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I. INTRODUCTION\~ , 
'I 

Formulation of gauge theories on the space-time lattice 
~ ~proyides a possipility of going beyond the perturbation theory 

and to study such non~perturbative effects as confinement,phase 
transitions and others. 

In spite of the fact that for the investigation oi lattice 
theories we are forced to use lattices of comparatively &mall 
size, ~he numerical ~esults allow us to get information on the 
properties of physical systems in the physical (continuous) 
space-t~me. In this connection it is of a particular interest 
to study the phase structure of lattice theories. Indeed, ac
cording to the concepts exi~ting at the present time 111 we 
may exp~ct a continuum limit at a criticai point, ~.e., at 
a point of second-order phase transition. The Jaxtice gction 
does not, as a rule, depend on the lattice step explicttly, 
but via the "bare ti coupl ings (go (a), "'o (a) , ••• ') and"bare" masses 

. :" (mo(a)). In most of the cases these f unc t ons are unknown , .At í 

. the same t i me-, general considerations show that the co r r e Lat.ion 
'Lerig t h in the lattice sys t em and the lattice s t ep- f. are r e l a-: 

t.
 t ed in a simple way/ll a~l/f.(go,Ào ,mo ..... )•. At a criticai point
 
of the studied lattice system the dimensionless correlation 
length approaches infinity, and correspondingly, the/lattice 
step tends to zero. More precisely, a continuum.limit for 

,r' (gauge~invariant) vacuum averages exises if the criticai be
haviour is defined by a fixed point of a renormalization group. 

',,\ At this point t'he Lat t.i ce (statistical) system can be compared 
with a cert~in field theory with infinite cutoff which is the 

'continuum limit of the lattice theory. 
The exístence of several or even_i~finlte number of fixed 

points of the lattice system is allowed, which in fact may 
imply the existence of several theories in the continuum. Thus 
the investigation of the phase structure (phase diagrams) of 
lattlce theories and the search for criticai points will be '1/ 

an important condition for studying the continuum limit of 
lattice theories. 

The phase diagrams in the Higgs-gauge models have been much 
studied in recent .years / 2- 5/• In most of the papers a very sim
pl i I y 

i 

i ng assumption \'las 'used ~ i. e., the radial mode of the 
Híggs field was thought to be f rozen I <!li I = const • Thus assump
tion was based on the considerations following from the renor

'~l malization group approach / l l and reading thatthe continuum 
l~ li~it may exist in the vt~~nity ?f /the, crf~ll point ( more 

~ ~<, :;',J~~UfiflAI"" 
"\1 , r, ~ '. 11 fi.t~ /' I .' ~.1f. • ~ 
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'I!!
e:xactly, at a fixed point of a renormalization group/with and the gauge f i e Ld Uij ~ t1L is defined on the 1 ink L == (i. j) II 

an infinite càrrelation length). ,Therefore, from the point of outgoing from th~ s~te i an~ ending on the si~e j. Ue is the 
; I 

view of the continuum limit, the actual size of the scalar element of t he' group U(I), i. e,' , 
field 1s not essential in the regularized lattice action and 

:taL 
the fixation.of the radial mode is not a very restrictive con .UL = e • 0:s u L <-217. (2.3) I

I
~it~on~ However, this treatment has a chance to be corre~t nnr
 
ly when the theory has a single fixed point. rf in the theory
 The summation Ín the first term in (2.1) {s performed ov~r alI ji 
there are several.fixed points, which seems more realistic, plaquetts. / ,I
·the fixation of the radial mode (corresponding to a def.ini'te f';Eu the second sum (2.1) in (2.1) sunnnation is over alI links l'choice of the bare ac~ion on the canonical surf.aee) may lead L and the quantity SL has the form
tis to a fixed point we do not need. '\' 

Therefore, it is impo~tant to take into aceount the fluctua , 'R 
, I , 1 J I!tions of I the radial mode of the Hí.ggs field. I SL = cI>t <I> i ,- 2 [ cf>t Ui. i + 1L <1> i +"I! + h.c. 1; V,( <1> i ) ,. (2.4 ) 

i'As far as we know, for the first time thie h8B been Jone ! 
in/ 3/ for the 2. 2 -symrnetric modelo Var í ab Le radinl mode has where
been' used also in/ 3 - 5 / for the models with grcups of s ymme t> I 
ries ZN' U(1), SU(2), SU(3): 

~ 
The present paper is devoted to the investinntion of the 'V,(4\)= ~ [ ~2 <1> i cf> i +i\(cf>i<I>i )2,), (2.5) 

D(I) gauge-Higgs model phase structure. The radial mode of the , f," 
\Higgs field is considered to b~ a~tive. Tha depandonce of i~e '1 and <1>( is the Higgs field in the lattíce side i. transforrning

phase s truc ture on the sealar sel f-interne t Lon cone tant i s Ítn-' according to the fundamental representatiqn D(I).
vestigated by the Monte-Carlo method as well as by npprox,ima .' I The radial mode of the Higgs fjel~ is active, i.e~, Ri"'l ~ 

te' é aLcuLa t i.ons using an effective po cent í.e l of the CoLeman-: 
= J <1> ,i <1> i "const anti <I> i = Ri ch i , chi: "" elfJi ç. U('l}. Everywrére in

Weínberg-type. A speciql attention haB been pnid to the ~n~ what follows we assume m2 < O. I 

points of phase diagrams and the behaviour af tho model in the ''Á 
The naive continuum limit of actÍon (2.1)-(2.5) can easily

vicini ty of s uch points. I' be obtained ~y substítuting
The paper is organized as follows: The socond aeetion is í ag A, (x) 

2 2 2 -+p 1Ldevoted to the formulation of the model; in t:ha t:hird sect í.on <I>i ---. a<1>(x) . m ---. a m • Ui, i+1! 
~he efJective potential of. the Colemlln-Weinbar~-type ls const

ructe~ and used to analyse the type Df phoso tranaitions ~y
 where a is the lattice step. Then, in the límit a -~ O. g , À '- m2 

one of the order parameters and the depenclenco af the pqints of fixed' we get for the action S: 
~:lphase transitions on the parameters of the action; the tQurth 

section is devoted to some details of the Honte-Carlo calcula 14 2 i 4 .' 2f 

S == '4 (d x (fl.LtJ (x) + '2 (d x f (alL - 19 Aj.t (x» <1> ( x ) t +tions, and the fifth section is a summary of our numarical re
sults. 

\ 
2 2

( d4
X [ m <1> * <I> f- À (<I> * <1> ) ] • 

2
'2. THE MODEL 

Now we use the Hi~gs polar variables (R .• ~.) to determine the ~ 
We chbose the action for a gauge field interacting with .,. pa r t i t i on f unc t i on ,Z==rndlL(Ri)dchi nd~ eipl-Sl.where d,,(R i)==Higgs field in the fundament·al representation af the p,roup U(I) == Ri dRi is the radial meas ure of t he Higgs field,' ando dch. ::::: dOi /217

in the form is tne Haar measure on group D(I). The order pararneters1used in 
our papei are deter~ined as follows: 

\ I.S = {3 I 'S o + L SL (2. I) 
o L 

<.R2 > == z-l r n dlL (Ri) d</>. n dUL<I>.* <1>. P-8 •
 
where
 i 1 L . 1 1 

1, -I . -8< 1 - o> == Z (fi dfl-( R. ) dei>. n dUL , 1 - Re U ) p ,So= l-ReUijUj kU kCUCi • (2.2) o~t.l i 1 1 L 
"l~ I

2 
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/, 

<Recb*ui>==Z-l rTIdlL(R.)deb. TIdULRe(eb.*U.. 'I. eb. )e-s . (2.6)
i 1 1 L .. 1 1,1+,.., 1+/1 

If m2 --> ec ar À --> eo • then, obvious1y, <R2 > --> O and we are 1eft 
with apure D(I) gauge D(I) theory depending on one parameter $ ; 
and having a second-order phase transition in the order para

,	 161 ' 
met e r	 <1lo o > à,t /3 "" 1 (r e f. ) . 

3. THE	 EFFECTIVE POTENTIAL HETHOD 

One approach to investigating possib1e phase transit~ons 

í s to study the behaviour of the order parameter <R> by means 
of an effective potentia1 of' the Co1eman-Weinberg-type / 7 t' . Let's 
use the representation 

Z"; rI:ldlL(Ri)Z.IRil.	 (3'. I ) 
1 

whe r e -SIR.I da. -sURil,lail.luêlJ 
~ 1	 1 

Z I R , I == e = rII dUo II-- P	 (3,.2) 
I'	 e .ls i 27T 

and the action 8 i~ defined by (2. I). The "radial free ener
gy" S	 can be expanded 'in, powers of //3 : 

~ ~ ~ 2~ 

8 [ I ~i I. e ] = 80 + f3 8 1 + 13 32 + .•• •	 .(3.3) 

where	 the expansion coefficients 80_ , Sl S2 , ... are related' 
íto the	 "radial pa r t i t on function Z by 

-	 ~ - ~-1 d - - 1'" 2 --1 de .... 
80 = -In Z I • 8 1 =-:- Z - Z I 82 "" - (S 1- Z -- Z) I (3 .4 )
 

/3=0 ,d{3 /3=0 2 d/32 f3 =0.
 

One can easily éalculate the first several terms in (3.3): 

- f' ' I m2 2 À 4 ' 1 2 ) 80 RI'	 = I I [ ( 1 + -) R. + - R . - In lo ( R . R i + ) - - In R 1 • 
i Jl 8 1 4 1 1 /1. 8 

- ~' 11 ( R i R i + lL ).
81 R,l = N - ~ II --'~---- p. == (i ./1.) • 

1 o	 • o eÇ;o	 I (R.R. )o 1'1 +/1 

", I ) I )
1 2(R.R.	 2(RiR tS2t'R.I=-..!...N --I II 1 1+1l -5 I [1+----~]· 

1 4 o 4 o eÇ;o I (R R. ) 0,0' I (R R ) (3.5)o i	 l+lL o()o'=L o 1 l+lL 

11 (R .í R j + JL) I fi I t( Ri R t + V. ), n _~.l~~J.~ll..l!.~.II -----------.- + 
eÇ;OuO'/L Io(R.R,+) D\5 efo Io(R.R. )fGo' Io(R.R, )

1.. 1 +Il .I .1+/1.I .1 JL 000 r as
 
where In is the modified Bessel function.
 

'4. 

'~ 

t' J
, 

1 f'~ 
'I, 

1i'i~ 
11 ~. 

.!~ 

«~ Now,. let us' considero S, as a'l'new action depend í.ng only on 
.:~ the -rad'i a L variables IR LI whí ch can be .ob t a i ned in the s.t anda rd

11 ~;r" 
WjlY as an effective'potential of the Coleman,WeinHerg-type. For 

;r;~.;(	 ~úr purpose it is sufficient to use on1y the lowest order ap
proxirnation for the effective po t en.t i a I Veff (R). Lt 1S deter

~ rnined 'as 
'&' 

- 1- ! /3k (k) (R) == - S {Rill _	 (3-.6)Veff	 \t?:0 Ve~f (R). . . Ri = RNL.' 
\	 . 

where 
\. 

V(O} (R) = (1 +..!!C.-)"R2 +~"R4 -In I (R 2)_lIn R,2- ~	 (3.1a\ 
1&"\ eff 8 4 i O . . 8 

:1	 I 

_ I (R2} 
I V(l)(R)=-ª-t1-[ 1 ]4} (3'.1b)~" 'l' j eff 2 I ( R2 ) • 
( o
iI~' -2 -2 -2 ....2','", (2) -, 3 i , 12( R ) 4 I 1( R ) 6 12( R ) 21 8~ I 1(R)I·'ij..~ (R)=-- t-(l+( ) 1-5( ) [1+ ] +-[ ] 'I 
t.:. 

Ve ff
 
I!" 2 4 II (R:2) I (R2 ) Idi2') 2 I (R2 )
I	 ' 

, O· o O O
~l\,~, 

(3.7c,)ànd so qn*. 
fi, :' In· what fo 1Lows we shall 'use on l y t;h~ f i r s t t hree 'terms ínJJé 
I~; .1 the'expansion (3.6) written explicitly in (3.7).

,," 

As we s6all see the effecti~e potential (3.6)-(1.7) turns
Lj~\ .~ out, to be a highly useful tooI l~or s~udying th~ nature of phase
I

a' t rans i tí.ons in the arder pana!J1ete~ <R 2>ar <R>. At /3 = O t hi s 
'~;h' expression for the effective potential has been ~sed by us 
'lt"l i,n.' 4,Q/ f.or de's c r i.b i ng phase trans í t í oris in ,the Higgs-gauge
",1 

I 

f,	 models with s ymme t-r y groups ZN and SD(2) and it led t9 a goo d , 
a.g'recmen t with the resul ts of the Monte-Carlo ca l cul at í on s . 

'J Note, that V \ }) and V~Fi vanish for R... <>C/.i.e., i t may be exetI, 
~cted that the phase with ~argé values of the radial mode pf

~, 
'thê Higgs field can be well d~s.c,ribed_ by tlie f i r s t term of the 

/11"/ expansion (3.6). At smal I values o f R the r,atio V (,2) /V(l) i s
 
'.-:I.~ ..
 approximately J/4~ which meaQs that the natura~ region of ap
(~' .pl c a t on o f (3.6)-(3.1) i-s ! /3l:: 1 • A comparison of the r esirl t sí í 

obtained from (3.6)-(3.7) with the Monte-Carlo calculaiions
 
1 "shows'th?t this estimat~ is re~sonable. ~
 

The shape of the effective potential for different vatues 
of Jm2 ! , /3 and' À helps us to understand t he nature of t hé phase 
transitions with the change of these parameters. Figure I s~ows 

" 

,I 
" I , * Really the effeccive' pot.ential must ~e qp'pare'ntly a convex, 
Ir one (see,' for. instance /81 ). 'Bu1:' the def i n i tion of weVe ff 
~ have used 171 is ab sol u t e l y rroncon t r ad i c t ory for 't.he lowest ap

prbximatíon and is rnóre ~onvenient for calculqtio~s.1	
5
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a I b c d e - 1\ • -.5 G 
,~I~ <c ~2 2 cFig.l. Behaviour of the effective potential a~ a func

Fig.2. The'point o/ 
I 

phase tran Fig.3'. Lines of the fir'stt-ion of li at: fixed ~ and ,{3 around t.he point of the 
.sition m~ .aé a fu.nction of B order phaee transi tion forfirst-order phase transition. Curves a-e co~respond 
ai: À z: O" 1. The curve is various values of A( X = to growing values of rn2 

• 'I 1 
found by foY'mu la (3 .~? ) . 0.02; Q25; 0.30; 0.50; 

calculated by formulathe typical behaviour of the effective potential for different 
2 ~values of m and fixed /3 and À. For small values -of Im2 \ the 

I~teffective p~t~ntiai has only one minimum at comparatively small 10::,~ 
'--"val ue s of R -Csee figo la ) .W~·th Lnc reas í.ng I m2 

1 '(m2 <O),Veffacqui '\lf -res a sécond m~nimum(see fig~lb) lying above the first,and with ~ -
,'"~ ~ 
~'j,increasing \ m2 

1 t he val ue s of Veff ín bo t h minima become equal
 
(fig. Ic).With further increasing Im21 the value of the effectnve
 t. 
porential in the-.right' minitnum becomes less than in the le'ft
 
(ld),andleventually the Le f tfní'rrimum vanishes at a l,'l, (fig'.le).It
 'r ti Ir~~ \11 I

1,1 1 1 1 2. ' "L"l"l",\vis obví.ous t ha t t.he left minimum' of Verf in f i g , 1b cor r e spond s I . 
a Ito à s t ab Le phas e whereas the right-to a metastable one and I :I,. b C d e

~:llt he vsi t uat i.on is reversed in f i g l d , At m2 = m~ ,where the mii 

~~ 

'),1 
fig.4. Depende~ce of t~e effective potential on R atnima b ecome- equal (f i g . l c ) , ::.here occurs a phase transition of ,. different val.uee 'of m2 and fixed À anil /3 ='/3c' Circle$the -fír's t order. With the help o f Veff one can recover the /3
 I 

'tepreeent: the m'inimwn and point. of infl~xion of Veff
I ~ \'~dependence of m; fo r not very' large values of /3. A t yp i.caL 
f;t1' 

Iform of 'this dependence is shown on fig.2. The falling tails 
/' 

at the ends are due to inapplicability of our simple approxi \l~\ 

ihcreasing Im2 
1 the minimum and the inflection p~int approach:~I ma t í.on- in "this region, where evidently, the higher-order expan 'J,:.. each other, (fig.4b) and at some vaLue of m2 = m~ "coincide"sion terms Véff in {3 become mpor t ant . Figure 3 demon s t r'a t esí 1<1" 

(fig.4c). With further increa~ing 1m2 \, the inflection pointthe dependenc e 'o f" m~ on ,{3 at different values of À. 1he so lí.d 
.~, shi fts to t he 1eft of the mí.n írnum. '(figo 4d) and 'wi th furtherlides are obtained by means of formulae (3.6)-(3.7), 
~' increasing lin21 the mi n imüm sh i f t a t-o the r í.gh t (fig.4.e).We ~an see thae bur effective potential predicts a shift 

,~'x ' ís ohv i.ous that atm2 
= m~ th'e d_erivative ,(d/dm2 ) R ( m2 )wi}.h í.nc r e asíng À' of Lí.ne s of phase transitions to t'he r í gh t 

has a s i nguLa r i t y , Indeed, le't Rc b'e'the solution of the equa- )and upward , 'I'he: c i r c Le s i nd'i c atc t ha t the lines o f the f rs tí tion ' 
order phase transítions have end po{nts (at least for not ~ery
 
small À ). Near the end po i'n t (m 2 ( À) ; /3 (Á')) the mí.ni.ma of t he
 , 

, c c ' 
,~- d ( -: 2)e-f fe c t í.ve po't cn t i.a I move' nearer to each 'other and .the local ma.., 

~'1' 
Veff =----::-Veff Rc,m ,=0,

ximum q,etween them disappears. Figure 4 exemplifies' the be
 h~ dR 
]

havious of the e f fec t í.ve po t ent i al near an end point ({3 = Bc ) 
~ ~ i. e., Rc ~ is the vaLue.io E 'the order parameter < R> at; afor d Lf f e r en t values o f m2 ~ m,2. At some val ue s of Í11 2 < I in2 

II 1 " 2c c value of m· ..• By di:fferentiáting eq.,(J.8) with respect tonear the en'd point the effective pofential has, in aâditio'n I,
~~,~ 

o, we find 
to the mí.ni mum at some r e l.ac i.veLy small val ue o f R, a l so an 't 
inflection poi.n t to -the rí ght of the minirriutn (s ee fid.4a) .\~ith II 

" 6 oI' 

, -0.30 
uzs 

002 

B 

o.?O)~ 
\~, ...,(3.?). 

RI 

o 

,} 

It 

. \ 

(3.8) 

given 
m2 . , 
' 
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li 

d , ,/[- ( 2),2] a , [- (	 d -.O=~-2 Veff a, m ,m =-'2- Vef f Rc m 2] + V:ir dm2 :Rcdm' ~ . am· 
." 

and hence, using the relation (3.7) we get 

2
d -' R (m ) 
_~ a, (m2 ) '= c _ (3.9) Jl 

2
dm	 , 4 V'·" [R (m2 ) m2 ]

.eff c ' 

~. 
2	 ,Since V~ff ~ O. when m ~ m~,it fo l l ows that (d/dm2 )R (m2 ) .... eo (seec
 

f i.g iS}, '
 
Tne singular~ty of the' derivative of the order parameter 

2<R> = li with respect tê m at the end point allows tis to as ..,
sert that it is a poiüt of second order phase transition. To 
the Le f t of t h i s point (i.e.~, at 13 < 13 ) the derivative of thec 
order parameter <k> is regular and we observe á change of re
gime (crossover), represented by. t~e dashed line on fi~.5. 

',/ _
Ili" ~r . '" la: 

I. 
~ 

! I	 _...J..!....-__ 

.1. .2 O. 2 .4 0 
Fig. 5., Behaviour of R 
at: {3:=: {3c ( eo l.i.d curue ) and Fig.e. Lines of the level 
at ''13 < f3 ( dot ted l ine ) , of function li (f] ; m2 ) • c 

Figure 6 shows t he- lines of l eve I o f order parameter < R> in 
the plane ({3,m 2) at À = 0.5. In the place of confluence of two 
}tevel lines thet'e occurs à jump, the first-order pha~e .transi
fiou. At the end po i.n t (Bc " m~) the level· Li.ne s get separated . 
(in t.he figure these are the lines with order parame t e r 0.-8 and 
i.2) though being qui~e close to each other. This proximity of 
two d1fferent ~evel lines testify to a sharp change of thé re lJgime .', It may be sa i.d that the crossove,r is a trail o f the crA
tical point. Analogous situqtion may probaply occ~r in the phase 
plane ({3,{3A.) ih the pure gau~e SU(2)-symrletric theory with 
a mixed"actlon / 9 f • \ ,. 

, ! 

4. DESCRIPTION OF THE HON:L'E-CARLO PROCEPURE 

The mode L (2.1)-(2.5) ha s, b een nume r í.c a l Ly inveêtigáted by 
the Monte-Carlo met.hod, lve have used the Het,ropolis ,algorithri/l01 
which is more convenient in the case of noncompact manifold of 
'fields.	 \ 

When impl~enting the Metropolis algórithm the num~er' of 
updates	 of the field var:~ables irt each site and on each link 
of the 'lattice has, -been optimized, as was the maximal d ev i a t i.on 
of, the new value. of the field variable from tQe old one, in br
der tu' abtain an acceptance rate within 50~70%. Us~al~y thi~ 
required four-five attempts for each de gree of f r eedom , One 
Monte-Carlo .i t e r a t i o n means a systematic upgr ad i ng of all ..links 
and sites of the La t ti ce-, We -have emp l.oyed . t he Hqnte-Carlo 
method to calculate the fo l l.owi ng o r der par ãme t e r s t < 1- D'>, 
<R2> and <ReeP*UcP>.The behaviour of the order parame t e r s near 

. a phasetransition_ point was s t udi ed by t.wo d i f f e r ent methods: 

1. Thermal cycles· 

One of t he parameters (13 or m2 ) was be i ng' s l owl y ohanged
 
in a given interval, fir~t,in one direction and then back. On
 
the ayerage, 8-12 iterations were made at each s t ep ; and t he:
 
order parameter wa.s aver aged over the last .t~~? iterati"ons. The
 
t yp i c a l, step in {:3 was equal to 0.05; anel in m2 , to 0.1. In the
 
thermal cy-cles the final configuration at the previous, value of
 
{:3 ('m2-) was u's'ed as, .an ini t i a Lvconf i gura t í.on at 'the curren.t va

lue of {3 (m 2 ) . At the beginning of the 'ther:mal cycle 100-200
 
iterations were made to equilibrate the system. rhe appearance
 
of a hysteresis Loo p (see, for ns t ance , f í g v Z), may í nd í cn t e
í 

a possible phase tr~nsition. 

ii. Different starts 

At a point of first order phase transition tbe valué of the 
order parameter: detertnined by the f.1onte-Carlo m.ethod can de-. 
pend on	 the choice of the initíal configuI:atrion (&tarb)~aainly, 
we used two types o f s t ar t s : "hot", when a l I the va l.ue s of 
field variables a r e chosen at r andorn ,' and "co Ld '", when all the 
gauge d~gr:ees of freedom are tixed by the condition lJ= 1 and,' 
the initial "va l ue s .o f the Higgs fields are set equaI to R i :=: 0,1, 
cP i = 1 . 

The existence of two phases éan reveal itself in tne hisro
gram (')'f	 R~ after a large number qf t.e r a t'í.ons . In terms ofí 

the effectlve potentia~, a peak in such a histogram i~dicates 
a minimum of the po t'en't i a L, When t he peaks corresponding to 
different initial confLgurations do not coincide, this points 

I	 to a two-minimum s t ruc ture of the e f f e'c t í.ve po t ent i a L, i.e., 
the two-phase picture. 

~'::"~ 
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As an approximation o-f the group U(U, i ts -discrete sub

group Z300 ,was- -used , AlI the c a Lcul.a t i ons were ,made on lattices

4

4 ~nd 6 4 with periodic bouhdary conditions. The results of the 
calcu~ations on these two lattices practically coincide. 

5. -RESULTS DF TRE MONTE-CARLO CALCULAT~ONS 
", 

I 

As it ha~ been poiqted out, we calGulate three order para-
met e r s <R2 

)', <1- O) and <ReeíJ *U cfr>,.When performing thermal 
·	 cycles in m2 at fixed {3 and i\. ~ the phase transi1::ionpoints were
 

determined from the ~ehaviour of the three arder parameters.
 
Tqe results of calculations show that, for comparatively small
 
A. there exists a first order pbase tr~nsition with chfnging

2.Figurem 7 de~onstrates a typical hysteresis loop at À = 0.3 
and f3í;=' 0.6. An increase of the number of i terations 'per point 
dges not change noticeàb1y the form of the nysteresis 10Dp,which" 
testifies t o- a first order phase t rans ítion , This conclusion 
is cDnfirmed by the dépendence of the order parameter <R 2 ) on 
the number of~ iterations for two different starts. ' 

Figure 8 shçws the dependence of -the current value ot' the
 
average <R 2 ) as a ftinction of the numb é r o f t e ra t í.ona for
í 

~2 = -3.1; -2.9 ahd -2~5 at B = 0.6~ i\. = 0~3. Th~ dot$ in
 
fig.8 correspond to t he "ordered" start, whereas t he . crosses
 

. co r r e spond tb the "random" o~e. re s obví.ous, that 'wít.h chang
í 

.í.ng m2 Er om m2 = -3. I to m2 = -2.5, the order paramet.er \ <R2 > 
changes sharply. In Fi~ure 9 we compare 0vr }funte-Car,lo results 
(deno t ed by x ) with calculations by f'o rrnu l'a (3.7). at À = 0.3 
and fJ = 0.6 The upper so I í d line corresponds to the po s i t í.on 
of the ,right minimum of • whereas t he lower curve to theVe ff 
left minimum. The vertical line corresponds to the point of 
phase t r ansí r í.on defined by formula (3.7). At m2 = -2.5 the 
statecorresponding to the "orde r ed" start is stable while at 
m 2 = -3. I stable iS'1 t he s t a t e corresponding to the "disorde
red~' s t ar t , -At; m2 = -2.9 -we observe 't.wo "Long-r l i.vi.ng'{vs t ate s , 
one be í ng stable and t he o t her metas t ab Le , The existence of 
two "Long-r l i.v i.ng " states (stable and met as.t ab Le ) c an be illu
strated by the\H~stogram of distribution of Rf at the latti~e 
nodes. At m2

= -2.9 t he histograms have p i rrnac l.ed form (see 
fi 7· 1·0), the posi tion of peaks being different .fo r two var í.ous 
starts: 

Considering an analytic continu~tion in B to the region of 
negat~ve values at fixed (not very small) value of i\..w~ no
tice that the hysteresis loop begins to shriqk and finally dis
appears..completely. [Th i s I s' Ll.Lus t r ated ví.n f g ...l l . We see thatí 

at ,i\. = 0.25 the lin~ of first o~der phase transitions ha~ an 
end-point at'{3c",,-0.75 (fig~lla). At this point the behavic;mr 
of 'the order parameter sh~ws a sharp chang!= of regimé. At f3 < Bc 
the order, parameter <R2> ctlanges more smoothly (~ig. Ilb). 

'10 

I' 

Fig. 7. Therma L c?.Jc Le in parame
~ ter m2 at À i: 0.:3 and f3 = O. 6. ' V 
5 ....
4, 

~: l	 b.,,~ ..0." 3 o· Fig.8. Depende~ce of the or~er./
•• parqmebexi <RfZ> on tihe number 

.1 
2 ....o~	 

o j" iterations for vax-ioue 
I r	 : e tairte . Crosses .repireeent: the 

I··
o·

o disordered start~ wh~reas dots ..._'•......-':' 
J the ordered one. 
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Our analysis of t he e.f fec t ve poten{ial ~hows t ha't a secondí 

o rde r phase transi tion is what happens: at the end-rpo i.n t . Hi th 
changing f3 t owa rd s La r ge po sí.t í.ve val ue s , we .f í.nd -t ha t t he hys
teresis làop' al-yo .becomes narro~er at. suffic.i~ntly large f3" 

·At f3 =,"'" ther~ is no hy'ster~sis (see figo 12), however, the tYP'e 
of a p~ase transi~~on,if it exists at áll, is yet an open'ques
tio~. • 
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Fig.? Parametier 'R 2 ai: mt.rruna. Fig.l0. Distribution Rf after 
of Vere' fop À z: 0.3 and f3:= 200 i t.erat-ione for À z: 0.3-, 
=0.6. Crosses are some Monte m2 

z: - 2. 9 and 13 z: O. 6. The 
CarZo points of the thePrnal left peak 'correeponde to the 
cycZe given in Fig.6. ordered et.art: -' and the right . 

one' to the dis6rdered start~ 
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Fig.l1,. Behairiour of' the arder parame t er <Rg> (.m2 ) / 
at À z: 0.2'5; f3 z: -0.75 (a) .and f3 z: -0.80 (b ) , 

Tl1'us, at fi'xed À we observe a "horizontal" line of first 
.order phase trans i t i ons in 'the phas e plane ('f3; m~) hav i ng an 
end po í.n t at whích t he phase t r ans'i.t i.on is o f the second order. 
Is there any 'phase' t r ans í t í.on at {j =.,.; and what is the order 
of ít, we canno.t, de t e rmíne at pre s ent , 

Fig.12. 
for À z: 

Dependence of <R2> 
0.1 and f3 = eo • 

on m2 

, , 
~ 

'1' 

I" 

«, 

/\ a)CJ
 
I
 

v 
91. ' •:, ......::..:+~ e..... 

~ ...7 
~ .
. 

51 +\. 

·1 À: O.7 :'~'"'' I." 
3	 , , " "~ 

3 6 ·9 12 - m2 

" 
f 

~ 

'Fig.l~. I'heimal. cijol.ee in,.m2 at 
f3 =0.3 and various À. 

/\
O 

I 

\7 
.9 

.7 

.5 

.3 

/\ 
Çl 

I 

v' 
9 L 

7 

.5 

.3 

~ 
T

" 

8 
. 

6 À = O. 1 

4 0=00 

2f :' 
.. 

3 5 _rTl 2 

bJ 

.:++,,~.......: ••••
 
+.. e. 

+ .~ I'.~. 
lo.... 

o~ 

À = 0.8 '. .~. 
+~~• 

+..... 

2
3 5 9 12' -m

c) 

~ .,•••"'\t ••••••
·t~ ...• +•• .
..
 

++... 

+\ 
"'0À= 0.9 00. 

.+... 

3.. '6 ;9' 12.. m\' 2 
. 

fá 12 



i', 
1. 

'" 
-:1 

With increasing À this line shifts in the phase plane to /
A 

th~ right and upwards, as it was predicted hy Dur calculationsO ' a) 
iri the framework of the effective ~otentia~ (see Sec.3). The

6~ ; dependence of the h~lsteresis loops for the order patameter 
<l-p> a t l3= 0.3 on m2 is shown in fig~,13.It is seen that withl'r
~hanging À from À = 0.7 to À = 0.9 the hysteresis loops become

I • N 

À ='0.125 E:: narrower and then vanish completely. It is oot yet clear QOw 

m=-B 7' far would the left end-point be s h i f t ed .with increasing À. 

I \fuen performing thermal cyc l e s in (3 at fixed m2 , we observe7:t~:. . 
a) 

'hys t er e s í s loops -onl y wí.th respect to the order parameters.. 
. À

o 

0125 <1-0> and <R'ec/:>*Uc/:».As it has been pointed out, in t he limit 
25 -.

.'.. -1!~ 
m2 

400 we are leq. to a pure l y gauge theory wi th U(I) -synunetry.. \ ..·.......,... ,In th~s model a second order phase trans~t~Qn was observed at 
{j :::< 1/ 6/ • In the case of our Higgs-gauge model we also observe,-----'.:····(" ..·2· B 
t hé hysteresis loops with respect to t.he order parameters <1- o>-1 O j 

and < Rec/:>*U c/:> > at {j:::<1 and {j",,-I.In t h i.s case,at suf f i.c í en t Ly~r~1f~-~- small À, at which t he left end point discussed above is to the I 
I I left of 8 = -I, the,hysteresis loops óccur only for values 
• I.!.' 
I I 

of ,m2 which are below the "ho r í.zon t al " line of the first order 
O b) 
, 

~I /
 

2 ~
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 .,...
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Fig.14. Thermal. cuclee in f3 ....
 
a) À = Ô.12S., m2 = -8 and
 
b) À = O. S; m2 

z: -10.
 

,. 

. ) 

-2F1Jg.IS. Phase di.aqrame for ~ 
different ual.uee of À. 
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I p~asetransitions. ·With increasing À the end point shifts to
""E 

b) wards 8:> -1, the hys terasis Locps occur at even "Large r values 
of m2 • This si tuation is represented in figo 14. At -B "" 1 for not 

7 very large À we 6bserve hyst~resia loops orily for thos~ values 
ot" m2 which are below the "ho r í zo n t a I'" line o f the first order •" ~ 0.25 ,ri. 

~,phase tr~nsitions. We cah sum up our results in-the ~ollowing"{
I• 

6

.. 
. series of phase diagrams (see fig.IS).
 

3
 

2
 
6. CONCLUSION

1 

Thus, we have analysed the phase struc~ure of the U(I)-sym
2 0 met r i,c lattice gauge-Higgs theory with de f r os t . radial mode, 

Phase diagrams were constructed by the numerical ~funté-Carlo 

method with the use of an effective potential of the Coleman
Weinberg ~ype. \Je have shown that for a fixed value of the con
$tant o~ scalar self~interactlon À i~ phase plane (8,m2 ) there °Ic) 

C'O~ ;'Iex~sts an end point which is a' c r i t í.c a l. point like in the phase 
diagram of the type "gas-liquid-ice". The "trail" of this end7 
point on the phase diagram is the line of crossovers. As fol
10\.1s f rom our resul ts, at not very small values of À, the 
'''Higgs'' phase and the "conf í.nement;" phase are not separated by~ \ \:05 

I 
a continuops line of phase transitions, rather thére e~ists 

~ region of analyticity in the phase plane which permits a con
2 \--- __ tinuous transition from one phase to another without jump of 

, the order pararneter or í t s ,derivative. This is an argunent in 
favour of the so-called' compl emen t ary pr i.nc í.pl,e /11/. However,1 ..L...- ._---------- ---2 ---p at present we cannot-make'an unambiguous conclusion on the na
ture of phase transition when 8 == (if it exists a t- al L) •00 

\, 
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!ep~T B.IT., Hnqea A.C., MHTPWWKHH B.K . E2-85-59 
U (I )-xHrrc-·Ka.rm6poaoqHan TeopHH Ha pemeTKe 

B pa6oTe MeTop;oM MoHTe-Kapno, a TaK~e c noMo~hffi npH6nH
~eHHoro BbiqHcneHHH s¢qleKTHBHoro 'noTeHu;Hana Hccnep;yeTCH ci>a-
30Ban CTpyKTypa U(I)-CHMMeTpHqHOH XHrrc-KanH6poaoqHOH TeopHH. 
XHrrcoBCKHe nann paccMaTpHBaffiTCH B ¢YHAaMeHTanhHOM npep;cTaa
neHHH, H PaAHa.TibHaH MOAa XHrrCOBCKHX noneH pa3MOpO~eHa . ITo
CTpoeHbl ¢a30Bbie p;HarpaMMbl TeopHH ATIH pa3TIHqHbJX 3HaqeHHH KOH
CTaHTbl CKaTIHpHOrO CaMop;eHCTBHH. fioKa3aHO, qTo TIHHHH cl>a30Bb!X 
nepexop;OB 1-ro pop;a HMeffiT KOHIJ;eBbie TOqKH, KOTOpb!e HBTIHffiTCH 
KpHTHqecKHMH TQqKaMH, aHanOrHqHQ TOMY, KaK 3TO HMeeT MeCTO Ha 
cl>a30BbiX .L',HarpaMMax THna "ras-~p;KOCTb-nep;". 

Pa6oTa BbmonHeHa B ITa6opaTopHH TeopeTHqecKoH cl>H3HKH OlliU:! 

TipenpHHT 06'be,!UfHeHHOro HHCTHTYTa JIAepHWX HCCneAOB8Hidl:. ,lly6Ha 1985 

Gerdt V.P., Ilchev A. S., Mitrjushkin V.K. 
U(l) Lattice Gauge-Riggs Model 

E2-85-59 

The phase structure of the U(l}-synnnetric Higgs-gauge 
theory is investigated by the Monte-Carlo method and by an 
approximate calculation of an effective potential. The Higgs 
fields are treated in the fundamental representation, arid 
their radial mode is not frozen. Phase diagrams of the theory 
are determined for various values of the constant of scalar 
self-interaction. Lines of first-order phase transitions are 
shown to possess end points which are critical points like 
in the diagrams of the type "gas-liquid-ice". 

The investigation has been performed at the Laboratory 
of Theoretical Physics , JINR. 
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