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1. lnt rod uct ion 

Supersymmetry severe ly restri cts a ~orm of mat t er self-c oupl ing~. 
The scalar fields of any Bupersymmetric matter theor yx) in four di

mens i ons are de~cribed by nonl i near ~ -models, Xahlerian in the HE I 
c8se/ l /, hyper- Kahlerian in the rigid N-2 ca~e/2/ and qua t e rnionic in 

the local one/ 3/ . These remarkable geometric proper t i e s are t o be re

vealed most transparently within manifest l y Bupersymmetri c f ormula
tions based on unconstrained off-shell euperf ielda. Indeed, any admi s 
sible superfiald - 8el~-interactiona s hould necessarily lead to the 
ab ove-mentioned ~ -models. 

There is an exhaus t ive de6cr i~t ion of the Kahler geometry of N- l 
matter in superspace / 1,4{The bos onic manifol d metri c waa s hown to be 

related in a simple way to the super fi eld Lagrangian. These results 
were successfully used in phenomenologioal Ilpp11cILtions in H-l Buper
symmetric GUT1s/5{Now, a ttempt s of utIlizat i on of n-2 supersymmetry , 

get starting (see, e . g. (.6/ ). Until the last yOIU' N- 2 mIlttor Lagrsngia.IlS 

have been cons truc ted e i ther a t the component level/2,3, 110r in t erms of 
N-l superfie l ds/8 / wi t h a t most one monifost Bupnrsymmetry . In t h 
lat t er case a n o~f-shell formulation W8S achieved for Dome hyper-Kab 
lerian EO - mod els. and eome new hyper-Kuhl~ri8" metrics were found. 

.. 

x) We mean the s upermultiplets with the propagating spi ne 0, 1/2 • 



However, NEQ and Nzl for mulati ons give no rec i pes how to write down 
general N- 2 s uperay mmetric Lagra ngiane eo ae to aut omat ically get 
hyper-Ke hl erian ~etr i ce f or e calar fi eld s. Therefore it ie highly de
s irable to have a complete N-2 superspsce desctiption both having in 
mind fut ure phen omenological a ppl ications snd purply mat hemat icsl re
as ons. Indeed, msnifes t NE2 super sywUletry opens a way t o explicitly 

c ons t r uc t hype r -Kilhleri.an Metr ics (even for U.e s i mples t, 4-dimensio
nal ms n ifolds me t r i ca are not known in ~ number of important cases 

including fauoUB 	 K3-mani~old). 
In/9/we have developed u m»nifeetly N-2 s upersymmetric off-ahell 

description of self- interacting N .. 2 mutterx ) ( q, a nd u) -hypermul
t i ple ts ) in hllI'lIJonic superapace in terms of unconstrained analyt i c 
N,.2 s uperf i elda. 'rhus, list ine u.ll the pos a ible hypermu:a i plet self 
couplings we may, in princ~Jlle. list ul l possible hy per-Kahlerian me

trics and find t hel.r ex pl ic J t form. 
I n the present PbPOI' WI; (10 ~hc f irst steps i n th i s d irect10n snd 

compute the metri c for 11' 0 oiml"lest U( 2 ) invar iant quartic se lf-in
t eract i on of a ~-hYflorlllul ~j p J at. 'rhe problem of f i nding the metric 
amounts to eliminallnll: un i nf i nite number of a\lJ( i liary fie l ds. In the 
case under considorll l iOfl 1110 ob tain the known hyper-Kahl erian Taub-NUT 
metric. De tails of cornpuLution are given in Sect. 2 ,3. To make a clo
ser con t act wit h tho iJ:n .or-J(iihler geometry we pass in Sect. 4. to ano
ther equivalent represontation of self-interacting ~-hypermu1 t i plet 

which reveala unexpocted una log ies with the '"C -descri ption of N-2 

Yang-Mi lls theoryPJ, l O/ . For the U(2) -example we recover in this way 

the on-sheil const.ralnoo N.~ Buperfield r ormulat ion of supersymmetric 
hyper-Kahl erian 6" -roM"},, given by Sierra and Townsend/Il / within 
which t he hyper-Kahl or proper t ies are manifes t (Sect . 5 ) . Section 6 
contains a discussion of t he moat general se l f-coupl ing of hypermul ti 

plets based on the d1mntlulo nality and analytici t y consider e tions. We 
conjecture that sction ill (In analytic super space integral or arbitrary 

analyt ic Lagrange denoity . Final l y, the appendix treats a general har
monic conservati.on law wldch DIB.y be of use in future cal culatione of 
bos onic metrics for morl' conlpl i catcd hypermultiplet self-couplings . 

2. In t he present Hoction we compute the bosonic met r ic associated 

wi t h t he U(2 )-invsrisnl Bcl f-coupl i ng of II. a i ngl e 1- -hypermultiplet. 
The harmonic 9uperspace (Jct-ion and the c orresponding equations of mo
tion are/9/: 
___~S_J~~C~)Ju [t~1)"t+tt+ ~~(ff"(t+)Z J (2. 1)s== 

x )AS well BS N-2 	Yang-Mills and supergravity theories. 
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-J( )\- lI; ;I

15-+ q-t +A (e('e) q: =" 0 
) DH~-+ - ?I (({r)~+ '" 0 (2.2 ) 

Herex ) ~+ is a c omplex unconstrained N-2 superfie ld defi ned on 
+1. { o!k + --t +1. + + \the anAl ytic N-2 	 auperspace { ~A)U-':J= '/.. '" le ol ,9u ,LA-,j, q, - q; Ca""l(;) 

~ is the analyticity preserving conjugation (cit)1i= - ~-+) and 

-1"+ 
]) is the harmonic derivative in the analytic hasis: 

++ •Dt+ =1J-++ - ~ 19+o" e ~ 'On. 
) 

'0 =' U+i.'2 , 	 (2 .3)(1J1..l- L • 

Besides the standard SU(2) invariance realized in Nz2 superapace!9/, 

this model has U(l) invariance 

- J 	 -II;

t+' :!!- \ - ~ "'- Q-'r 	 ( 2 .4)ei.O{ f
:0 	 /1+ - e V 


v --H 

leading t o the cons er ved Nnether current 

-'t 	
d 

1.)H r+ ::: 0 jH = l. q,+ tr 	 (2.5 ) 

This U(l) inveriance will substantially simplify the comput ation of 

metric. 
Since we sre interested in the pure bosonic part of t he ac t ion, 

we may o!Di t the fermions in €"t, g-+- expans i on of ~+ 

q,,"t(JA,Ll)= f+(~.,u) +Le+6"" 9 +A~ {Jl ,.. )U) +e+e+M-U;p.,t.lj + 
+-+-+f\ H) "\ 

+ etet ,.t(x.A,U) + e+e e !1 r' ('I-""U;. ( 2 .6 ) 

Substitut i ng this into (2. 2 ), one gets t he cQuations of motion in 

space:().",U) 
I'L 

(2.7a)~++ F + + 'A(f+ F+) F+ ::: 0 .A 

A ( ot-)2.A- (2.7b)ro- A- _2.roo.F"t+'/.F~F+A-o. +A F 0.=0 

G\ '2.~ .;t ... _ 
 (2 .7c)

?JH M- + 'A lF+) W + 2'A Fot F M =. 0 
(2.7d)

'0'-+ N- +~(F ·r- ~- +2'). F-/f~t-r ~ 0 

'01-+P(4~~qA-o. + ?(f·t~(-~)+ 2.Ar+~P(-?)- i A~A~~ + -
~ .. 	 -*- ~ 

(2. 7e)-A. A-IIA~ F ++2AF"tM-,r + 2'AF+ (~.C M - +N-N- ) =. O . 

x) 	For the notation and detail a concerning harmonic super 8pace, 
see refs./9 ,lO/. 
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All these equat i ons except ( 2 .7e) are kinematical a nd serve to e limi
nate an infinit e tail of auxil iary f i elds a ppaaring in harmonic ex
pansion with res pect to Il 1:.. • The las t eq ua t ion contain s dynamics 
and hence will not be used in what fo l lows. 

Now we int egrate in (2.1) over usingeqa. (2.6),( 2.7a-n).at/a'" 
Contribut ion proport i onal to M - J tV - and P<-;) drop out, ann the 

bosonic acti o~ reducos to 

s: : i (J4)( du CA-;' -aIlF+ - A-o. 'OII ~~). (2.8 )
& 2. J 

whe re F1- (x u) and A-o.(lf)U.) obf"yeqs (2 .?a,b ). The latter are
J 

easil y solved d ue to U(l ) ~nvuriance ( 2 .4). I nde ed the c onservation 
law (2.5 ) i mplieo 0++ (F+ Ft)..O. Whe nce 

F+()l.Iu.)~"(':'JU.) = C('J)(--.) U ~ U~ 
~ .. 11 (2 .9)~ C(ij)::: _ f ,,'e Ej 'n C I t'n) 

( F+Fi-) - == _F1"F~ 

This suggest t he folJ.owinB c hange of variables 

F+(:i.Ju) = f()I.,u) e ~ \f) If('I.)U) = - C('~\'I.) IJ.~ \I.~ = - ~(Y.,u) ( 2 .10 ) 

which reduces (2.?0) t o tho linear equation 

'0++ :f()I.,U ) = 0 ~ j-+("",11.)= r~'(:~) U\ ( 2 .11) 

Takinp into account t hat 
.;; .. I , ) (. - ~) 

F~F t:: rj+ -=/ CJ(I'>-) ::: - 5(-J.) ~ (ll) , (2. 12 ) 

where -;~= ~ (JI ' I 1~: (j~) we obta in t he general s oluti on of 
(2 . 7a ) i n the form 

. ). 'f' ((j -I() '\
F+(.,. JU) -; 5'c....)1At- e " f()I-}u\ up '). -5- (~5 (..)u.: u.-lCj' (2.13 ) 

Thus, al l the componentlJ i n U±~ -expansion of F+(1. J u.) a re expreo

sed i n t erms of f ("') which is the phys ical bosonic t'i eld. 
The remaining oquation (~. 7b) is simplified by subatitution 

A;(x,u) = B~(J()u) e ~'f . Equation (2.7b) implies that harmo
ni c ex pansion of So.. conttlins only linear ( '" (,1...-) and trilinear 


("" U-I(.-U-') terOJS. Finolly, 


A~ = e t.!f {2A!'U~ 'd1l(~(I::~;VIJ.~u~) +2 'aQ 1': u.-. + 

+ " ~':IA.-': (~~~ 1. -1 - raD.~~) l.. , (2 .14) 
i +)f-r ~ d JQ. 

I\

Let us emphasize once more that this simple form of the s oluti on is 
due t o U( 2 ) invarianc e of the a ction ( 2 .1 ) . More general s elf-coup 
lings lead t o much more c omplicated equa tions (see Sect. 4 ) . 

To find the action in terms of S' CI') , we integrat e (2 . 8) over 
U\ using (2 .13), (2.14), the reducti on identities/91 

+ + + - U- I/+u.+ U- ~ £ ' (' u+ " , U~ ([I< " u.-I( .... 

IA L U<.J'i " UJ" U1<:1' K'm! = "'(i .h" "'") + tn+n+1 (. 1('1 Ji dn 2 '" J 


- t + - - - + - 't'\ (" + U-
Ui.U(.jt"U.JnUlCi" U K",)= U(.Udi " UK~)-~ CL(~-1UJ~ " )(:")nj 

and the lJ.± l' integration rules / 9/ ( ' , '\ n
( n I \ '" l.i. (" c....+" ) '( "\1'1: (.

Sdt! (U+)(,"~-)h)(u')Q«LC)e);: ) ~2\-t\~i~\: O(Ji " 0 ~Ic+e) lj n '" Ie 

_l, 0 otl..e't.-,)(,'~e 
(Ut)(m eli") 11):;; U+(ii ,UH 

", LC<h, Lr~,,) · 
As a result, we arrive at the foll owing bosonic acti on 

S\)~ = - ~ ~J4 X(~LJ'daf''ijQti+3l~ '00. -:q,roQ~~ +2 h 'c:i"Oa.-r\ llQ~~ "), (2 .15) 

where 

@': ' = "(Z+/'ff)J~I' Q\.~ _ 1\('2+), ·31) j':~'\ 

~ Z(i+'iHf) d ) d -2(1+'AH) ) 


(2 . 16)hl , = gL, (1 +~11)_ I). (2+~ fIJ ~ lI ) j ~=~ .: ~ l 
J J 2 (1+;\fD ~ 

It is remarkable that the ext remely simple monom ial N-2 superfi e l d 
interacti on (2.1 ) entails a complica t ed nonpolynomjal Lagr ang ian for 
the physical bosons. Note the man i fest U( 2)-invar i once of (2.15), 
(2.1 6 ), which reflects the U(2)- invarisnce of t he or igina l action. 

3. It is not so easy t o see t hat tlie metric (2 .16 ) io hy per-Kah

lerian, especially, becauoe it is not msnifes t ly ~Bhlerian in coordi
nates f i 1"£ i. • By simple (though lel'l8thy) cal c ul s tions one can veri 
fy that it is Ricci-flat. However, it is t he necesaary condition, not 
the sufficient one. One should al so pic k: up threa l i nearly independ
ent covsriantly constant complex structure6 and thie is less t r ivial. 
In Sect. 5 we shall vieualize t hese geome t ric properties of metric 
(2 .6) by passing to the new,~ -representation of eqa. (2. 2 ). Here we 
prefer t o proceed in a d i f ferent way . NlUlle l y, we demonstrate that 
(2.16) i a reduced by a change of variables to the well-known Taub
NUT metric, which bel ol'l8o to t he claoa of f our-d imensional Euclidean 
gravitational instant ona and is known t o be hyper-Kahler. 
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To this end, le t us fir s t i ntroduce "spheri cal" coordinates in
1f . 

the 	R -spa.ce i ~ l } :l i. 

S! 	'" ~ ('-os ~ . e~p ~ (~+~) 
(' 'L p ' e ~ . ) r_c - p'l. 	 (3. 1 ) 
~ 	 = ..) ¥'.i1-a lWp z (f - 'f , :rJ -J . 

'rheD 

J S2 ~ ~~~J3~J~~ ... ~L~J~.J1~ t-2h.\J.~~J.1i := 

:: ~ (i +A~1.)dt-t-i,t ( t+Af)(Jel + ~k1.9JifL) +

+- L- CJ~+~eclfY 	 (3.:n 
2(it-?ts~) 

We a s sume that (3.2) hua no sillgularit ies in S . so '), ;> 0 • Then 
one makes a change or variuule~ 

Lf = ~ ("t- m) m "t ~ m =- ~,:n 	 (3.3 ) 

re cas ting ~S' i n the form 

~s.~ = .'(S'i 't+l'Yl d'tL+ i l"t I._)t1 ") ( d ft<' +~'I\l~ dlfl) + 
~ ~ "t - )'y1 Lj 

(3 .4 )+ 'nil. ~ ( d 4- t Cl)5. 9 dIf) '2 1 
't,+1YI 	 i 

Wllich, up to a numerlcal coefficient, is t he standard Taub-NUT met 
. 112/

rlC (see, e.g., ). 

4. We have aeen above that t he hyper -Kahler geome try in t ile 1')"2 

analy t ic Buperspoce description arises on l y upon e l iminat i ng an i nf i 

n it e tower of auxiliary fie lds, i.e . ,wi th part i ally putt i ng t he t heo
r y on-shellx ) One msy inquire how to expose the hyper-Kllhler proper
t ies dir ec t l y in tenllS o-f N,.2 s uperfields . Clearly, it should e s s en
tially i nv olve t he use or superfi eld equat ions of mot i on. Her e we 
der i ve another on-she.ll superrie l d repres enta tion of self- i nter acting 

xl 	'fhis hae to be compared . with theN-l cas e where the KlIhler proper 
t ies are manifeet a l raady at t he l evel of of f -ebe ll N-l superfield 
a ction . Elimi nation of auxiliary fie l ds there doea not i nfluence 
the form of t he bosonic Lagrang i an. 

6 

't- -hypermultiplets in which the geometry is expected to r eveal i t 
sel:f more t r a.ns parently a nd wl1 ich bears an interesting a na l ogy wit h 
the '( -description of N=2 gauge t he ory/g ,lO/. 

For simplicity we restrict our study to a single q," self- inte r 
acting in a man i f estly SU(2)-invar iant rnanner (the general case wi l l 
be treated elaewhere ) . The action is 

("i Sj (' ~1 " (~+ - t "./"~) '\ 
~ 't oo ad AA ~ 1) llt + oi- i..t ) 	 (4.1 ) 

(4.2)~l:~ = 11(r)lf~)\ ?tzCfli+-~2lt+?f + ~~{rr+>;Jt+t 
Note that the kinetic term in (4 .1 ) is invariant under some extra 
~(2) group(containing the U(l)-subgroup (2 . 4 ) which is an analog ue 
of the known Pauli-GUrsey group. With respect to this group ~ .. and 
..l!:.+ . 
~ form an ~sodoublet. If 

* ) ...--.±- ! + b f Q :;; ( ~1" ) -r )(f"):. fit" - £ ~ 6 t 	 (4. 3 ) 

then the kinetic term can be written in the :form 

~ (~~rr f - f D++tt) =0 ~ tfCl1)H q}O-- . (4.4 ) 

~ 

Though self-couplings in (4.1) break this SU( 2) s ymmet ry the SU(2)

notation is useful in that it allows one to wri te the equations of 
motion in a compact 2x2 matrix formx ) 

(J)·++ ~ VH) f :: (1)+-1" ~<lb+ i(V':)ab] 'f.,\ '" 0 (4. 5) 

V:' V~: 4- (-~i~ttt-Az(r)~~2(rf - '2.~2~t 
~ r - 1t f,~(fY 

~ !.. .!c ~ 
- 21z~t(.. 4Aa(~~ ) A~ ft+-)l~+)l+ A(f/ . (4.5a)2 

Let us a l so remind the analyt i ci t y conditi ona 

(4.6 )
:J)+o!. fa ::: 0 ) ~ + Q+A - 0 

U O/ (; - . 

x) 	Besides thia,extra ~(2) group effectively reduces also the number 
of independent coupling constanta in (4 . 2 ) from 5 to 2. 
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The quantity V ++ , being a real analytic superficld in the ad
joint representation of Su(2 ), can be regarded as a c omposite N_2 
Yang-Mi lls prepotential/ 9/, Correspondingl y, equat ion (4 .5) is simi
lar to the equation for the "bri dge" between~- and 'L -represent
ations of N:2 gauge the ory (/9/ , eq ( IV,15b». This suggests the f ol 

l owing subst itut i on f oI' 'It~ : 
, rJr :=: .e \."tr 4,,1" , (4.7 ) 

(1)H + i. Vd ) e ~V-= 0 ) elL V~~== _L e ~V- D"~ e-\.1), (4. 8) 

In terms Of ~" eqs. (4 .5), (4.6) reduce to 

1)-++ ~T :: 0 ::? q:,+ll..:= q,~o. (-e) lA"i. ' (4.9) 

~~ ""+ (' ... ' A1' ", "'... 0}.J J..(~) t ~ b ol. (:.t) -t-\.. cA.{:"')j q, = , (4. 10) 

'V l'\.T i. ()-\ (4.11)
A+ ==-' e- (. 1'\-+. e :::. A .A.l;;t ) 'i: !A~ ' 

col. (01 ) - ~ c!.Jc;{ ( oL) 

Thus, we arr ive at t he on-shell description of the self-interacting,.,.. , 

'1ypermul tipl e t in terms of t he ordinary N-Z s uper f ie l d q,\. (;!) const
r a i ned by t he "c oyar iant i zed" anal y ticity c ondit i ons (4 . 10 ) . It dire
ctly genera l i zes the standa r d N-2 superfield formulation of a fre e 
hypermultiplet/9/ and is related to the origina l analytic superspace 
descript ion given by eqa. (4 . 5), (4. 6) l i ke t he 't - r epresentation of 
N,,2 Yang-lJi lls is related to the ~ one/ 9/. In the ct -language, ana
lyticity is purely kinematic while the dynamics is c oncent r a t ed in 
eq. (4.5 ) which can be interpreted as the condition of "c ovar i ant" 

u±, -inde pendence of 'j.,-t • On the contrary, in the lot- -language, the 
not ion of lA~\ - i ndependence is kinematic . The t heory i s put on-she1.1 
by the constra i nt s (4. 10) stating that t + is "covnriantly" analy

tic . 
Let us emphas i ze that Eq . (4 .8) in different deacr i ptions comes 

out as a def inition of different ob j ects. In the ft -des cription it 
def ines t be br idge e. LV" wh ile in the rc -descript ion it defi nes the 
"prepetentiaJ. ~ V~ . The expression of Q. \.V- in forms of V'" can 

be ob t ained itera t ively , by s genera l recipe given by us f or the Nz2 
gauge the or y/IOI. This solut ion is n O'Rl ocal in harmonics and is inde
pendent of a specific form of V-i"+ • 

Note t hBt aga i n in a close analogy with t he N=2 Yang-Mi l le theory/ 13 ,9/ 

we may define t he '"( -re presentat i on of i -~ermult iplet in morE' 

8 

abstract terms, namely, by adding to eq. (4.10) the constraints 

['t/J.1'b+f>}= F~\ ,~\~=\ ~~.LI~~~\= 0 (4.12 )) 

Tt ~ J I +.. a"t 1 0[ 1) )~J. "'" \) )A.J.:.!j = • 

Equat ions (4. 10), wi ttl any A:"' (:u composed of 
0-'t + snd sat isfy

ing (4.12), are reduced after the redef initions (4. 7), (4.8) to the 
manifestly analytic equations (4. 5 ), (4.5). However, for ( '1. ::' ) t o be 
derivable from an action, V~T and, respectively, e'V' and A-:(~) 
have to obey certain integrability, conditions whose implications 
are not clear to us at the moment. 

These considerations can be easily extended to the case of YL 
hypermultiplets. Superfield t-tQ (4 .3) then acquires additional in
dices and so do Y++ and A+,j., (:.L ) which become 2nx2n ml1trices. 

In the next Section the usefulness of t he rr -representation will 
be illustrated by the (~/)1. (,...)2. -example. 

5. In the L. -description of q,t proposed above the basic geo
oetric object is the composite spinor connection Atol (~) ('q) res
tricted by the constraints (4.12), (4.10). On the other hand, Sierra 
and Townsend/ll/ hsve given a different on-shell superfield iormulat

ion of i -hypermultiplet, also in terms of the ordinary c onstrained 
Nz2 superfields. For one hypermultiplet their constraint. is as foll
ows/l ll; 

(lQ Ie) ""jb 
A-t ~ \:,~ CZ ~e £ be q,. eC.

E jb Cq) Dol Cd.) q, (~) o , (5. 1) 

, (L ,i ::: i,l j a.JIo~ i, a.) 
where the real superfields q/'" ~.re a.s s umed to parametri ze a four

dimensional real Riemann space, EJ\ C"t') is the corresponding in
verse vielbein with the world ind ice s ~b a nd the t angent Bpace in
dices LIlL . In terms of E. L-\ the hyper-Kiihlcrian ge ome t ry of self
interacting hy permultiplet m1.n i festB itseLf moat clearly/Ill. So it 

would be desirab le to put our c ons traints (4 .9) - (4. 11) i n t he f orm 
(5 . 1) . For the time being, we d o not know, whether it i s a l ways poss
ible (the t) -ruode l B associated with t he constraint (5 . 1) Be em to re
quire the SU(2) antomorphiam group t o be unbrOken wh i l e eqa. (4.9 ) 
-(4.11 ) do not imply such a restrict i on). Our aim here is to explici t 
ly demonatrat e that for the U(2)-CBS8 treat ed above t hia equivalence 

real ly take8 place . 
The relevant VH i8 d iegonal 

yH= ~ (t.tt\~ 0 '\ (5 . 2 ) 

l 0 - i\q,~t+ ) 
9 



and there ari ses an analogy with the Abelian N"~ gauge theory . Such 
a simplif i cation allows us t o obtain the bridge and spinor connec

ti onA in a cl osed form 

rv+ """. ;;<:; + \~ -+
1): ~ (1 ~- + t-l+ ) ) ~ - ~ q" (~)I.L\ ) 

>Ie 

't - "" - (~) U:-i.. (5.3) 

-+ ( 1)':(~ )1TA.1.(:.1) = ( 5.4 ) - ll~' ( ")~ 
Note that 

('0 . • 

q ~ (~)\ = 3\~) ) ~v-\ =!- Vi t'}.,U) , 
9; 0 1Ii f)-o 

where ~ .: and ~ are the s a me 8 8 in e qs (2.9), ( 2 .10). • 
By means of oome easy a l gebra the c ons traints (4.10) with A ~(~) 

(5 .4 ) can be r educed t o 

+4 t "" kb ... q E t i\ -\
E k:b D«(~) ~ (~) = 0 E\C.b = KIo(~)lA. \.. (5.5 ) 

~~ (i~ 1~f)- ifK~i i ~k~L 
E

iQ -=~~tL E~~) = (
Icb 1=- U. EL~ $l (1+~8~) ').-;::, ,,,,\.)(5.6) 

-11:2. k~ _~ li~~L t: 2 V'V +Z 1r~ . 
Taking off the zweibeins U~ fr om the r.h.s. of (5.5) we may cast 
the latter e quati on just into the form (5.1). To achie ve e c omplete 

with ref. / l l / agreement , one slJould also take into a ccount a fre edom 
of rescal i ng ( 5.5 ) by a Bcala l' function of l . It turns out that 
the hype r-Ka hler properties become manifest in terms of t he vielbeins 

,......,- , -1 , 1 (5.7)E~~ = (Jit [) G . E~lo = (i~~ r~ )"11. El~6 
One may explicitly chec k that the two-forms: 

~ • '" (C£\ ('oJ j ~c 
(5.8)SL 6:=: f kb E u to-e J~k6 J,t LJ 

are closed , constitute a SU( 2) -triplet, and are covariantly c onstant 
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with respect to the c onnection c onstructed by the metric 

/'oJ JC 1= e~ (5.9)~ ~ 6 ) 'Ie tl -= C \. '0 - 11:.0-. Y.. ~'e £. d 
These pr operties are just chara cteristic of a hyper-Kahler ma nifol ds . 
'fhe pure ly bosonic llLe tric defined a s the ft -inde penden t part of (5 . 9) 

exa ctly coi ncides wi th (2 .1 6 ) 

~ (e + ~l) 131( ~ (l. ~ ~1. ) 
CIc(1.~~ ?)+ 2. (1-:(\ii) 5j,c

2.( i+~r)
9~kJJ) =' 

- fc\c (h~S1)-+ 1\ (2 +~ s'~ -f.I 'Il(2.+~e) . 
2J1+~ t) L I:' ~( 1.+ ~ r·)f '-1 II: 

Thus, there ex i sts s poss ibi l ity to expose the structure of 

me t r ics associated with the t - s elf-coupl i ngs also in the 1: 
representa t ion by pass i ng t. O the c ons t ra jnt s of the "form (5. 1 ). On e 

may der i ve s gen eral f or lJ'ul a rela t i ng t he vie lbe i n E ~~ to t he 
' IT . .,. d

bridg e e < • However , t o reat or c -e <-V by V is in genera l 
not easi er than to compute t he me tric in the ?o. -re pres entati on. Por

haps, it woul d be mor e f r uitrul to deal at once .ith t he N=2 Yans 
lLills-like constra ints (4. 10), without t r anef or ming t hem t o t he f orm 

(5. 1 ) or (and it would be most desirable) to l earn how to revea l the 

e ometric structures directly in the ~ - repre sentat ion which provid

es the nat ura l framework f or handling hypermult i pl ets. 
In any case , there rema ins an ac tual and int eresti ng task of com

put ing t he metr ics for other self -c ouplings of q, and 6J 
hy permul tiplets by applying the st r bigbt forward met hod of Sect. 2 . 

In part icular, it i s an intrig uing question which se l f - coupling c orr
es ponds to I.he more fsmil iar hyper-Kaohl er me t ric, thbt of E(juehi Ilnd 

/14/Hans en . It a ppeared in t he early inveetigat.iona on BuperBynm~tric 
hyper-KShl er ~. -mod~le and, l ike the Taub-NUT metric , exhib i ts U(2)
i nvariance. 

6. Finally, we diacuss the most general aelf-interacl. ions of hy

permult iplets. The dimensi onulity ond analyticity arguments seem to 

completel y determine t.heir form. Indeed let us start witil t he case 
N-O. The standard N-C ~ - model action is 

(6.1 )>=~1. ~JIl)( ~~/1V()~1~0q1d, 
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where 'i:. is a coupling constant (dimension mass-I), -5" are di

mensionless and are considered as coordinates of some manifold. To 

p~ss fro~~' to physical scalar f i eld one has to rescale it as 

£"-= -;e t'~ . The metric ~"i (1) is dimensionless and does 
not explicitly depend on 'de. • 

Correspondingly in the Nz i case matter is described by dimension

less chiral superfields q,L ( <Pi. (~,e) =5l.+~ -1-" ") which again play 

the r Ole of coordinates of some (Kahler) manifold . The most general 

N- l Q -model action is 

~\:= ~L Sd 4)( d4e K' (¢.J4» (6.2) 

The dimensional par ameter'£. enters again via the factor X-Z and 

the structure of Lagrange dens ity ia controlled by dimension of mea
s ure c(4X ~'1 e 

hS we know N. 2 matter is represented by Ns 2 analytic superfields 

q,+{J~,u.) and W (~AIU) . 
The ir e- -expansion again beg ins with ge ometric fields f«1<) 

so ~t and Ware dimensionless as well . Under the natural assump

tion that the mos t general N.2 cs- -model is formulsted via tt-+ or t.U 
superfields the on ly possible superspsce act i on which results (afte r 

elimination of auxilisry fields) in (6 .1) is 

$ '" ~2. ~di~)dA ';;l+~)((,w){.I.tJDt ..~t) t++W)), (6.3) 

\.J (HI " t 4
where oi... is dimensionless function of t I W ) harmonics fA.
snd il ns lyticity preserving derivatives })++q.,+) b++ GJ, etc. Note 
that ';f( ~) cannot conta in harrr:onic nonlocali ties x), because for 

analyticity such t erms would inevitably include spinoI' derivatives 

(D+)~ . The latter is forbidden by the above dimensionality arguments. 

Thua, we conjecture tl1t2t any l1yper-Kahlerian IS""" -model is auper
sy=etri zed to s ome ';iJH) (6.3) . 1'his provides a technique to exp

licitly compute hyper-Kahlerian me tri cs by choosing a Lagrangian 
snd eliminating suxiliary bosonic fieldsxx ). 

x) . /10/E.g.,11ke those occurring in the Nc2 Yang-Mille action • 

xx) Recently Roaly and Schwarz/lSi have suggeated a geometric action 

for hyper-Kahler supersymmet ric ~-models in the analytic Nz2 
superspace atarting with the Sierra-Townsend approach/ll/ where 

hyper-Kahler metrica are assumed to be given in advance. 

]2 

Concluding t he paper we wish to e rr,phasize importance of est abli

shing a clasRificat ion of the hype r-K!!hl er l~e tr ics acc ord ing to N= 2 

superfield Lagrange densities . The simples t cas e considered above is 

an example. 
Acknowledgement a . \'/e a re sincere ly t ha nkful to A.Pere lomov, 

A.Rosly, .... Schwar~ and fl.:6 upnik for useful d iscussions. 

Appendix 

Vie derive here a general conserva tion l aw f or self-interacting 

~ -hypermultiplet e whi ch may be useful in practical c a lculations. 
We s t art wi th the moat genera l I{; -hypermultiplet acti on contain

ing no more than one har moni c derivati ve. 

H (A. I)~" ~~~+S~::: Sd~~)dAA li +qDH f~ i- ·l~(~t) t~) U ~) b f ~ 
The relevant equationa of mot i on are 

.J(i-'1J l)+t- co ;l(+&1)++ 4~~ -+- CO r:/... ~',J; 0 , 
V rotT~ n(!)~i~/l) 

~ --'p(+~J + 1)H CO ·If.!t__ (A.2 )lr rt.l _ ~.:t o·CO rI-
("/) (D++" q"1" 0.) (() 1-+ It.. 

Let us c ompute 
~ "1.~) ~t H 'Vt+'i{,J J)1' ti foll 1O..j~ (++)2.. H1)H t. ~J '" ~ bt+ ~ v+- [) q -t
~..t tO fA. r3 "tt"11 ro{D+-"t$tI2) V 

(~~)
"J."~J *

... ~ ';( ' .J _ (D+-+ f?~ -4-- rot~ . fAH = 

(3 u.- ,
I() (D+t f ll) ..r+~l "t+..) ,i+~) (~..,) 

(A.3 ) _ 1)-1-1" ~ ~,"* _ro;;: .:..t 'O~;..:t + 

- ilQ(b++ r4.) (b ~.f~ fQ (f)+tfl) (() i+ tL 


" 1 ...'1)
n." +~) .." ,J+~) " . J+-'4l..L ....,(.....) ~ '0 'J" i...t 1 .+~ 

+t v;J.. rI-__~;[ , ,J; l) . • ;;C ,.... J>u 'O~ + _. lAo 

+", (1)++ r·), ro (l)++f4) - 'O(DTt \t.) · ri(b++ ~t"o..) t7)u.- ~ 
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Using once more eqs (h.2) we observe that the quantity 

(+~) (+~) t~~) ,-/(.t-'I) * 
\% - '0 C..t . tt+Q1-l\._ ~1- bHq +<L (A.4 )i .....t ro ( b++ q,+II) V fl) ( 1)..-t q/'" ) II 

obeys the conversa t ion-like identity 

DH- T(+'i~ ro;t ':2t Ll+' (A.5) 

(() LC~ 
which bec omes oxact if ::;t(+~). ± contains no explicit. \A. -dependence.

c"' 

. . 1+~ ) 

UH 1 
-

-;c i >J: 
-0 1)-1-+ r!+'<)= 0 . (A.6) 

~roLe' -
Eq. 	 (A.6) implies that in coordinates of the central basis 

l(+~) ::o rf :~ke(2) u.~ UJ(.(To(U\ 	 (A . ?) 

~ """(+"')In 	the cas e when oL i~ doe~ not contain der ivetives, -r 
coincides wit.h ct~ This conse r vat i on l aw is especially simple 
for 	U(2)- invarien t coupline (2.1): 

l(. 

1)-t~ [(~t t+)] 2.= 0 ~ })H(tj/7[-t) = O. (A. 8) 

An interest ing point about the conBervation law (A.6) is that it 
can be relat ed by the st.andard Noether procedure to the invsriance 
of action (A. l) with respect to the foll owing transfor~ation9 

~u :· = 

S XM .=
A 

b~ 1tf 

provided C 

C-U+· n()+. =0
(, ) 	 0 " 

- v-c-- (}toM 81' f1f)-+ = S'e f =0 (A.9 ) 
I 

= - C -- f) +~ t- t- (A.lO) 

is a double U( l) charged constant independ ent of a 
(f)+tc-;;'O J (J--;' 0) . Such 8 constant looks ra ther unusual ly. However, 
one may recal l the familiar iaospin t ranaforma tions. Here, e.e ., in 
t he t r ansforma t i on of proton via neutron b'p(~)= ~ 01(+) nCO) parameter 
~(+) aleo has an electric charge +1 . We prefer t o postpone a discuss

ion o~ t he exact meaning of trane~orDations (A . 9), (A. IO) to the 
t'u t ure. 
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B 06"beA11HeHHOM 11HCTI1TyTe RAePHbiX 11CCileAoBaHHH Ha4an 
BbiXOAHTb c6opH11K "Hpam~<:ue coo6~J~eHu.n OH.HH", B HeM 
6YAYT noMe~aTbCR CTaTbl1, COAep*a~He Opl1rHHaJlbHble Hay4Hble, 
Hay4HO-TeXHH4eCKI1e, MeTOAH4eCK11e 11 npHKJlaAHble pe3yJlbTaTbl, 
Tpe6y10111He Cp04HOH ny61111Ka~1111, 6YAY4H 4aCTbiO 11CC>06uleHHH 
011RH", CTaTbH, BOWeAW11e B c6opH11K, HMeiOT, KaK H APYrl1e 
113AaHHR OHRH, cTaTyc o~H~HaJlbHbiX ny6nHKa~I1H, 

C6opHHK "KpaTKHe coo6~eHI1R OHRH" 6yAeT BbiXOA11Tb 
PerynRpHo. 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
cations which is a section of the JINR Communications 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerator s . 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condensed matter. 
Applied researches. 

Being a part of the JINR Communications, the articles 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JI NR Rapid Communications will be issued regularly. 
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ranbnepHH A. 11 AP· 
r11nepK3nepoaw MeTPHKH 11 rapMOHH~eCKOe cynepnpocTpaHCTBO 

E2-85-51lt 

nocne HCKn~~eHHA 6eCKOHe~HOrO Ha6opa BCnOMOraTenbHWX noneH H8H6onee 
o6Qee caMOAeHcTBHe N-2 MynbTHnneToa MaTePHH, onHcwaaeMWx cynepnonAMK 
6e3 CBA3eH, BBAeT K HaH6onee ~eH N=2 rHnepK3MBPOBOH MOAenl1. 3TO ABeT HO
ay~ B03MO*HOCTb KnBCCH~HKB~HH rKnepK3nepoBWX MeTp11K no COOTBeTCTBY~HM N=2 
8HanHTI1~BCKHM caMOABHCTB11AM, 11 ~eKT11BHWH CnOC06 ABHOrO BW~I1CneH11A 3THX 
MeTPHK. B Ka~ecTae npocToro MP11Mepa aHanl1311pyeTCA U(2)-11HBaPHaHTHoe caMOAeH 
CTBHe OAHOrO q-rHnBpMyMbTHnneTa. 00K838HO, 4TO OHO BeAeT K 113BeCTHOH MeTPI1 
Ke Tay6-HYi. 4T06W reOMBTPI14eCKaA KBPTHHB 6wna BHAHB nPAMO Ha Ne2 cynepnonA~, 
MW BB04HM HOBoe MPBACTaaneHHe AnA q-rl1nepMynbTHnneTOB Ha MBCCOBOH o6ono4Ke, 
noxo•ee Ha r -onHCBHHe N =-2 K8nH6POBO~HWX TeOpHH. .llnA U (2)- npHHepa 3TO Onl1ca
HHe COOTBeTCTByeT ~PMYMHPOBKe Cbeppa 11 TayHCeHAa. 

Pa6oTa awnonHeHa a fla6opaTOPHH TeopeTH4eCKOH ~H3HKH OHRH 

OpenpHHT 0&.eaHHBHHOrO HHCTHTyTB AABPHWX KCCRBAOBBHHA. uyftHa 1985 

Galperin A. et al 
Hyper-Kahler Metrics and Harmonic Superspace 

E2-£5-51lt 

The most general unconstrained superfield action for self-interacting 
~-2 matter hypermultipJets in analytic N•2 superspace is argued to produce 
a most general N-2 hyper-Kahler a-model after eliminating an infinite set 
of auxiliary fields. This suggests a new possibility of classifying hyper
-Kahler metrics according to the N•2analytic superfield self-interactions 
and provides an effective tool to compute these metf"ics expl icity. As a simp 
lest example the U(2)-invariant quartic self-coup! ing of a single q-hyper
nultiplet is analyzed and is shown to yield the familiar Taub NUT metric. 
To see the geometric pattern directly in terms of N=2 superfields we intro
duce a new on-shell representation of q -hypermultiplets in N=2 harmonic 
superspace simi Jar t-o the r -description of N=2 gauge theories. For U(2)
-example this formulation is checked to coincide with that by Sierra and 
Townsend. 

The investigation has been performed at the Laboratory of Theoretical 
Physic, JINR 
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