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1. Introduc t ion 

The intermediate position QeD,., holdo between an exactly 
aolva ble model - the Schwinger model, snd the usual QeD}+, moti
vates the 1nterest in it . Thus, the non-Abe l ian Atructure of the 
gauge group is emphaeized. Does such sn intuitive conc l usion take 
place in this theory? To anwer t his question we study maesleas 
QeD1+1 in the frame of t he minimal quantization scheme/1 / ( in 
terms o"f gauge-invariant Variables). An adequate and conveni ent 
description of two-dimensional field-theoret ica l models with fqr
mions provides their bosonization / 2 ,3/. In tha modal c ons ide r ed 
thia procadure 1s troublesome because of the non-Abe l ian gauge 
group. A possible way out of thie dif f i culty 1s some speciel choice 
of gauge cond i tions/4,5/. However, suc h en approach does not a l low 
ona to make genera l oonclusions about ga uge-de pend ent quantities, 
for example, about the coloured-objects Green func tions . So , i t i s 
important to formulate the theory i n t erms of ga uge-i nva r i ant vari 
ables and bos onize it in t hie general case. I n the pres ent paper 
we ah ow that t he s olution of thi s problem consiets in cons tructing 
t he unitary irreducible repre sent a tion of the Kec-Moody a l ga brs 
( the current algebra i n QeD, . , ) that satisfy dynamical equa t ions 
of the the ory. 

The pa pe r ia organized aa foll ows: 
In aec t i on 2 by the Schw i nger model exemple the min ima l quan

t izat ion aaheme ie i l lus t r a ted. The t opologica l confinement cr i t e_ 
rion baeed on t he results about t he qua rk Green f unct ion is for
mUla t ed • . 

Seot ion ) is devoted to int r oduct ion of gauge-invariant vari 
ables in two-d i mensionel QeD. 

The pr ob l ems connec t ed wi th the boaonization of the model ere 
considered in sect ion 4. 
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2. 	The minimsl quant i za t i on s cheme: 
Scbwinger's mode l 

Quant i za ti on of two-dimens ional massless QeD - t he Schwinger 
model, in terms of &8uge-invariant vari a bl es (which we have ca l led 
"the mi nima l quant i zat i on scheme") i n the finite-volume space-time 
lead s t o e n i nte res t ing resu l t abou t Green 's funct i ona of charged 
objec t s 16/, Wi thout entering into detaile, we sball gi ve e brief 
revisw of t he meth od used and di scuas the main result. 

The Schwinger model action 

~ 	~ ) d~x[- t ff'~F /'' ~ t ~ lY(>:)rr- (0f'-Le.Ar)\((,;) ] 
(1) 
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on the soluti ons of t he const ra i nt equetion 
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takes the form 
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Note, that it i s expressed in terms of the var iables A, I L( onl y. 
fihers 

AJ ::. A - 0, J.....l.. '(\ Ai -= 0 , , 0, (4) 

I[ ! :: e.,x p(- ied,- ·A,)~, 

The veriables (4) ere i nvarient under U(1)-gauge transformations. 
Their choice is rigid ly fixed by t he dynamics of the system and by 
t he requireme nt of gauge i nveriance. How ever, in their construction 
procedure itself there i s en ambigui ty becsuse the action of the 
inverse operator ~ v, - 2 i n (2) is determined up to a function sa
t i sfying bomogeneous equations 

Oil dD ).(0;,:) ::. 0 . 'a,l ~ ~~ '" 0 (5) 

We ere interested in the solutions of equations (5) in ths 

clalls of smootb functi on 

~ (:c) :o v:p ~ i). (~)J (6 ) 
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vanishing at the s pace-t i me boundaries, wh ich corresponds to the 
absence of charges in it. At the ends of the time int e rval t hsse 
functions determ~ne a ma p of the line H(1) (with identified end
-points- eee 17/) onto t he group U(1) . The amoothnes8 condit ion 
then transforms i nto the requi rement of an integer valua of the 
corre s ponding degr ee of mapping 

.J= tl+ - n _:o 47f )d~:x:. LtJFr 
tbat may be wri tten a l s o as 

(7 )UTi (U( n) "Z I 

:ni be i ng the f irst bomot opy group. 
In the f i ni t e-volume space - t i me 
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equations (5) have s uch nontr ivial s olutions 

A ( ~ ) = 2 Ji N(:x.. o ) :x:. ,
R (8 ) 
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wb i ch changes the form of va r i a blea (4 ) 
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As s re sult, tbe sources of the charged fields in t be Green
funct i ons ge nerating f unctiona l acqui re phaae fac t ora (6), (8 ) 

wb i cb represents the topologi ca l vacuum degener ation in Schwi nger' s 
model /87. Afte r tski ng an average over this de genera tion and re
lIIoving the i nfrared regUl ari zat i on (R, 'T ~ oa ) , t he quark Green 
f unct i on va ni s hes in t he limit p2. ~ 0 , ,,hereaa t he neutra l 
-curre nt c or re l a t or fre serves i ta onB partic l e-pole ( t he quar k bound 
a t a t e in the model)1 I, This may be c ons i dered as a manifestation 
of tha conf i nement i n Gr een 'e func t i ons c ontext 19 ,10/, 

The qua rk Green function vanishing in the Schw i nger model 1s 
connec t ed with t opological degeneration of the gauge-field vacuum 

;~ 
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wbi ch fol lows from (7). So, its genera l i zed form 

(9 )JT l> - 1 ( G) = Z . 
where ::b i s the apace-time dime na ion;anu G, - the symmetry group 
of the theory,mey be considere d as a criterion for the existence of 
topo l ogical confinement mechanism in i t. 

For example , in QED 3+1 condition (9) 1s noL valid, 

Jl~(U(1» =0 , 
which i s in agreement with the observsbi lity of electronR. I n QCD3+1 
relation (9) takes place and if this criterion is really crucial 
it would a llow us to make a conclusion sbout colour confinement 
there/ 11 /. Thus, we have to compare the reaulta of straight£orward 
calculations snd those follow i ng frOlll the "topological" criteri on 
in di ffere nt field-theoretica l models. The two-dimensional QOD is 
aD interesting object from this point of view. Since 

m~ (SLJ(N))" 0) ( 10) 

the t opol ogical natura of confinement mechanism may ba confirmsd 
by the presance of fre e quarks in tbe model apectrum. 

3. Gauge-invariant variables in QCD1+1 

Tbe two-dimenaiona l massless QeD with a gauge group SUCH ) is 
described by tha act i on 

S" )d\-.. [ - ~ r-; FrJa. + t ;:Y'"r-{t;t)M, t.r B ] , (11 ) 
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A, fIJ , ... " 1,2, - ' - , rJ. 

Por subsequent considerations i t is convenient to usa the c ova 
r iant derivat i ve in the adj oint r epreaentat ion 

I 

(, ) o.~ _I). (\u r Q.~c.A c. 
\'Vr - u~ o - ~J r 

for rewri t i ng t be action (1 1 ) i n the form 

.5 = ) d1 
x. [t (oo A~ - v, fl'A}> t ~ ~li'ir Or If - 'jfA'A; ] , ( 12 ) 

where 
.0., - "[;" Q..1'" (-x.): If'(-x-) YrT l('('Y-) ' 

Following the method f rom section 2, wa elimi nate components 
A~ through the constra int equa t ions 

t;; - 0 ==? ('V/-Ao) "- = ~i 00 t ) Cl - !J: ' ( 1 3)
8A-~ 

Here, we find a di fference from QEDl +1 ' Prom (10) it com.es out 
t hat t here do not exist nontri vi a l solut iona of t he corresponding 
homogeneous equations. Thus , for tbe genera l so l ut i on of (13) we 
obt a i n 

IIJ, ) ~ Aca. =( ~t) (V~OoA~-~j o 
Th e a ction ( 12) then become s 

d.. ( d1 {1 1. ( ~ • )Q,(_{ . ) a. z.' 0.. (.L .)0.. 
oJ ~) ~ 2: ~ V,a.Jo 'Y/-Jo -+ ~ Jo vtJo + 

(14) 
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Lat us introduce the vari able s 

0,11 
:: t ( .( + t\?f) C 

1 
(15) 

t( T = t tf'. 

where the operator Jt is define d as 

:to Q.. 0.. J 
t ~ T~'Pt~)d1!(;,l.V1'OoA ,) 1: ' 

Variables (15) ere i nvari ant unde r SU(N)-gauga trensformat i onsl 
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l( ::. e "1 	 lfI( A~A) , !f 0')) =l(r(A"I{'), :\ 
The c ovariant deri vat ive V'1 in these variables coincides 

with the usual one 

The action 
takes the form 

C. (d1.
.--->:: ) X. 

that is the same S8 in the gauge • An analogous situation 

t akes place i n QBD,+l wi tb t he only difference tbat the axia l ga uge 
doe s not pr ovi de an explici t manifesta tion of t he nontrivial dyna
mics of tw o-dimenaional Abelian ga uge f ield/12/. However, t he gauge
-invariant var iables make possible another wsy for eolving the confi·· 
!lement problem - study of snalytical properties of the quark propa
gator and their interpre ta tion in the s pirit of quantum field theory 
and statistical physics. In particular, the exiatence of a single 
pole wi l l be connected with the presence in the spectrum of a par
ticle witb the corr esponding quantum numbers, the absence of sucb 
a pole wil l mean the a bsance of this particle in the asymptotic 
states/ 1/. 

4. 	Equations f or the bound sta t aa in t wo-dtmensiona l 

quant um cbromodYTlsmica 


The action (11) is similar to tbe Scbwinger model action (), 
which may be boson1;:c(l , the theory being equivalent to the fr ee massi 
ve scalar field one / ), 13/. Bosoniza tion is based on the appearance 

of an anomalous term in the axia l curren t commutator 

[j sa H 1 i'. ('d)] ~ ;;, o~ 8(x-'d) 	 (18 ) 

r 
due to tbe nega tive -energy statee filling /12,14/. 

Tbe substi t ution I! 

l' 5 (:L)::. _1 '0 <f:> (x. ) 
o t" 0r t" 

(, 

• 

( 16)V1(o.1r) :: '0 
1

, 

(1 4 ), when (15) and (16) are taken into account, 

[~2. . tl,. ~ ·Cl..-I-tl(vr-alf]29 Jo o/·Jo 0 t 	 (17 ) 

A1
0-

::. 0 

transforms relation ( 16) into tbe scalar field 
The axia l current partial conservation law then 

tbe Klein- Gord on equation 

~?/'"is,," 

The non-Abelian 

current c ommutat ion 

r 0.. . t 

vnl. =D<P=rY\<~ 

9(X!) commutator. 
takes the form of 

e1. 
Ti 

. c.lj50 (::r..) > J51 ( ~ ) ~ t J. (x.) x.-~) t J2 Xi d 

L (19 )[i 5~ ('L), j 5~ (d) ] "i 1G. k ic ( 'L) 0 (1- - 'J) 

Us~ (~) , J' 5 ~ (1)] = i j ~tciot( ':L) 6' ('X-d) 

The e l gebra (19) i8 known as the Ka c -Moody a lge bra with a cent
ral extension /15/. This algebra also ar i se s in t he f ree fe rmi on 
theory in tw o-dimenaional epace-time, in the nonlinear ~ -model witb 
the Wess-Zumino term added to the action/ 16/,in two-dimensional su
persl~tric fermionic models/ 11/. For the QeD 1• 1 boaonization we 
shall be intsrested in a sutclass of irreducible unitary represen
tations of the algebra (19), tbe separation being based on the dy
namical equations of the theory - the vector-current coneervation 

and the partial conaervation of the axial one. 
It 	i8 not difficult to find tbat 

i [\-(o , i5~ (:t.-) J ~ (J~J' 5~ (~), 	 (20) 

wbere H0 is the free Hamil tonian in the model, 

~o:: )d:):.{ crh·)t~ol rh.)· 
lVi.tb the belp of the Heisenberg equation of motion for t be com

ponent 1'5~ (:x.) and eq . (20), we are led to the foll ow i ng expression 

for the ~xial current anomalous divergence: 

ol-'"'! S~ ():.)-= (\i5~(::r..) - '01i5~C::r..):: 
(21):: ~ [H , i 5~ h..)] - t [ ~o , f5~ (:L) ] :: 

:: d kLl'lt , i~~ (::r..) ] , 
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gauge group in t wo-d imensional Qe D makes the 

relat ions more complicat ed 

] 	 . ! ~t( 8 ( &o.J, 0 J(:x.- ) 



where *~ iht :: ) d'.L1 i~(:r.lr)~/' ivA- (-x.):: ~ ~ d:1-,dd1jO(L(X)/Xl-d, lia--CJ). 

,n t h ( 19) , ( 21) taken into account we f ind that 

(\.. fl.L -, . n.. i'-. f Q~<'(d · t I " C( ) ()t"-J5r(:t-)=t'2; 0' JS1 ('J:) - 12 ) d~J 5"O( X.) '.X. 1- d1 J~1 J . (22 ) 

Let 	ua def ine tbe opera t or X)O(x.) aa 

ll.6 a.e ct l Q~<. rd ' c. 
!ZlO(;L) ::'	 'OoO - ~J ) df !';;(,l-d, IJ51(t)-

Equa t i on (22 ) and tbe vector-cur r ent conserva tion law arB 
the n wri tten io a compac t form 

0:~ ( )..) J}(L) - '0 1 i 'Q.-(X. ) =. 0 	 ( 23) 

J() oo.~(x..) i/'C :,:,) - 01 J"oo., ( x..) :: fx lI 1-fi5~(X.) 

Boaooizat i on of t wo-d imensi onal QeD c onsist s in construct i ng 
t he uni t a r y irr ed ucible representat ions of a lgebra (19) as solut i ons 
of tbe syst em (2 3). So, tbis ays tem de acribes th~ bosonic excita
tions i n tbe model. Tbe experience from QED +1 and t he proposed 

's oheme i t s elf are not oompatible with the assumption that this mode 
is connected with t he gauge field /18/. It should rather be inter
preted as a bound stat e of fe rmions. 

5. 	Conc lua ion8 

A relation of t he confineme nt problem with the s tudy of analy

t ical propert ies of the col oured-objects Green functio ns seems na

t ura l from the poi nt of view of quantum field theory end statistical 
phys ice. However. one of t he diff icult ies along this way is the 
gauge da pendence of tbese quant ities. I t may be eliminated after 
formulating t he theory in terma of gauge-i nvariant variables. Their 
i ntroduct ion and t he results obtained give ris e to an assumption 
of t opol ogica l mechanism of conf i nement and to t he criterion of its 
r eali zation/1 ,6,1 1/. 

8 

For check i ng t he r esults of a pplicat i on of t his criterion to the 
two-dimens ionsl D1Bseless QCD, we bave to bosnize tQe t heory s tart i ng 
from its for mulation in the frame of the minima l qusntization Bche
me. We have shawn that i n tbis cas e t be bOBooization is reduced to 
tbe construction of the Kec-Moody alga bra unitary representations 
as solutions of the dynamica l equat10ns for t be curr ents. Tbis 
appr oach has been successfully used in solvi ng analogous problema 
i n t he Abelian csse (the Schwinger modell12/ and alao in the theory 
of f ree Maj orana fermionew1tb chiral O(N)xO(N) symmetry i n two
-dime osions /1 6/. This gives us a confidence that it wi l l provide 
the correc t int erpretation of the bosonic moda in QCD'+l end tbe 
veri~ication of t opologica l oonfineme nt mechani sm and its criterion. 

I would like to thank V.Pervuebin for discussions and B.Bar

baebov, A.Eirsmov and E.Ivanov for t be useful remarks. 
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HnHeea H.n. 
MHHHManbHaR CXeMa KB8HTOB8HHR H ypaBHeHHR AnA CBA38HH~X COCTORHHH 

a ABYMepHOH 6eaMaccoeoH KXA 

E2-85-559 

AsyMepHaR 6eaMaccosaR KBaHTOBaA xpoMOAHHaMHKa paccMaTpHsaeTCR e Ka~e 

cTae npHMepa OpHMeHeHH R MHHHM8nbHOH CXeM~ KBa HTOSaHHA. 8 3TOH CXeMe TeOpHR 
¢QpMynHpyeTCR B TepMHHaX KanH6poB04HO-HHBapHaHTH~X nepeMeHH~X . npo4eAypa HX 
eeeAeHHR H aHanH3 peaynbTaTOB, nony4eHH~x a K3A

1 1 
(MOAenb WBHHrepa) 

H a KXA, npHs e nH K npeAnono*eHH~ o TononorH4ecKo: MexaHH3Me KOH¢aHHMeHTa 
H noaeonHnH c¢opMynHpoeaTb KPHTe pHH ero peanHayeMOCTH. npoeepKa peaynbTaTOB 
npHMeHeHHR TOnonorH4ecKor o KPHTepHR K 6eaMaccoeo~ KXAI+l npHBOAHT K Heo6xo-_ 
AHMOCTH 6030HH3Hp0B8Tb TeOpH~,HCXOAA H3 ee $0PMYflHPOBKH B paMK8X MHHHMaflbHOH 
CXeM~ KBaHTOB8HHA. noKaaaHO, 4TO B 3TOM Cfly4ae 6030HH38~HR CBOAHTCR K no
CTpOeHH~ HenpHBOAHM~X yHHTapH~x npeACTaeneHHH anre6p~ Ka4a - MYAH KaK pewe-
HHR AHH8MH4eCKHX ypa BHeHHH AnA TOKO B . 

Pa6oTa B~nonHeHa B na6opaTOPHH TeopeTH4eCKO~ $H3HKH OH~H. 

Coo6~eHHe oo~e~HeHHOro HHCTHTyTa RAepHYX HCCneAOBBHHA. Ay6Ha 1985 

lli eva N.P. 
Mini mal Quantization and Bound-State Equations 
in Two-Dimensional Massless QCD 

E2-85-559 

The mass l ess two-dimensional quantum ch romodynamics is conside red as an 
example of application of the minimal quantization scheme. In its framework 
the theory is described in terms of gauge -invariant variab l es. Their con
struct ion and t he results obtained in QC D1 1 (the Schwinger mode l ) and in 
QCD gave rise to an assumption of the topol og ica l mechan i sm of confi nement 
and allowed us to formulate the criterion of its realization. For checking 
the results of application of this c riterion t o the mass l ess QCO +I, 
a bosonization of the theory, starting from its formulation in t~e frame of 
the minima l quan t izat ion scheme is required. It is shown that in the case 
considered this procedure is reduced to the construction of the Kac-Hoody 
algebra unitary representations as solutions of the dynamical equations for 
the currents. 

The investigation has been performed at the La boratory of Theoretical 
Physics , JINR . 
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