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1. Introduct ion 

One of the goals of studying relativistic heavy ion reactions 
is to investigate nuclesr matter under extreme conditions as higb 
temperature and density. However, the information about the proper­
ties of tbe hot snd dense matter is obscured by tbe fact tbat tbe 
intermediate nuc lea r system remains hot and dense only for a rather 
sbort time ( ... 10 - 22 sec .)., Tbe interesting quant i ty wbicb msy pro­
vide a window into the early stage of the collision process is t he 
produced entropy, becsuse tbe entropy will grow rapidly when the nuc­
leons make tbeir first collisions and will remain nearly constant 
when the expansion phase of tbe nuclear fireball begins. Siemens and 
Kepusta/ 1 / bave suggested that the entropy per baryon (S/A) attained 
during tbe collision process may be related to the retio of the deu­

taron to the proton yield CRqp) by tbe following formula: 

S/A = 5"/2. - en (Rolf /~ff ). (1) 

This simple relation is obtained for a dilute gas considered as an 

ideal mixture consisting of different species being at disassembly 
in chemical equilibrium. Modifications of (1) arising due to the 
account of the i n-medium corrections have been discussed in refs./2 ,3/ 
Provided that thermodynamical equilibrium is establisbed, tbe appli­
cetion of formule (1) might give us information on tbe ent ropy value 
attained during the collision process if effects connected with tbe 
finite size of the system can be disregarded and if tbe dilute gas 
approximation ia applicable. Concerning tbe finite size effects, of 
~reat interest are the first experimental results of Gutbrod et al. 
4/ a nd Doas et al. /5/ who measured tbe cluster abundances in bigh 

energy heavy ion collisions by means of a 4", deteo-tor (plastic 
ball). Since they found a saturation of t he Rdp ratio only for large 
multiplicities, one is led to the assumption that the cluster ~ro­
duction rate is strongly correlated with tbe volume of the ea1tting 
source or, in otber words, the cluster abundances become a fUnction 
of tbe impact parame ter. ',1:.: ..... -. :f'''CTBTyr...... ' ., .- -= ..- , " 3·)Uuat 
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In view of tbi s new experimenta l situat i on the appl icabi l ity 
of t he simple fOrlllula (1 ) f or ext ract ing the entropy has to be re­
considered. I n doing this. one bas t o s t art "ith 0 t beoretical treet­
ment wbi cb conaide re the relevant dyDamical aapectB o£ the forma­
t ion and tbe disintegration proceas of tbe intermediate nuclear 
syst em. One or the promising ways to study sucb dynamical proulema 
is t o apply the caacade model/6/. 

The cascade model permits us to calculate S/A 4irec~ly without 
meking us e of relation ( 1). Of course. having tbe epocirio entropy 
at our diepoBa l its connection to the cluster produc tion 10 ono o£ 
t he centre l queatione wbich will be discussed in a oubooq,~onL paper. 

The entropy value for the reaction 400a + 40Co u~ 1100 MoV/nuc l . 
and zero Unpact paremeter bas f irstly been calculatod lIy IJCIdoch and 
CugnCD 171 us i ng a cascade model. To our knowledge. OUOII LYIIOfJ of 
cascade calculations bave not yet been repeated or ext.nOo,! Lo other 
projectile and target combinations and different bOlllD 4IlUlrMJ.ou as 
well. Therefore. one of the aima of the preaent papor I" Lu otudy 
to what exte nt the calculatad ent r opy valuea may be modal tlopemient. 

Invok i ng the cascade model.tbe time evolution or Lilli untropy 
product i on during the co11i a i on prooess can also be 1nvlln1.ip;ated. 
Considering a heed-on oollis i on one could expect thu~ .. ~ Lile first 
stage 0 1' the collision t he ent ropy wi ll grow rapidly bll~ lUI ooon 
a8 t he thermal equi librium is establ1she d tbe entropy w111 approaob 
a Baturat i on value. Por noncentre l collisions tbe gonaruLou hot nuc­
lear matter may be f a r from the rmodynamioal equilibrium on~. there­
fore. cascade model simulations can give ua reliable 1nforwnLion on 
bow such an i ntermediate system disessembles and bOIl the allLropy 

value per baryon evol ves. 
I n oaloulating the ent ropy value we will use two dll'rol-ent 

me t bode in order to be able to cbeck their relative accuraoy . One 
_thod to be used is olosely oonnect ed t o that prevloualy employed 
by Bertscb and ougnon/7/. wbo based their entropy oaloulatioll ou 
a proper aubdivision of the s ix-dimeneionsl phaae epuoe. 

To get oonfidenoe that tbe entropy va l ue is accurately calcu­
lated witbin the used cascade mode l approach. we applied a aecond 
metbod wbich i e based on the assumpt ion t bat a local equilibrium is 
eetabl ished for each r-space subvolume of tbe intermediate syetem. 
In doing 80 the averaging over mamentum apace is performed. We will 
show that the second metbod h8fl to be preferred compared to the 
fira~ one. This is because the result i ng entrppy can alao be det er­
mined adequstely in the case of Low pb8fle-apace densities wbere 
statistica l fluctuations playa decisive r ol e. Tbis concerns mainly 
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the lates t s t age of the coll i s ion proces s when the raection product s 
go spurt and t be spec ific entropy does not change at all. POl" the 
prac t i ca l ca l cu l at i Ons, the introduct ion of the cylindrical coord i ­
nates yi eldi ng an adequa te descript i on of t he react ion geome t ry has 
been proven to be high l y advantage ous . 

The cascade model approach t o be used wi l l not be ex plained in 
t he preeent paper (f or de t a i ls see r ef. / 6/) . Botb t he me tbods t o be 
employed £ or calculat ing t he ent ropy are pre sent e d i n t he next sec­
tion. The t ime evolut ion of t he s pec ific en t r opy 1s s t ud ied in sec­
tion 3. For c ompariaon we c onsider f i re t en exact s oluab le mode l sys­
tem and tben inveatiga te tbe ent ropy evolution of t he Ca + Ca a nd 
Nb + Nb systema f or head-on and noncent re l oo llisions aa we l l. At tbe 
end of aect i on 3 a comparison is made with t he reaults for spec if ic 
ent ropy values inferred f rom t he compos i te partic le y ields meaaured 
wi t h a 4n detector. Conc l uding remarks a r e gi ve n i n sect ion 4. 

2. Ca lcula t ion of the entropy 

For tbe enti r e hot nuc l ear aystem f ormed in the course of a 
heavy ion collia i on the calculat ion of the probability to be in a 
certa in sta t e seeme to be hope less from t he poi nt of v i aw of an exac t 
quentum meohani ca l description, and therefor e a rigorous calcu lation 
of the time e volution of the density operator and of the e ntropy s eeme 
to be imposaible. However. since one dea ls with a rather hot nuclear 
ensemble the entropy value migh t be eva luated by means of the inde­
pe nde nt particle approximation if one introduces t he prOBabili t y 
!~ f(~,p,t)tbat a ce rte i n singl e-particle stete or 8 cert ain phaee 

apace vo l ume is occupie d . In the Permi gas ap proximat ion the ent ropy 
ca n ba writta n a s 

s ,. - ) d't [ ~ L, t -+ (1- f).to (1-.£)] ( 2) 

where dT~ 4 d~r d~p/(2Jlh ) ! r epresents the pbaee l!Ipace volume e le ­

me nt ( the Bol t zmann constant baa been dropped ). The fac t or 4 ia due 
to tbe epin-ieoepin ds grees of freedom. The dist r ibution f unction 
i s normalized to t he part i c l e numbe r A of t he s ys tem 

~ of (C, P~)d6 ~ AH:). (J) 

In t he c l a8sical limit one bae 1« 1 • and t he ent ropy t ake s the 
f orm 

S/A ~ 1 - <(~ ! > (4) 

:~ 
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with mean value 

<trd > ::. ~ f en f d-r / ~ -S cl'r . (5) 

Providing that thermal equilibrium is reached so that 
one has~ : J"~ e..cp (- f'l2.M T ) 

<tn !) ~ t~ <! '> - ~ 
2 

(1-e..2.) (6) 

and <.f) =. J 1\3/'1 .2~h. whe r e .s> is t he particle number denai­
ty of the syst em and 1\= (,21tt.2./MT )"'.t denotes thethormuJ wave 
length of a nucleon. Combining ( 6 ) Bnd ( 4 ) one :finda the uu uo l ent­
ropy expression for the noninte rsc t ing Permi gas In Lho 018801cs l 
limit 

5iA :: ~%. -eYl ( f/l.?J/~) ;; fill - ~ [2~2.(~)1. (7) 

Not ice that t he phaso space occupation function i introduced 
above does not contai n tw o-partic l e cor relations ami Llioretora the 
in-medium corrections and clus t er f ormat ion effecto oro 1I0~ .;ontained 
a priori from tha point of view of a f undament al deu crip~ion. How a­
ver, in the case of locsl thermodynamica l equilj lJrJ um t lmoo effects 
can be accounted for by solving a Bethe-Gold s t one-t ype equation (cf. 
refe./),B/). In the low density limit the phase occupatIon f unc t ion 

~ can be re lated to the re tio of deuterons to prot.ona (k?p) and 
formula (1 ) f ol l ows from ( 7) . 

Acc or di ng to these a implified d&ri va t i ons for Lhe coloulation 
of the e ntropy within the casca de mode l two s t rategieo may be a pp­
lied . In t he f irst one which is simi lar to that deacribe,1 in ~'e:f /7/ 
the entire phase spac e ia divided in cells with A~ = it Ll\.A~/(1,ort.) 
and the distribut ion f unc tion i s then ' 

Ni ,. .2.g w. ('R) 
( 8 ) 1. :: ATi "'R ill', 

where ~.(1R) is the numbe r of nuc l eons in the ith cell and 1R gives 
t he number of cascade runs . Int r oducing t~ in t h i s way one had in 

pr i nc i ple to consider t he limiting caae of an infinite number of 
runa. Since this ia not pOB s i b le f or practica l resaona, one has to 
ba aware of the sta tis tical fluctuations. Therefore, t he meth od (8) 

f or calcula ting t he dis t r i bution funct i on by i t a average va l ue with 
respect to one ce ll i at f ixe d time t has its own spec ific f ea­
tures. This is because the div ision of the phase apace i n cells haa 

-( 

to be done with some care in order to obtain a rather smooth distri­

bution within the entire phase apace. It is clear from (7) that a too 
small cell division (where fluctuations in the estimation (B) of the 
distribution function are not negli gible) gives a too small entropy, 
whereas a large size of cells would lead to an overestimation of the 
entropy value. Xn dividing the phase space into cells the adequate 
geome t rical description of the cascade processes has to be conside­
red in order to prese r ve the essentiel fact that the entropy should 
not grow if the free motion of all cascade particles sets in. Accord­
ing to the Liouville theorem the entropy remains then conotant be­
cause the volume of a phase apace elema nt does not change. However, 
ths phase s pace element iteell is extremely deformed due to the free 
motion, and this requires a finer and finer subdivision of the phase 
space in the ce lIs i . 

With (B ), the formula for calculating the entropy is 

t; =-L: [ t En h + (1- L') tn l1- t nA'r.: . (9)
i 

The respective results for the entropy per baryon obtained by the 
latter formula will be discussed after the aecond method employed 
has bae n introduced. 

Using (9) the entropy can only be evaluated if the statistical 
errors in the particle numbere of each cell have been kept small 
and if at the same time the translational motion of a certain cell 
in the six-dimensional phaae space due to the free motion is consi­
dered properly. In practice it might be difficult to fullill simul­
taneously both requirements, and another way for calculating the 
ent ropy valua might be more promising. Let us assume that in tbe CO~ 
moving r aference frame a local equilibrium is eatabliahed for each . 
subvolume 4Vi, of the entire system. In this caae "e characterize 
the momentum diatribution in each subvolume A~ by the mean velo­.. .... ... - .) ..,..
ci ty Ui. (I.) 2 <: P.IH >={;R J'R)/1VI;/1f and the tempersture " deter­
mined by ZflA~.rIl)-Ml1.COjl./.~Hfi..f?= JT;l,2. The distribution function is 

1l.J' J.t .. ' 

( .. .. 2./ (10).JJf, p,i) = I ~)fp[_ P -MU.(tJ) 2 M 7l. .(I:)] 
with 

=. 
-
tv.. 1\ 

~ 
i. J..O. I\~• (" )=t~ "1 AVi. 4 

.) Actually, in the calculation we have employed everywhere 
relativistic formulae and used also the relativistic Boltzmann dist­
ribution function (see ref. /9/ for details). 
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where W. is the mean number of particles i n the considered apace 
subvolume, see eq.(8), and the factor 4 is due to spin-isospin de­
generacy. Having the distribution function (1 0 ) at our disposal the 
momentum inte gration ca n be performe d in calculating the ent r opy 

~ 
value. For the limiting caae J.. A t « 1 the expression for the 
entropy per part ic l e takes the f orm 

$/'A : 5'/1 - 2: 3' ~ ( f,I\~~)/-f ~I (1 2 ) i L 

which for a uniform distribut i on goes ove r into (7). 
In the actual ca l c ulat i on we used the genera l expreeeion fol­

lowing from ( 2 ), when the integrat i on over momen tum spece of t he phase 
space elements is compl eted. One should expect that after baving 
smoothed over the momentum dist ribut ion, t he f inal results for S/A 
will not be very s e nsit i ve to t he choice of the subvolume size. In 
this way (12 ) can be treated as an addit iona l test for the a pplica ­
bility of (9) to calculBte t he entropy value attained in the courae 
of a heavy i on reaction. The numerica l enelysis is reprsoented i n 
the next section. Since local equi librium was sssumed in the l a t ter 
method one obtains an upper bound for tbe entropy value. Tbis i s be­
cause tbe smoothed distribut i on funct ion (1 0 ) is inferred via the 
principle of extremal entropy at g i ven me an va lues of !., it. andIl•·. . 

). Calculationa l re s ults 

It We S already pointed out in r ef . 17/ t hat i n caloulating the 
e ntropy tbe cell configuration has t o be determined in aD approxi­
mat e wsy, whereby it ia not practica l t o di v i de tbe six-dtmens ional 
pbaBe a pace i nto cells without cons i dering tbe sensitivity of t be 
distr i bution f unc tion to s ome of the six variables. Several aspects 
of t be cel l s ubdi vision bave bee n dis cussed in r ef.!7! . Here, we 
will not repea t or even copy t o some ext ent t h i a diecussion but we 
wi ll immediat ely begin wi th t he r epre sent ation of our results. 

Pi rst, we consider 8 model system of 80 nucleons the Boltzmann 
equation of wbich i a exactly sol uab l e. We are ma i nly concerne d witb 

t he problem of t he phase space divis ion and investigate in aubsec­
tion 3.1. the appli cabil i t y of the t wo methods t o evaluate the ent­

ropy during t he s tage _bere the f ree m.ot ion of the reac t ion product e 

sets i n . 
In the next subeect ion we consi der the ool l is ion process of a 

real s ystem and begin t he discussi on of the e nt r opy evolution for 
head-on collisions. Of spec ia l interest are t he absolute va l ues of 
the e ntropy atte i ned in t he lata s t stage of t he collision process. 

(} 

Our approach permits us Simultaneously to study the time dependence 
of both the distribution function f and its various moments such aa 
the particle number densit y , the local mean velocity, the local tempe ­
rature, etc. Finally , we investigate the entropy f or noncentral col­
lisions. In SUbsec t i on 3.3. we compare our results wi tb thoBe where 
the entropy is determined via the cluster abundances. 

3.1. Mod e l sys t em calculations 
Since the ph ase space subdivision has to be done properly we 

invest i gate initially a model system of a free ly expand i ng nuc leon 
gas cbarac t erized by an initial temperature To : 40 MeV a nd an init ial 
Gauss ian distribution with mean density <J >= ?o~ O.17 fm- 3• Such a 
mode l s ystem may describe the disassembly stege of a head-on colli ­
sion aft er the vio lent reaction process has taken place. A totsl num­
ber of 80 nuc le ons has been chosen so that the results caD be rela ­
ted to some extent to those found for the 40Ca + 40Ca cent rel colli ­
sion at 800 Me V (see a lso re f .!7/). For thie mod e l s yst em the Boltz­
mann e quat i on ca n be solved exact l y (eee Appendix A). The result i ng 
value of the entropy per particle S/ A (see(A7) ) is constant in time 

and given in Fig. 1. Firat, we have calculated the specific entropy 
as a function of time employing tbe method of r ef./7/. As is clearly 
seen in Fig . 1, the corresponding values of S/A are somewha t larger 
than the exact ones and increase IV i th time. (For the subdivision of 

S'A l !1&....1. 
4.2 A = 80 To =40 MeV 

;' 
 The evolution of the specific entropy 

for t be model system calculated by40 
using method wh i ch is based on a sub­
division of t he 6-dimeneional phase"\ / 
(cf. ref./7/). The exact result ie 

~_ 235t n ~~/~~: shown by a dot-da s hed l i ne. The cur­

34l...o-~--=""' --- --­ ves are ca l cu leted by using different 
subdiv isions (s pherica l refere nce 

frame ): MlIC N 9pr "Np ,.W 9 p . 2 x 4 x32 
L x 5 x 2 ( 1), 2 x 4 x 5 x 4 (2 ),o 6 12 18 i!­

t [Im/c] 2 x 4 x 5 x 2 ( 3) , 1 x 4 x 5 x 2 (4). 
Here Ar i s tbe step along t he radius (in fm ), N a pr' N ' N 9p arep 
in turn the numbe r of s t eps i n coordi n8te angle apr (me as ured rela­
tively to p di rec tion), moment um p and i ts polar angle 9 • Tbe sub­
divi sion i n a pr is the Bame a s in ref. ! 6! besides tor cu~e ( 3) Where 
it i s uniform in coe epro The subdivision in cos Elp i s uniform 
everywhe r e. 
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the phase space see figure caption ) . As discussed above, t he increa ­
se in the entropy with time is solely due to the fact that an ini ­
tially fixed subdivis ion begins to fail when the sys t em has conside­
rably expanded. 'rhe a ver age phase apace density bec ome tl e.maller a nd 
cons equent l y the entropy inc ressea. This effec t can be obscur ed by 
choosing rela t i ve l y lsrge cells because then one can get indeed a sa­
turation behavi our for a longer t ime i nte rva l but simultaneous l y 
the abs ol ute va l ue f or the "quasiconstant" s pec ific entropy is l a r ge r 
t hs n the exac t one. This is illus t rate d in part by curve 3 in Fi g. 1. 

From t he results r epresented i n Fig. 1 it i s seen that the pre­
cise value of the ent r opy can only be r eached with a rela t i vely small 
cell meeh size with respect to t he radi al extension. For oA r :. 1 fm 
about 500 runs turned out to be quite suff icient in gett ing rel i a ble 

result s . For even smaller i n t e rva JB t he number of cascade runs has 
to be i ncreased. 

The resul ts re pr ese nted i n Fi g. 2 are obt ained by empl oyi ng t he 
s ec ond met hod of s ec tion 2 wh i ch is baaed on 8 amoothing over the 
moment um s pace a nd where a local t empera t ure f or each cell i n t he 
c o-ord inate a pace hes bee n introduced. In doing so, t he collec t ive 
motion of the single pha s e spa ce ce l l which does not contri bute to 
the tempe r a ture or the entropy can very eas ily be axt rected. Us i ng 

a r easonable cell subdivis ion, the exa c t resul ts for the specific 
entropy, the mean temperature and the mea n densit y arB reproduced 
for a la rge time interval. 

If stat i stical fluctuations become relat ively large, the cal­
culated entropy deviates from the exact one . Tbe curves l abe l e d by 
3 and 4 in Pi g. 2 demonst rate the importance of hav i ng enougb runs . 
Curve 4 i s ca l cu lated by using 1< .. 10 and demonstrates t hat due to 

SIA~~ 3.5 A =80 r To =• 40 Mt'V Fi g. 2 . 
3 

The evolut i on of t he spec i fic entropy,3 .4 ~_ ~~~ ~~L_ ave rage tempera t ure a nd densi t y of t he 
32 __a--~ _ .. __ ~<r_JY' mode l syst em ca lcul ated by means of 

t be momentum avereging me thod. The 
exac t result i s g i vsn by a da shed line. 

9 The s ubdivi sions f or t ha various cur­I~t ~, [Im-'J vea ere , 

3Di"-. '. 
 0.15 ~r x N9r ·2x8 ( 1), 1 X 8 (2 ) ,'&- -'­" .
201 .).~" " 010 2 x 4 ( 3) , 2 x 4 (4), 3 x 8 (5). 

. ~ 
" '~<T(tJ> TIle s ubdivis ion in t he polar angle 9 ....... .-......1; 
 r0 0<;10 -----'-. . i e ch os en as uniform everywhere. Tbe _(~ I tl> 

..&--" I number of rune i s R ~ 500 excep t f or 
case ( 4 ) where R =1 0 . 

00 6 ,., 1a ~D 
t [Im :c] 

H 

the improper a ccount of statistical fluctuations the calculated va­
lue of the entropy may be smaller than the exact one. 

Curve 5 illustrates that a saturation-like beha viour can be 
achieved by using ra ther large cell sizes . Tbe lower part of Fig. 
2 givea the tempe r a t ure and particle number denSity as a function 
of the time . All quant i t i es considered are in excelle nt agreement 
wi th the exact ones f or times amaller than 15 f m/c. 

The conc l uaion from these model calculations is that the second 
method based on a smooting over the momentum space has t o be pre­
f erred with respect to the fi rs t one. At the begi nning of t he colli ­
sion process where t he size of tbe entire syet em is still small there 
s eems to be no difference 1n applying both methods . However , when 
the coll i s i on process a pproaches the disasaembl y stage and the f ree 
expans i on of the i ntermedi at e s ystem begins , the s ec ond method seems 
to be more a ppropr i s t e to calcu late t he entropy value because then 
the population of the ent ire phase s pace can bet t er be cont rolled 
and , espec ially, t he r e l evant the rma l motion with i n a oe l l can be 
s epara ted fr om the cell's col lect i ve mot i on. 

3.2. Ent ropy evo lutions f or real systems 
After ba v ing discussed these model s ys tem calculations let us 

turn t o a rea l cas e and consider the r eaction Ar + Ar at 0 . 8 GaV at 
zero impact parameter. The results obtained f or the apecific entropy 
by US ing t he two methoda described in section 2 are shown in Pig. J 
(sea als o the figure ca ption ). The phaae apace subdivision as in ref. 
/ 6/ yie l ds no pronounc ed s aturat ion pattern for S/A when the colli ­
sions have ceased aod t he minimum va l ue i s a bout 0. 6 unit s larger 
than obta i ned by t he moment um smoot hing procedure . In th i s respect 
i t ahoul d be note d that f or a non-Gausa i an dia t ribution t he moment um 
amooth i ng pr oce dur e gives an upper limit f or t he ent ropy. As can be 
SBen in the lower part of Pig. 3 t he momentum a verag i ng procedure 
g i vea a sa turat ion behaViour in a wider range of time . 

I n contras t to ref . / 7/ , in the Dubna ve re i on of tbe oasoade 
mode l / 6/ nucleons are considered a s bounde d i nitia l l y i n a f inite _ 
range average pot ent i al of t he Saxon~Noods type. Tbarefo re, t be 
results of both approaches ca nnot immed i ate l y be compared. To make 
a di rect comparis on to t he re s ul ts of ref . / 7/, we bave r epl aced tbe 
ini t ia l nuc l eon dens i ty di st r i but i on by a sbarp-edged one, neg l e cted 
the binding as wel l and repea t e d tha c ascade ca l culat ions fo r 
Ca + Ca at~8 GeV/nucl. In t his cas e t he e nt r opy va l ue obta i ned by 
our momentum amoot hing procedure turns out t o be S/A~3. 2 . i.s. i t 
i s about the uni t s ma l l e r t han t ha t givsn by Bertsch e nd cugnon/7/ 
who c onai de red add it i onall y t he i nteract ion among t he part i Cipants. 

t) 
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The evolution of the specific0\ , entropy for central Ar + Ar 
", ' (0.8 GeV/A) co l lision. , ~ 

Upper partl Bertsch-Cugnont method bS in ref./7/ (see al ­" \~, so Fig. 1) with Ar x N 9 x pr~~g5 x Np x N 9 a 2 X 4 X 5 x 2( - ),p
" l,<~'ot: :O:--1::t:~~===~::::-:: ~::' 2 X 4 X 5 X 4 (l'f), 2. 5 X 4 X 


X 5 X 5 (0 ). 


~ON er part : Method of the pre­


~\

s ent wor k (see a l so Fi g . 2 ) 

~ ith Ar x N 9 .. 2 . 5 x 8 ( 0) ,7 r~. 
1.0 x 8 (41.) f or s pherical sym­

6 me try and Ar x Az .. 2 x 2 ( .) ,
\' . 

1.5 x 1.5 (x) for cylindrical 
5 '\ ~ s ymmet ry. 

~~ ',t..::: .......--:iI

" ~"'-~f"-&;--I'-# $liI 

31 	 ' 
o 	 6 12 18 2L 30 


1 I~H/cl 


We have est imated the participant -participant inter action and 
found that it 80es not contribute very muc h in this energy range. 
The difference of about 	one unit can mainly be attri buted to the 
more correct treatment of the c ollective motion of each volume ele­
ment. 

Taking into consideration the diffusivity of t he system one 
would obtain an additional increase of the specific entropy about 
0.6 uni t s. 

Having a reliable method for calcule t i ng the specific entropy 

at our disposal it is int e resting to study t he time evo lut ion of 

quantities characterizing the system. We sh ow this in Fig. 4, where 

in the upper part t he relative position of t he projectile and tar­

get has been sketched for four different time situs t i ons . From Fig. 

4 it can be seen thst the specific entropy reaches the saturation 

value when the two nuclei max imally overla p. (Note t hst we represent 

the specific entropy S( t )/ A(t ) where A(t) i s t he numbe r of struck 
particles. Since the number of struck par t i c les is rathar small at 
the beginning of the collision. the s pec ifi c e ntropy decreases with 
time). In contrast . other mean values ss t he mean numbe r of struck 
nucleons saturate at t he disassembly sta ge. In this way. the entropy 
measured indirect l y by relating the cros s sec t i ons of composite par ­
tic les (see refs. / 4.5.11.1 2/ ) gives us at least valuable information 
sbout the system when it has bypassed this stage of the evolution. 
The stability of the numerical calculations is demonstrated by the 
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The evolution of differant average The temperature field f or cas ­
charac te r istics for ce ntral Ar+Ar cade nuc le ons from cent ra l 
(0.8 GeV/A) c ol lis ions . On the upper Ar+Ar ( 0 . 8 GaV/A) c ollisions. 
part of t he f i gure i t is s hown how The c ont oura f or the tempe r ature 
the c ollidi ng nuclei sre s i tuate d field a re defi ned by k x T (k= 
at t he t ime moment marked by t he 1. 2 •••• ). At given t ime mome nt, 
arrow s . 	 the dashed c irc l as i ndi cate the 

undisturbe d t arget nuc l eus ( R ~. 
. 1. 07 A'I!a ). and t he ar rows 
show th e posit i on of the pro ­
jectile nuc l eus. 

f ao t that the specif i c ent ropy remains fair l y c onst a nt. alt hough 
the entire ayst em i a enormous l y c ooled down. 

Since we have ca l culat ed t he e nt r opy via a smoot h ing over the 
moment um s pac e i t might be instruc t i ve t o show t he contour plot of 
t he t emperature fie l d. In Pig. 5 ths dashed circles giVe the posi­
tion of t be ini tia l tar get nuc l eus witb 1RVL ~1.07 Al/3. whereaa 
the f ull l ines danot e t ha differe nt cont ours. (Note t he different 
tempere ture i ncrement 4T). The f ormat i on of the ws ll defined t empe­
rature f ie ld shows clearly that a s moothing over the moment um space 
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is very favourable for considering tbe later stage of the collision 
when the free expansion eets in. 

Fig. 6. 

Impact parameter dependence of tbe 


S/A specific entropy for tbe Ar + Ar 
N + Ar ( 0.80 GENt nucl.l (0.8 GaY/A) co11isi'1n. The values 

of S/A are sbown for tbe breskup 

density <gc~»': Jo /~ 


6 
 S/A ., 
Fig. 	6 s bO'lis tbe dependence--..-..-t _t 	 of the entropy on tbe impact pars­~ . 

meter. It is clearly seen tbat the 
--- - ___...S /8fj specific entropy increases steadily

2r­ _...., 	 ..... as the collision process becomes 
more peripheral. Sucb a tendency

00 2 4 6 can also be obtained from the ana ­
bftmJ lysis of the 4Tr data of refe./ 4 •5/. 

Tbis is uecause for the peripheral collision the struck particles 
become ratber spare in phase space, wbereby the assoc iated temperature 
exceeds that of centra l collisions. For comparison we have also shown 
in Fig. 6 the entropy normalized to the total nucleon number . As ex­
pected, that quanti t y epproaches zero for large impsct parameter 
values. 

The phase space occupancy function<f>for nonce ntral collisions 
has been shown in ref./13 ,14/ for Ca + Ca at 0. 8 GeY/nucleon and is 
in reasonable agreement with our findings. 

3.3. 	Comparison to entropy values inferred from composite 
particle production of relativistic hea vy ion collisions 

Finally, let us dis cuss our results in connec ti on with the other 
modela relating the production of composites to the produced entropy 
in the system. Concerning the 4rr data an ext e nsive discuesion of the 
situation is performed in ref./ S/ where ent ropy values are extracted 
by using the method of Kapueta/ 11 / and Stocker/1 2~ respectively. 
Both models are based on quantum statiatical approaches for infinite 
nuclear matter and i nclude the finite size effec ts of the clusters. 
Kapusta's mou el /11/ predicts the number of real deuterons and deu­
teron-like peirs contained in the heavier clusters, but does not 
specify these clustere . The model of Stocker et al./ 12/ includes the 
formation of heavy clusters up to maas number 20 and the decay of all 
unbound resonances of tbese species.Furthermore, it also includes 
the contribution t o tbe entropy originating from the pion and delta 
production. 
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Fig. 7. 
S'A 

1 ' 	 , • , I 

Projectile energy dependence of tbe 
4 

! Kapusta 
specific entropy for central Ar+Ar 
collis ions. "Experimenta 1" pointsc.oscode from /5/ are obtained by means of 

3 
~ 

two different procedures /11,12/.-Stocker et aL¥1 
2 

The results of tbe analysis 
t Ca '" Co are sbown in Fig. 7. It is rather 
o Nb'" Nb mriking that the two models give 

rather distinct results. The a ppear­0 1 	 I o 	 2 ing difference of about two units 
Elab I nucl [GeVJ cannot be explained by the contribu­

tion of the heavy fragments at l ower energies and/or by the contri ­
bution of the pion production at high beam energies. From the fig.7 
it is eeen that the cascade rs sults for the specific entropy are in 
between the pradictions of the other two mode ls and seem not to fa­
vour one of the methods f or beem energy up to 1 GaV/nuc leon. Par 
higher energies the cascade results seem to cope with those obtained 
by Kapusta's method (see also ref./14/). 

To investigate the origin of the large differences between 
the entropy va lues inferred by using either Kapusta's or Stocker 's 
method, the cascade model predictioDS for the cluster formation heve 
also to be analyzed. For thet eim we have developed following the 
l ine of a previous paper/Sf a dynamical coalescence model which en­
ables us to describe the composit e formation as a f unc tion of the 
t empera ture and dens1.ty of t he nuclear med1.um and rela t1.ve momentum 
of the compos ites. The specific ent ropy values represented 1.n F1.g. 7 
are not muc h cbanged when allowing f or clusterize t i on but one obtains 
i nformat ion how the compos ite production ie rela ted to the spe cific 
ent ropy value. Details of the calculations wi ll be published else­
where . 

4. Conclus ions 

We have present ed a casca de model calcula tion of the specific 
entropy. The used method is based on a smoothing of the di stribution 
function in the momentum space by int roducing a temperat ure fie ld. 
Compared to the me thod which is based on a straightforward subdivi­
sion of the six-d imensiona l phase space/6/ the me thod presented here 
ell owa us to calculate the entropy in t he sBtura t ion region more 
accura t e l y. This is because the the rma l moti on can well be sepa r ated 
form the col lec tive motion of the cell . The nume rica l results have 

1:1 
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shown that the specific entropy for the head-on collis ion of 40Ca+40Ca 
at 0. 8 GeV i a S/ A =3.2 and about one uni t nmal l e r t ha n that given in 
ref /7/. Thi e i s mainly due to the too rough phase space subd ivision 
and the part i-al i nc l us ion of collective mot ion effects in the ca lcu­
lated entropy . Furthermore it has been found ~t t he aocount of the 
diffusivit y of the medium increasea t he s pec ific entropy by about 
0.6 units for 40Ca + 400a • 

It is also wort hwhi le to note that the caaca de re sults for t he 
specific ent ropy agree we l l with t he predict i ons of the hydrodyna­
mic cnlclLla tions including visoosity effecta/15/. This concerns the 
abaolute valuea of the entropy end their dependence on the beam ener­
gy ss we ll. 

Compared to a recent a na l ysis of 41r date of rer ./5/ th e entro­
py ye ]ues do not favour the predictions of Kapus t a/11 / or Stocke~12/ 
at 81 . but ere clearl y sma l l er t he n thoae obtained by using Kapus t a's 
method. It aeema to be dubioua whe ther or not t he relation (1) can 
be used to derive the ent ropy from the dsuteron or higher compoe i t e 
forma tion, beoeuse this r e lstion i a va l i d only in the low de ns ity 
limit where in-med i um effects on the oluster f ormation are negli ­
gible . We suppoee that cascad e mod el ca l cu lations gjve a re~sonable 
and independent approach to eva l ua te t he entropy. On t he other ha nd , 
the forma tion of compos ites should be performed within a coalescence 
model which t ake s int o account i n-medium corrections. In this way a 
consis tent description of cluster a bunde noes as well ae ent ropy va­
lues may be found. 

1W o of the authore (G.R. and H.S.) are gra t eful to t he nuc lear 
Di vision Group of J INR f or in teresting di scussions and t he kind hos­
pitality extende d to them. 

Appendix A 

Neglecting the col11aion t e rm the Bol tzmann equati on t ake s 
the form 

of(7,p, f. ) -+ P V f (r,p, I:) =0 (A 1) 

'1Jt M 

The initial condition at time t :. 0 i s wr it ten a6 

f(~, p , t=O):: f(e) grpJ 

II 

where r.. 2 
0-

;0 2~Z.f{foJ A e
(2JT L::J.f") ~ 

011(1 - p2 ~ e 2117: A ~ - .f!­raep) = (21rt /' D =T (d 2fotT;. 
4 (2.".117;) 

are the distribu t ion func t i ons for the densit y a ~d mome nt um, 
respective ly. The normalizatlon conditions are 

4rr J.f(r] r'l.dr :: A 

It"f 9(p) P:L(.ltdj? '" I 
2"t ) ~ -p ... ... .E 

Since for t >0 the system expend s as r ~ t;; 1- M t and a t the 
s ame t ime t he momentum diBtri but ion remains unch anged , t he s olution 
of (A1) can be wri t ten in t he f orm 

(A2) :fcr, p, t) := j(r-.p t ) fJ Cf} 

where by the local density. ve locity and tampereture are given by 

r2. 

f{r.i) E!r21£J' ffr.p,l)/ j,rr f ={2w~J{JJJ'/ze24'~("l 
(er'.... / "'1:~(;t,tJ 5 J(i1l~ ~ ffr,p,£) Idrf ::. :A1 7;,/1'(-1:) • (A4) 

T(i-.t): t j:Ji) 1 (P2-;U)"{(r,p,t)/JtIr'l =T,,/pa/ A5 ) 

with }UJ = -I + r., e/f'! 1:12. • Witb the belp of expreae10nB Y:3>­
(A5) the complete solution of the Boltzmann equation (A1) reads 10/ 

J [p-Mik~l:)jl rJ. 

fer.p,ll t: ( pOJ 1~ ( .(.. ) ~ -2M T;, / f{l:) 8 -.2A'j&~A6)
2:JT Ton) 2"LJ IUj) 

So, the time evoJut 1r'lll of tho 110001 ty (\1 otrthut1 on 'fUnction io ob.­
racterized by 0 brolldolllng ur I.he .tteatlvo wil1th Ll J. -+ £l~(J) 
and a lowering of the 11111100101;0(\ tempere1.uro T. ~ 7./pay. 

I:; 



The 	specific entropy at t ""0 is given by 

0: 1 - «.{.,.,jJ > -(0 < ~ {j > ) % 
(A1)

3 
::: 	 ~ - ~ <p;A _ ; ( ~ 2 _() 

Inserting into ( A1) the time-dependent solution (A6), one sees that 

the specj_fic entropy is conserved for any time instant. The quan­

tity ~ ( (..,.2-() ~O.46 appearing in (A1) additionally compared to 

the expression for the antropy given in the text (eq. (1)) is due 

to the fact that in (A3 ) the Gaussien d is tribution fUnction is u s e d. 
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ry,QII~1l K . ~. '1 AP, E2-85-592 
3HTPOI1I1J1 'C;I"~ t O.MIoI , of' p,130aa HHOH II CTonKHOBeHHH TIIlICenlllX HOHOII 

U I...... UIII t<aCKIIAHOM HOAenH HccneAyeTcII 38011lO"HII 3HTponHH CI1CTe_, 

P,UO. .. HHOH npM I;: TOnKHOaeHHI1 TIIlICenOlX HOHoa. HeTO,Q BIII4HCneHI111 3HTponHI1 


0,,'8.JH Hoi c rnallCHllaHl111 $YHK"HI1 pacnpeAeneHHII 8 HHnynbcHoH npOCTpaHCTBe nYTeH 
a.CACHHII nonll TeHnep8TYpW. nOKa3aHO, 4TO pe3ynbTHpy~all 3HTponHII, npHXOAII­
~aAC II HII OAI1H HYKnoH. aeCbHa 4YBCTBHTenbHa K npo"eAype pa36l1eHI111 $a30Boro 
npOCTpaHCTBa Ha 114eHKI1 Ha cTaAHH cB06oAHoro pll3neT8 npOAYKTOB peaK"HH. 
H3 cpaBHeHI111 C nOCneAHI1HH 3KcnepHHeHTanbHIIIHH pe3ynbTaTaHI1 Anll YAenbHOH 
3HTponHH. 113Bne4eHHOH 113 4"-H3MepeHHH BIIIXOAa COCTaBHWX 4aCTI1", HaHAeHO. 
4TO KaCKaAHllle BIII4HcneHHII He n03Bonll~T OTAaTb npeAn04TeHHe KaKOHY-TO O,QHOMY 
MeTOAY HOAenbHOH O"eHKI1 3HTponHH H npeACKa3111Ba~T 3Ha4eHHII 3HTponHH HeHbwe 
Tex, KOTopwe cneAY~T H3 paCCMOTpeHHR Ha OCHoae paBHOBeCHOH CTaTHCTHKH. 

Pa60Ta BlllnonHeHa 8 fla60paTOPl1H TeopeTH4eCKOH $H3HKH OH~H. 

ijpenpHHT O&.~HeBHoro HHCTHTyTa IIAepHWX HccneAOB8HHA. 47G•• 1985 

Gudima K.K. et al. E2-85-592 
Entropy of the System Formed in Heavy Ion Collision 

The entropy evolution in heavy ion collisions i s inv es ti qa ted by means 
of a cascade model study. The method f o r cal culating t he entropy is based 
on a smoothing of the d istri bution function ove r th~ momen tum space by in­
troducing a loca l tempe rature fi e ld. It i s shown t h~ t lh~ rQ~u ' llng specific 
ent ropy i !o rather sensi ti ve Lo the proper c.hoice of I h,' ph.J1,'! '>P,H;.C !oubdivi­
sian .t the disaul'I11bly r.taqe of t h~ co l lisIon. C"mp,'rt'd to recen t r esul ts 
f"r ~prc.tric f;'ntropy v,llues. In t t"rll:d frQrn th.· Cf.)fnpo'Sl l t: J'llIrllc l l" Yi t: l d of 
'" fII t!'.HUr("It·lIl~, 1\ I,. f(jund t h"" tho cIH.":l1de c.llcu l ,H ;oni dlJ not l .Jvour 

ot illn lI1<ldel tre"t m"11111 toul "' I' 11~II'f WI! obt ;,hl , n"1 11 "!r ",H I'OI"Y v3 1ue s than 
followlllQ "QUI Lrmvrnll onlll Cilia "11., ,'111 "~IU. wll II III I'll" III br I lim H.J t 1s t i cs. 

The rnV'~~H 'gill' 0(1 h bee" 1I111 ' f'-'lnl'J ii l\l: Iii.· [',tJlJ r .llory 01 Thl"O retical 
Phys i cs, J'HR . 
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