
c 32~ 
f 98'05 

J.Horejsl 

COOfilllBHMR 
Oti'b8AMH8HHOrO 

MHCTMTYT8 
RABPHbiX 

MCCJ18AOB8HHM 

AYfiHa 

E2-85-56 

ON DISPERSIVE DERIVATION 

OF TRIANGLE ANOMALY 

1985 



l' " 
,I' l' 

I ;.. :~I:, :' 
)"J 

.~ ': \ "I j',it \ 'I \" ":' J" 
f 

I ••:1 "I;, I"IJ ,I r«, ,~:,I\ 
,t., 

"Ili' 
11I 

I •. ,I! "I . . I" ',01' •. '.1 
\·f'l/ ", ,.,'., ' l \ ~. .~.'{ f'~ ;'~'o\: j ", m ~r. "JI"fJl..., 1 if~( 

_'.f' I, '!' r,' • -"'1, , • I' • ',I I""'" f' ' 'l~ 
'J).r" . i~ '\ ri 'L ',.' .'~g if;( ',,: ,~ :l~'{? J, '.\ .1 r 

,I".,rI, -'h /" .... '1"í~llJl,<E, 1 
• " " ! 'I - 1'1'>, J.,~ ,,,'I: '>',. ~ ~ l' h.l' h 

';'lfIF I' 4 

'.' ~ ';'~~J;~t ~l 

", JI,~,I'(, ~ ~ ,8 
,th f ~ '\, ~'II;,.,1 }~

'1'~~;llíJ;~ ~t / The axial anomaly is one Df the most intriguing phenom~na~ / }
l8' ik~l' ,~I w ' 

~ . 
BJI • v-':}' )' in quantum field theory. The peculiar behaviour of tue axial~{~ ,~ b\1 ~ 'r 'til ~ ~ 

I.t VijJt~~, 1_' u vector current in quantum theory has been first observed in 
'1"1 l'j , .. " l" JI"~ Oi, / 11 

l ~ ~I ,~, "Il~.... the papers and subsequently exptained.in/2~ The problem has:r ,,,,' 'I
 

'} I" "
 been r e co na i.de.r ed Làt.er and resolved independently by Adl.e r , 
~" jl"l t rirLll' Bel1:, and Jackiw 13,4/. Since then, the anomalous divergence of'f 

o " ...l lhe axial current or the closely related ~nomalous W~rd iden
\: ~ ;~ ~'II i "",~

lf I ;,~ I} I~ 
I. 'I. "~):;:'n\' :p, " ,"\/ \~ i!Jj ~i, )'f tity for the VVA triangle dÍagram pave been rederived in many

~, flJ,\J.I' 1~:6'>'~' .1 d í-f f e r en t ways. Various approaches to the áxial anomaly may be 
1(;:: found, e.g., in refs. / 5 1 through/lO<needless to say , our l s tí~J 

~, ,~ I t l.of~ ~ 
'!.' of relevant literature is far from being complete..1 

I'fJIt!.l I I, ",.;I,! In this no t'e we will recover the anoma Lou s axial \-Jard iden
f.". 

'tity for the VVA triangle diagram, starting f rom its absorpt.ive~' IJI :" 
Ito,lJ. 

,""li} Ilh part and using dispersion relations. Some particular calculaJ 1 
'~:i" tions along these lines have been pe r fo rmed in refs ./5,6,71. Here 

I r i!,I we present a simple generalization of the earlierresults (5,6/. 
I') \ ,'-{ 

A remarkable feature of such an approach is that everything 
'I 'I can be straightforwardly expressed in terms of conver~ent in

~,J ~'1l"~ 
,I)~~ 

tegraIs. In other treatments one deals with diver~ent quantities 
toC which must be given a precise meaning bT an explicit regulari 

refs. / 3,4,8-l01. '(Of.~ zation; c f , , e-.g., course, one may object 
l~":{, . ~i/. ' ";::r.;'·'f,, "i( 'i" 'u .,IH' '1,1· ... ,/':" that evaluating the triangle graph hy means of dispersion re

• •1 
t t ", 

~ 

I, 
l., 

" 

lations can be viewed as a regularlzation pro cedure vszcf aener-i:e) . 
Let us begin with some definitions and basic formulae. The 

contribution of the familiar VVA triangle graph ( with amputà" s , 
ted externaI legs) is formally given by/t ,[,,"

l".,~,I I ,~. }> 

I , ,~ 
I , ~t l:1> 1~/L'1 (k, p) == r~lll' (k.p) + r auu (p, k) ; (I)

"'''',.jj 
,~, I . d 4 r 1 1 1;,1' '\ r (k,p)= J-_- TrC--- y -,-- y ----- y y ), (2) 

4aJLv - (2 TT) i - )( - m IL ( m Y + P _ fi a 511 _ v~ "" I 

whe r e k, P .ar e the e.xt.erúa l momenta out.go i.ng from vector ver-., 
tices and m is the f e rmí on mas s , In the s equeI we shaLl, also ~ 
de aI with the 2nd rank pseudotensor T (k,p) which is gÍven by. JLV 
formulae analogous to (1.), (2) wi.th Y5 replaced by the uni t mat>

(r i.x rFor the metric and y -rnat r i.ces we adolt the conventions of1.. Bjorken and Drell/ll~ The famous resulf/3,4 for t he amplitude' 
(1), (2) cons~sts in the following: If one imposes the vector 

I
H":.. Ward identities 

"I i ij"'- .J " k
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aJlv 
(k , p) = p 
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I
then the axíal Ward iden~ity picks up an anomalous term, i.e., (un) 2. locA. (t)

F (q) =-' r -L._ dt 1, 2,3-, (9)(I 

j 17 "2 2' 
~:. 4m t -; qa 1 P a (4) /q T (k , p) 2mT (k , p) + -- E> k P '~ 

aflv 
ee 

flV 2 172 .flv (Xl 
a(un) (q,2) =.:!.., T B(t) ; dt (10), 

17 4m2 t .... q 2where q = k r p : the s econd term on the r.h.s. of .eq . (4) i s j us t .. ,
the ABJ anomaly. are convergent. This is apparently related to the fact that 

For simplicity we shall r e s t r i c t our.se l ve s to k , P such t ha t despite a superficial linear divergence of the integral (2)
k 2 = p2, Lnvar i.an t amplitudes (forrnf ac.co r s ) corresponding to the t h í s -í.s f i.n i te when de f i.ned wi th the help o f symnie t r i c integ
3rd rank Lorentz pseudotens~r (1), (2) may be defined as fol- ration (c f . ./6/ ). One may t.he r efore' try to define 'the forrnfac

'I d d i , h" /12/)lows (fora d e t a i e i s cus s ~on of t r s po i.n t , see ref.· . : tors appearing in eq~.(5), (6) by means of dispersiqn rela-, 
tiops (9), (lO). The only constraint is the vector Ward iden

íT (k , p) =: P1' (q2; k2, m2) ( (k P- pp),+, tity (7). From (7) and (9) it s easy to see that .i f \:'e set 
auv aflvp 

( . 2. 2 2\ ( ) P a . ( 2. 2 2) P a (5 ) 
{. 

F ( 2. k2 2) . F(un\ 2. k 2 2) j=l,2,3, (1 I a)ee+ F2 q , k , m-) (alffYTP,1 -( k k P + F3 q , k ,m e k P q , r jq, ,m j q, ,m, 
rrr : aup a fl flvP a a 

2 2 2 (un) 2 . 2 2 (1 I b ) a (q ; k , m ) = a (q; k , m ) 

Note that the notation employed in the definitioIÍ. (5)' does not then (7) is satisfied automaticallY. Let us stress that this' 
coincide with that of ref. /12/. For (p:vpa we adop t t he conven t.r is due t o our convenient cho i.c e oi Lnvar í an t ampli tudes accord
tion (0123 = +1 .(cf. /11/). The 2nd rank pseudotensor' Tflv (k , p) ing to (5); there are other options~ frequently encountered íri 
entering in the r.h.s. of eq. (4~ is described by means of , 1, ( f /3 6 l;d) 'h .current i t e r a r ur e 'C ., e. g., " , wh i c would nece s s r-: 
a single formfa,ctor a, nam~ly . tate a modification of the defiúition (IIà) through subtrac

.;~ 
tions in dispersion relations (9) in brder to satisfy the re,o .. 

T ( k , p) = a (q 2; k'2, m2) f kP p-a. E6)
W ~~a quirement (7). Of course, such subtractions have nothing to do 

with conver genc e p roper t i.e s of t he . integraIs (9). Let us also 
Ward identities (3) and (4) may be then recast cQnsecuti.vely r~mark that the formf~ctor a may be uniquely calcul~ted direc~
as Ly from the Feynman graph for' TflV(k,p),since the integral obtained 

f r om (2) by replacement y ,~ 1 is pe r f ec t-Ly convergent after per2 (.7 ) ... 
FI = k F"2 ..1" forming the trace. lt may5be verified that (lO) coincides with 

" the result of such a direct evaluation o~ a.' 
and From the -de f i.n i t í ons- (9) t hrough (1Ib) one ge t s eas i l y To r 

',1 the i.h.s. of the axial Ward identity (8) (taking into account 
1 

o 

that the absorptive parts obviously satisfy "normal" Ward iden= 2ma + __ • 
(8) I.q 2 F 2F I••1 . 23 

217 tities):" ~ (12)
"fuen the f orrnf ac t.o r s F, , j = 1,2,3 or -O resp. are conside

2 2 2 - 2 2 2 2' 1 2 -2 2 2 2 
red as functions of â comJlex variable q 2 (at a fixed value of q F3 (q : k , fi ) - 2F 1 (q : lf ,m ) = - - r A 3 (t ;.k , fi ) dt + 2ma(q ; k , m ). 

. rr 4m 2 .k 2 ), these should possess a cut along the real axis, exten t 
Ue shall see below that the integral on the r.h.s. of eq. (12) ..dihg from q2 ='4m~ to infinity (see, e.g., /5,6,7,13/ ). The cor
is convergent. lf we want to re cover (8),. we have ta show that'r-es pond i.ng discontinui ty of -a -fo rmfac t or F. or a r e sp , , .di 


vided by 2i, will be called its absbrptive tirnaginary) part and
 
denoted by A or B ~esp. In order to avoid the cuts with res f A ( t : k , m~)dt == _._1_ (1'3)


2
 
j 2
 3pect tq the variable k 2, we shall consider the values k =: p2 ~O 2 2rr 

I I 4rrr /5/ '2,
inwhat follows. The functions A j , j = 1,2,3 and B canbe The "sum rule'" (13) has been proved in ref. for k .=' O., m". O 
calculated explicitly (see/5,6,12/. no t i.ce also that the formula and- in ref ./6/ for k 2 < O, m = O, In r bo t h cases i t is óbví ous'. . ,t(11.50) in ref./ 7/ is incorrect). It turns out that the uns~b a priori (for dimensional reasons) Xhat the integral in (13) 
tracted dispersio~ integraIs is a coris-tant, Ho...;rever, it is not clear, hów such a staterifent 

2 3 
• I '.. 



(	 -~- -----, 

1'\\1' 

~ 
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CQuld be proved on general.grounds (using, e.g., some analytici 
2 r 

ty arguments)	 in the case when both k and fi are nonzero. 
Below we -shali demons t r at;e by means of an explicit c al.cul a-:
 

tion that eq.(13) I's valid in the -case k 2 .< O, m> O. Our c a l.cu-r
 
lationthus encompasses the previous results /5,67.
 

The function AgCq2; k 2, rn2)ma y be easily deduced from the "re

sults of refo/ 12/.
 

2	 2 2 1 2k'2 2 2k 2 4 2 1/2 ,
A3(~ ; k ,m ) ==	 -- -' [Lz • (1 -- -.!!L.) -+-\
 

2rr q2 (q2 _ 4k2)2 q 2
 

,	 22 2 2,2 2 2 (14 ) 
-+-~ - 2k) :( q --k . + m2.:!-,,:,~ )lnS]
 

v'q 2 (q 2 __ 4k2 y5t 2 q2 _ 2k 2 2(k2) 2
 
'" 

where 

S =	 q 2 _ 2k 2 _[ (q 2_.4m2)(q 2 _4k2)] 1/2 _ 
(15)

2q 2 _. 2k 2 + [( q _ Am2) (q2 ::- 4k2 )] 1/2 

Introducing the dimensionless variables 

2 q.2
" {3 == .:25-- x =---: 

2	 (i 6) 
m , 4m 2 

we obtain f r om (14), (15), (16) 

00 . • 1
 
I Aiq2;k 2,m2)dq 2=. : [I 1({3) + 1 ( {3 ) -+- 1 ( {3 ) ], (I7)


2	 2 3 
~	 2rr 

where 1 x -:_.{3 1/2
 
I {(3) ==!-.{3 r _ 2 .. (.!...=-!..-) dx
 

1 ,2 i x I x + p)2 x - ,
 
1	 1/2

00 1 f3 x + - f3 - -[ (x - 1)(x + (3)]1 2 x + -- ____	 .......__ ., (18)
. 2~__...1 ( {3 ) = ---{3 f -__1 . In
2

.} 1 x 3/2(x + rh 5/2 1	 1/2
x + -- -{3 + [(x-i) (x + (3)] , 

2 
1 1 . 1/2 

, 1 -- x +"2' {3 x + 2-(3 -'[ex -.1) (x -br(3)]
 
1 ( (3) = ---: f ~--------.---: In --:--.....--------......- ._. _
3 

2 1 3/2 ( {3 )3/2 1 1/2
 
x x + x + -{3 + [(x -1)(x + 13)]
 

2
 
Calculation of the integraIs (18) is elementary and the result is
 

2 f3 +2 {3 1/2 1/2 1/2 2 1/2
I	 

I ((3) =-- (--'.) lu {{3 +'({3 + 1) ] + _.«(1 + 1) I ({3), 
3 {32 ~ {3+1	 {3 . O 

(19) 
where 

I 
1 

1 ({3) = f d1-._~_--._-'-,_
 

l.: O -1	 (1 + {3t2) 1!2 (f3t _ f3 _ 2) 

n
 The integral lüC(3) _ can be also easily expressed in terms of ele

_I	 

mentary~unçtions, but it is not nece~sary for bur purposes.
 
From (19) it is readily seen that
 

1'1({3) + I 2( (3) + 1 ( (3) = 1.	 (20)
3 

Eqs. (20) and (17) then immediately imply (13) and this is the 
~'1' desired resulto
 

Further, from (13) and (14) easily follows that
 

2) 1 2Iim	 A k~, m = Ô (q ). (21)
3(q2;
 

m--+ O 2rr
 
2	 ,,'k --+ O

\ Eq.(2~\ a~90 represents a generalizationbf the earlier re
-f sul t s ' ,6,. which in fact established (21) only for par t í cular 

Li.mi t i ng procedure, namely -k 2 ... O followed by m --+ O and vice versa. 
To sumnlarize, eqs.(13) and (21) (along with the intermediate 

,.formulae (19)) constitute the ma í,n results of the present· paper, 
wh i ch demonstrate that the earlier calculations /5,ô,71 rhay be 

I extended in an elementary way. 
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B 06"beAI'1HeHHOM I'1HCTI'1TYTe ~AepHblX I'1CCIleAOea.HI'1H Ha4an ..BblXOAI'1Tb C60PHI'1K "Hpamtçu e c oo âiuenun 0J1,.HH". B HeM 
6YAYT noaeuta'r sca CTáTbl'1, COAep)f(~U\.l'1e·OpJ,lfrI'1Ha~bHble~Hc3'Y4Hble, 

HaY4HO-TeXHI'14eCKHe, MeTÓAI'14eCKI'1e 1'1 npl'1KnaAHble pe3ynbTaTbI, 

Tpe6YIOU\l'1e Cp04HOH' ny6m1Ka41'11'1. 6YAY4H 4aCTblO "Coo6U\eHI'1H . 
OvH1W', c r ar su , aourenurae B C60PHltlK, 1'1 MelOT , Kat< 1'1 APyrl'1e 
1'13AaHI'1R OHRH, CTaTYC O$1'14I'1aIlbHblX ny6I1~Ka4HH. 

C60pHI'1K "KpaTKHe cooõureuaa OHflW' 6YAeT BI:iIXOAI'1Tb 

peryÍUlpHO. 

The .Jotnt Institute for Nuclear Research beqí ns publ i 
shin,9 a col1ection of papei-s ent t led JINRRàpid'Communií 

cations which is a section of the JINR Communications 
and is intended for t~e accelerated publication of impor
tant results on the following subjects: . 

Phys ics of elementary particles and atomic nuclei.
 
Theoretical physics.
 
Experimental techniques and methods.
 

I AcceleratQrs ..
 
Cryogenics.
 
Computing mathem~tics and methods.
 
'$olid state phys í cs , t.tqui ds .
 
Theory of condensed matter.
 
Applied researches. .'
 

Being a part of the JINR Communications, the articles ' 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the 'status 
of official publications. 

I	 t 
JINR Rapid Communications will be lssued regularly. 
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C006UIEI'HUI, KPATKKE C006UIEH~.R ~ nPEnP~HTbl ~- C60PHHKH TPY,QOB 
KOHci>EPEHUHiil, H3,QABAEMbiE 06bE,QHHEHHbiM ~HCTHTYTOM .R,QEPHbiX HCCJlE
,QOBAHHiil, .RBJl.RIOTC.R Oc!>HUHAJlbHbfMH nY6JlHKAUH.RMH. 

Ccb111K11 Ha C006UIEH~.R 11 nPEnPHHTbl OH.RH ,qonliiHbl co,qeplKaTb cne-
AYIOU111e 311eMeHTbl: 

- cl>aMI1111111 11 11HI1~11a11bl aeTopoe, 
- COKPatlleHHoe HaaeaHI1e HHCTI1TyTa /O~.RH/ 11 11H,QeKC ny61111Ka~1111, 

- MeCTO 113,QaHI1R /,Qy6Ha/, 
- ro,q 11a,qaH11R, 
- HOMep CTpaHI1~bl /np11 He06XO,QI1MOCTI1/. 

npi1Mep : 

1. nepeywuH B.H. u op. 
)1y6Ha, 1984. 

OHJlH, ?2-84-649, 

Ccb111KI1 Ha KOHKpeTHYIO CTATbiO, noMetlle~HYIO e c6opH11Ke, ,QOillKHbl 
co,qeplKaTb: 

r 

- cl>aMI1111111 11 11HI1~11a11bl aeTopoe, 
- iar11aB11e c6opHI1Ka, nepe,q KOTOPbiM npi1BO,QRTCR COKpat~~eHHble 

CilOBa: 11 8 KH. 11 

- COKpat~~eHHOe Ha3BaHI1e ~HCTI1TyTa /Q~.R~/ 11 11H,QeKC 11~,QaHI1R , 

- MeCTO 113,QaH11R /,Qy6Ha(, 
- ro,q 113,QaHI1R, 
- HOMep CTpaH11~bl . 

npi1·Mep: 

Ho.tmaKoe H . !fJ. B KH. X1 MexoyHapooHtJtu 
cuMno3uyM no Roep Hou 3AeKmpoHuKe, OHJlH, 
)11 3-84-5 3, )1y6Ha, 1984, c . 26. 

Cae uH H . A.. CMU pHO B r .H. B c6. "HpamKue 
coo6~eHuR OHJlH". N 2-84, )1y6Ha,1984,c.3. 

fop~eHillH H. EZ-85-56 
0 AHCnepCHOHHOM BbiBOAe TpeyronbHOH aHOManHH 

TipHBOAHTCa npocToe o6o6t~~eHHe peaynhTaToB npelKHHX paooT 
APYrHX aBTOpOB, B KOTOpbiX BOCCTaHaBnHBanaCb TpeyronhHaa ano
ManHR Agnepa, Benna H ~eKHBa npH UOMOUIH AHCnepCHOHHb~ COOT
HOmeHHH. PaccMaTpHBaeTCR aocopoTHBHaa qaCTb TpeyronbHOH AHar
paMMbl C ABYMR BeKTOpHbiMH H OAHOfi aKCHanbHOH Bepi!lHHOH, C BHem
HHMH HMnynhCaMH k , p B BeKTOPHbiX BepmHHaX TaKHMH, qTo 
k 2: p 2 :5 0, H C MaCCOH <l!epMHOHa m ~ 0. 51BHO BblqHcnaeTCR HHTer
pan OT MHHMOH qaCTH COOTBeTCTB~eH HHBapHaHTHOH aMnnHTYAbl 
H UOKa3aHO, qTo BOCUPOH3BOAHTCR aHOManbHblli BKnaA B aKCHanhHOe 
TOIKAeCTBO YopAa. TeM caMbiM AOKa3aHo AenbTao6pa3HOe noBeAeHHe 
TaKOH MHHMOH qacTH B npeAene k 2

-+ 0, m -+ 0. 

PaooTa BbmOnHeHa B JiaoopaTOpHH TeopeTHqecKOH <l>H3HKH mum 

CooO~eHHe 00~e~HeHHOrO HHCTHTyTa R~epHWX HCcne~OB8HHA. ~y6Ha 1985 

Hofej~i J. EZ-85-56 
On Dispersive Derivation of Triangle Anomaly 

We present a straightforward generalization of the re
sults of some previous treatments, in which the Adler-Bell
Jackiw triangle anomaly has been recovered with the help of 
dispersion relations. We consider the absorptive part of the 
VVA triangle diagram with the external momenta k, p at vec
tor vertices such that k 2 : p 2 < 0 and the fermion mass m ~ 0. 
An integral of the imaginary part of the relevant invariant 
amplitude is calculated explicitly and shown to produce the 
desired anomalous contribution to the axial Ward identity. 
This also enables one to demonstrate the 8-like behaviour 
of such an imaginary part in the limit k 2 _. 0, m _. 0. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1985 


