cheme snd l L / 4 ) in the UV cut-o~f Bcheme . This meens 
that t ha LR a nd UV s in gulari ties of eq. ( 20) he ve t ho s ame atruoture , 
Bn d one can appl y t he ranormali za t ion group to study the IR s ingu

lar i ties . 
To order c(f, eq.( 20 ) can be wr i t ten as 

, ~'1 1:2 U
'mrl( l ~;,} t"'-L )= 1 - 2~ cF 't:!''{.II ,.. d~~ "D,..vC.II-!t) 

0/ -r -H·r - -dr _ p~ ... _ 'I' 2(pq) 1 (23) 

~ -	 2.s c" J .t~ e j,l.i e l p2C.s-t ) ' q "Z.(S_-n>. (pI • 'l~i~ ,
'I' 0 ~ 

wbere t be las~ contribution contains tho leading con~ribut ion o.f 

the cusp singularity for !.,{ ..... 0 • Calculating it 1n the "tlIo above

ment i oned regularizstion schemes gives 


-(,5o J -de 2.tpq) hr>'n hr (J L 	 (24e)Jds.e d~ e = - 1ft. - w - + ( {-,,,, h hrms.) 
.. 0 [P~~ qsl...·q.. r 1 - r Q.. 

and 

lJ 
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- Eo; J ' - c;{ 21> <<pq)J«,..e ot"e I<. _ hr ' €., ~ ( J.. + ~ (Lr)) , (24b) 
o , I (p~ .. qS)2-2~ r 1.-1' 2& 

I 

.here r= ({+ «m'Z/Q.,-)2. 

The first two terms in eq.(23) correspond to vacuum aversging 
for the }\-exponential related to tbe straight-line (infinite) con
tours calculated in Peynman gauge. Tha only UV singularity in th i s 
csee is the end-point singularity·) logarithmical l y dependent on the 
regulsrization parameter. 1n particular, 

n2. 
Jol6.e>- FS j.l-l- e- €t- 1; LQ: - e...~ (258 ),,2(5. _ +)"... <:\ >. Q. 

.... -ESo J - E f 2.. ",'- 1JJ~Q die ~ -=---€"'Cl.t<) - (25b) 
o 0 I ("'~(S-~l~JI-" :20 

The linear divergence in eq.(25e) may be interpreted as a renormali
zation of the mass of a test perticle/9/. Hence, it may be extracted 
from eq.(20) into the fact or exp(- co.~) • The cusp aingulsrity wae 
re1eted in ref./9/ t o the g l uon bremsstrahlung at the bending poi nt 
of the contour shown in fig. 2. 

Summing the contributions of eqs. (24 ), (25) gives 

'>n ( Q"- L) 1 0(.. [...- ) n L ( hl'l n .... r ) ] " 'T -~ - "" - - cj: 7:. ( L -tL ... too. _ _ !;.. _ _ I , (26a)e. m ) a.. 1t"" ~ a. .2.r i- r 

7l1 rR ( ~'L ) Lr)~ ~ - ~ '" [2'. -.- e...(Lr )1(·;;'e., ~~~ - i). (26b) 

In the first relation we streseed the additive nature of tbe linear 
aiDgulerities. 

Substituting eq.(26) into the def inition of t he cusp snomal ous 
dimens ion (eq.(19» we get 

-J In the UV/§yt-off scheme there appeal'll alao the linear sin
gular1ty - L/a. resulting frOID the contraction ot all pointe
of a connected 8ubgrapb. 

12 

T e.<sp ( 3 , l' ) !c (~"'e..~-..,)+ 0(<<..'2r.1,,) (27 ) 
.,.. ~"r t-r 

;. 01.: ("F ( ~ d l, T - ~) ..... 0 ( o/.5.~ /J ) •c 

where the JU.nkoweki an cusp angla r is defined by 

rpq)l..
d..2.1I" = 

r 1<j'-

Thua, the anomalous dimension depends on the momenta pT.U$f' 
and q • 

Combining eqa. (17), (26), (27) gives the renormalizat ion-group 
equation f or the I R eingularities of t he on-shell quark form factor 

(L~L + F>l~P~ '" ~ C.~f (~' ~) ) 1Yl1R.( !,2... ,,,L)-:; O · (28) 

Note t hat eqs.(27), (28) are in fact univeresl since tbey ref
lsct j us t the properties of the contour aversges. In t he case wbere 
more complicated Green functiona are int r oduced, the only eBeent i al 
change is in the number of t he c usp singularit i es fo l l owed by 
the t riv i a l addit i ve c hange in the anoma l ous dimeneion in eq.(2B). 
It should alao be mantioned bers thB t tbe velid ity of eq.(2B) in tbe 
leadi ng lo~rithm approximation was checked i n ref ./12/ up t o the 
three-loop l evel, witb the gluon mese '), ... 1fL serving all the IR ra
gulari2ation parameter. 

In the l imit Q"-"» .......~ the expression for l"( ....,p( :J;a) can be 
simpl ifiad: 

'le«sf' Q},10 = ~ c!'- e... ~ + o ( oI~ H" ) 
(29) 

M~ 

and the solution of eq.(28) reproduces the well-known double loge
2

ri t bmic ~ ( 01.& e.. Gl"-.. e.. Gl )r.I aSYlllptotlcs of the on-sbe 11 vertex 
... ~L 

function. Within the contour epeca approacb this asymptot1cs is tbe 
con8aquence of the cusp singularity for tbe contour relevant to sq. 
(20). However, if one uses in eq.(20) tbe axisl gauge "ith p(or-q) 
being the gauge fixing veotor, tben, on the oDe hend, the final ra
8ult for "TIllR. is unchanged since it 1s gauge-1nvariant, but, on 
tbe otber baud . the corresponding anomalous dimansion will be gena
rated by tlI. end-point aingula rlty of the P -exponential for tbe 
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straight-line going from 0 to infinity elong ~ (or p , respect i 
vely) and calculated i ll tbe p- (or If- ) exial gauge. As a consequ
ence, tbe double logarithmic 8symptotics in these axial geuges will 
be generated by tae radiation corrections to tbe querk propsgator 
ra t her tban by those to the (one-particla) irredusible vertex 
funct i on. 

B. Conclusions 


Here we formulate the main rasulta of the present peper. 

1. A ne" class of the geuge fixing oonditions - contour gauges 

- wss introduced. In tbe CBse of the simplest straight line cont ours 
the contour gauges reproduce tbe well-known ghost-frae gouges. 

2. Us i ng the contour gauge technique enables us to find a rela
tion between the end-point and cusp UV s i ngularities of the contour 
averages. 

). Analy.ing tha part i cular contour average absorbing sll the 
IR singularities of the on-sbell quark form factor we bave demonst
rated that ita IR singularities are in one-to-one correspondence 
wi th ita UV aingularities, and consequently, it bas been established 
that i n this case one ca n use the renorms l ization group methods for 
atudyi ng the IR aaymptotics of the QCD amplitudea. The relevant ano
malous dimens i on 0 (~1') was ca l cul ated to order o{~. 

C:c.<sp , 

, 
.'i(, .I. 

~ E):NIlplc of a ).;ont ou!' h;:Lvlnr; 0. cusp sInGularity 

.• t tlw po int X 

(2CI 

y 

o 

YiG·2. 


In teGr a tion cont our for the path-ord ered c;~!lon~n::i :J.l 


det errnining the in:frared <ls.Y1Jlp tOti c 5 of the vcrtc:·: 


function. P '. 
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B 06DeAHHeHHOM HHCTHTyTe AAePH~X HCCneAOBaHHH Ha4an 
BbiXOAHTb c6opHHK "Hpam'Kue coo61J4eHu.R OH.HH". B HeM 
6YAYT noMe~aTbCA CTaTbH, COAep~a~He OpHrHHanbH~e Hay4H~e, 
Hay4HO-TeXHH4eCKHe, MeTOAH4eCKHe H npHKnaAH~e peaynbTaT~, 
Tpe6yiO~He Cp04HOH ny6nHKa4HH, 6YAY4H 4aCTbiO 11 Coo6~eHHH 
OHRH", craTbH, eoweAwHe e c6opHHK, HMeiOT, KaK H APYrHe 
H3AaHHA OHRH, craryc o~H4HanbH~x ny6nHKa4HH, 

C6opHHK "KpaTKHe coo6~eHHA OHRH" 6yAeT e~XOAHTb 
perynApHo. 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
cations which is a section of the JINR Communications 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
r .... .... ---.:--
VI JV~\..;;111'"'.,:) e 

Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condensed matter. 
Applied researches. 

Being a part of the JINR Communications, the articles 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communications will be issued regularly. 

HBaHOB C.B .• ICOp4eMCKvti1 r.n .• PaAIJWKHH A.B. E2-d5-595 
HH¢paKpacHaA acvtMnToTvtKa nepryp6aTvtBHoi1 KXA. KoHTYPH~e KanvtGposKvt 

8BeAeH HOB~i1 KnaCC Kanvt6pOB04H~X YCfl0Bvti1 - KOHTypH~e Kanvt6pOBKH. noKa3aHO, 
4TO a cny4ae npocrei1wvtx npAMOflvtHei1H~x KOHTypoa OHvt socnpovt3BOAAT o6~eH3Becr
H~e Ge3AYXOB~e KanvtGpoBKH. C noM~bo KOHTYPH~x KanvtGposoK Hai1AeHa CBA3b Me~y 
KOH4eB~MH H yrnos~MH ynbTpa¢vtoneroB~MH ocoGeHHOCTAMH KOHTYPH~x cpeAHHX. Ha 
ocHoae aHanH3a KOHTypHoro cpeAHero, norn~a~ero ace HH¢paKpacH~e oco6eHHOCTH 
KBapKoaoro ¢opM¢aKTopa a6nH3H Maccosoi1 noaepxHOCTH, npoAeMOHCTpvtposaHa saa
HMHO-oAH03Ha4HaA CBA3b 3THX OCo6eHHOCTei1 C YflbTpa~oneTOB~MH H TeM CaM~M yc
TaHOBfleHO, 4TO HH¢paKpacHaA acvtMnTOTHKa KXA aMnnHTYA MO~eT HccneAoBaTbCA c 
nOM~bO MeTOAa peHOpMrpynn~. Hai1AeHa COOTBeTCTBy~aA aHOMaflbHaA paaMepHOCTb 
B nopAAKe a, . MeTOA MO~eT G~Tb npHMeHeH K aHanHay vtH¢paKpacHoi1 acvtMnTOTHKH 
pa3flH4H~X nP04eCCOB B KBaHTOBOH XPOMOAHHaMvtKe. 

Pa6oTa s~nonHeHa B na6opaTOPHH TeopeTvt4eCKOH $H3HKH OHRH. 

flpenpHHT OObeAHHeHHoro HHCTHTyTa RAepHWX HccneAoBaHHA. MY6Ha 1985 

Ivanov S.V., Korchemsky G.P., Radyushkin A.V. EZ-85-595 
Infrared Asymptotics of Perturbative QCD. Contour Gauges 

A new class of the gauge fixing conditions - contour ~auges - is intro
duced. It is shown that in the case of the simplest straight I ine contours 
the contour ~auges reproduce the well-known ohost-free oauges. Usino the 
contour gauge technique enables us to find a relation between the end-point 
and cusp sinoularities of the contour averaoes. On the basis of an analysis 
of the particular contour averaoe absorbino all the infrared sinqularities 
of the on-shell quark form factor it is de~onstrated that its IR- sinoulariti 
es are in a one-to-one correspondence with its UV-si~oularities, and conse
quently, it has been established that one can use the renormalization group 
methods for studying the IR asymptotics of the QCD amplitudes. The relevant 
anomalous dimension was calculated to order a

5 
• The method can be applied 

to study the IR asymptotics of various QCD processes. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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