
22 1<011. 

coofilUeHMH 
Ofib8AMHeHHOrO 

MHCTMTYT3 
RJU PH blX 

MCCnel1083HMM 

JlYfiH3 

O~ i/<f.Jr- E2·H5·:,Uf. 

I.V. p.,llIharillo\ 

EX« 1';P'IIOi\AL QUA~T( r,'l .'lE(;IIA ;'''C~ 

PeAaiITOp ') • B. II El<lW1<e BIl'l • MilKer L'.1l. '1"I~IIIIIl1II. 

nOAm.caHO B neLlil,. b 26 07.85. 
tflopMar 60x90/16 OQlceHiilR n£>LliiT b. Y.. . -~311·J111C TOB 1 ,115. 

TI1paltl 530. 3i1Kill 36514. 
H3Aarcnbckl1~ OTAen 06~eAHHeHHoro HHCTI1"YTa RA£>PHW~ HccneAbBaHI1~. 1985 

ny5HiI MoCKOBCKOH 06naCTH. 



© Oli'bc,lunu·lun.lfI 11111 , IIJII'PIIl4Jl IICCJI~gJul.wdlllYCJL1.. 1985 

1. In quantum meohanics observable s (operat ors) are usually pre
~ent ed by some matrices or diffe r ent ial operators wi th t he prop erty of 
asso oiat ivity. One can construot nonas so olatlve Dctonionio quantum 
meohanio!'! wi t h ootonioni o observables 1221 • Other eenel'ali eat ions 

1 2)1
are possible , whe r e hiBber hyp ercomplex number serve as observabl e fi 

One more quant um mechanic s wh i ch uses octonions 1 s the famou s 
Il/(exoept i onal fuantum meohanics by Jordan, von Neumann and Vliener set 

also/2,4,18, 9/) . In the present paper we gi ve a short and el ement a
ry exposit i on of the exceptional quantum mechanic s including the 
corresponding equati on of motion. 

In conolusion , we discuss pos si bilities of matrix representa t ion 
(repre sentat ions in terms of u sual mat rices with real entrie s ) in 
the except ional quantum mechanio s. We deal in the spirit of the Di
r ac repre sentation t h eory i n t he same mann er as mat rix ( and also ana
lytic) representations were introduced for Q.uaternions, octoniollS and 
higher hypercomplex numbers in refs . / 22,2 )1. 

mll +2. Observables (a lgebra 3--)' In exceptional quantum me chanic s 
a gener al form of ally obn!rvabl e i s the Hermitian ) x) matrix 

~ c. I] 
(1)J= [ c~a:.' B CL ~ 

where 'i,) '1 ) "2 ar e real num bers. and a:. ) g ) C. 'll'(' oc ton i,n:: 

(o..:: d.. o e 
O 

+ci. " e + ... +O" .. € l' etc;). The bar deno te a oct onioni c 
1 

con jugate; e ...... eo =. eo , e.l _ e• = - e · i -1 2 .. , '1 beine the 
o = J'J -') ' 

involution opera t ion ( d. = d.. 
J

) . There are 27 i ndependent matrice s 
of this form, 26 of them being traceless. It is conv enient to introdu_ 
ce basi s matrices as follows. Let u s take direct products of the 
Gell..Jrlann )x) matri ces )..a... and oc tonion1.c unit s el. (in all 72 
matrices) 

).,.Il.e." (a..=O,1, .. . /t.;i =O,1, .. . 1) ( 2) 

This set can be div ided int o two se ts (we eliminate the imaginary 

uni t from II ).. ~ =. -\ "ae. ~ , ~ =. 2. ) 5 ) 1- ) : 
1) m 3- ,the set of 45 ant1he:nn1t i an mat rioes, 

'If.oi. -= }.Q e \. , ="0.. e. i a:..=' 1,~ , 4," ,S; i.:: 1) .. . )1ClIIlo..\ , 

[0-' 0] [0 0-'1 [0 o 01 eo . 

(3) 

o -1~~ ::. 1 0 ° eo , ~5 = 0 0 0 e. o , ~1-= 0 
1 0o 0 0 1 O. 0 0 
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~ 

+ , the set of 27 Hermitian mntrioe s, 

j'lo = ).."e c , J'i,,-=),.o..e o ' ( 0...= 1, '.!>,4 ,b,S ) 
( 4 ) 

t':t;.=~2.e.i) .f'1Si.. ;'XSei f\iV='~1e i I (1.= 1} ... ,f).7 

These Herm1tian matr io e s f orm t he desired basis of observabl es which 

is convenient, sinoe one can u se the well-known Gel l -Mann multipl i 
cation t a ble fo r the a l gebra of mat rioes A /21/ • Now we can write 

matru 0.) of the general fo rm as follows: 

J= j "f'4o + ja.t'4-+j~t'\ti. (0...=1,!.,4,b,S; f=:2,5,1jl",1, .. .,t). ( OJ) 

where i0' j ... , j ti are real ooeffic1ents . 
With t h e J ordan produot 

A,. B =t(AB+BA) (G) 
matrices (1) or ( 5) form a nonassociat1vc but oommu·La.llyo 1l1.p,O IIl'I\ 

(algebra mS
:!.+ ). One way to show this faot 1/\ to p ur fnrlD " III rlto l. 

cal oulation of A· Bwi.th mat ric e s of the form ( 1 ) /\.tId 1.(1 ""(I I hIll 

A·B results 1n a matri x of the f orm (1) (th1s ill the Qrl/\ 1 JIll) Jlr~ rlC 
by .uhert /2/ ). Another wa.y of proof i s t o reffOr to tI,,, IIlIi I t I tl \ l 'l" 

s+ - .' 
t ion t able of t he ba sis matrices of m. :

l 

~"-'f"\ ~=;' ~o..~t"o+da.Sc..t"'- (a..,~,<: = 1, '1,,l. , II,P.). 

tta.· ~h= JILt;} ~'l1. 	 O,~ 1," .1)' (I) 

¥H.' }'~j = ~"l(;' 'Ot~ ~o+clj~C-~C.J+tf~I.£.L~Id~h" (f)~,l. ).,1",), 
which is easily calculated using the Gel1J.!anll mu1 tllll11J11 l1111\ ~1L\i1 

or the matrices ). (d ... and t.. . are Oo11-Mnnn at 1'uol UrI' Il IHIO

tants) 121/, and the multiplication tabla for ootoo1011 

eo e.o :::: eo , e . e. . = - '6 '. e + z. .. L e k.
' 1.) 1.} 0 l \ I<. ' 	 (u) 

where E-,: }"- can be ehosen, for exam!,l (1, t 11 	 IJ.. (I). r f! l' . / :- 1/) 

£' 1'1. ~:::: 1) £. 1t,~=1, £ 15(,-= - 1 , f.. 2.'ib:' I I k:. t 'n= 1, ~·."'I~ =-t ~ t.. ~""f=1 
or (911) 

£. 1'2.~=-~' E-1~s=-1, £.1{;'1-=-1) £.2.'1~: 1, £.2,<;1-:::: I , t. ~~l:::. l )i.!:t SE.:::O-·\ • 

(9b) 

2 

Note that the matri ces of the rn3 
8 + 

a lgebra sati sfy the equat ions 

(A ·B),A'1-= A.(B·A'L), {A,B,Ai)=O; (10) 

J~ - J i Ty J + J Q(J) -I de.t J = 0 , (ll) 

wher e 1'Y3:='~+~+2, Q.(J)=~tt+rz~+if,-ICl.I'1.-ler-IC.f-= t«Tr3)~'TYf), 
detJ=~ Yll-~ lo...t'l.-~I~I9..-2Icl9..+2.Re(a.f,c)= (1 2) 

={;[(1\. JY' - ~(Tt' J)(Tr 1~)+iTrJ?>J= ~ T~((J)C.J)·J). ( 13 ) 

))l1=1(J-T.-J)-tTr('J(J-TrJ)) is the Freudental product /S/ : 

A.llB:=.~· B-i J\II"B-1:BTr l\ +1(1'.-")(ir B) -klr(A. ·B) . (14) 
For the defin it ion of the Jor dan a ssooi a t or (X, Y,Z) and a proof of 
pr operty ( 1 0) s ee Appendix A. Equatl oD3 (1 0) and (11) serve as a 

souroe of many useful f ormulas and are usually 	 t aken as a basis when 
S+

the a lge bra m 3 is defined axiornat i cally. 

S+ s+
J. Automorphi sm gro,p of al.gebra m~_. The al gebra wt'!> has 

the a utomor phi sm group x isomorphi c t o the exoept i onal group F •4
 
Infinite s imal transformations of F4 can be wri tt en i n t he foll owi ng 

two forms /5 ,1, 9 ,1), 17-19/ ( s ee Append ice s A and B ): 


~ J= (A.,J )B) 	 (J, i\ ,BE: m~+ ) 
( 1 5.11) 

= [C,J]-t[[a.g1JJ-3(Cl ,B,J') (CE. m~- ~ l \ .C =: O) (15. b) 

(L:: Clie.i. ) g=€ie.i. are imaginary oc t onlon :.) 

== [w~de.+ + WCLi. ~a.A.,J] +[[Qg1J ] - 3 (C1) g ,J') 	 ~ ~ 2, 5 ,1- C1:J. b ' ) 
ct= 1, '?>,~)b,'a

The finite transformation is represented as foll ows : 

JI =: e Cl.d ) o..J J =(A ,] ,B) . ( 16) 

For the definition and relevant proper tie8 of the Jordan a ssooia t or 
(X,Y,Z) ses Appendix A. In eqs. (15 . b) and (1 5. b') (d...Jg )J) is the 

u sual associator, ( d... J g ,]) ::::: (,4&) J - do. (g 1) , and the square 

brack ets d enote the usual commutators. I n s q. ( 1 5.b') i t i 8 emphael
zed t hat the matrice s at of m~- s erve as generators of the F", 
tran8formations. Only the traoeless mat rice s (~t and 'ae.ec.i.. ) ge 
n erat e t he transformations in th e usual manner (the firs t term of 
(15 .b') 

---	 I r 
x ) Automorphism is Buch a transformation that (A· B) • A' .B , 

whe re the prime denote s transformed quantitie s , b(~,B) = SA·B +!\.bB . 

:s 



[ oe hJ'l ~J = i f+a... e, ~~ ,[oe§-, ~~d =l tt ~h t'k.") 
( 17) 

[7f<. a..i. ,.f"\ (2,1 == 2. f oc. ,q.~H) [~Q.i. 'S"\h]= -~b 1. ~ ta..t-~ ~€,+2..E..1.·, kd«.t~ ~~k.. 
i.e.,as the transformations of all the nonexceptional groups. The 
second and third terms in eq. ( 1 5 . b') fo rm an l.nfinit e s1.m.al trans
fo rma tion of t he subgroup &9., of the group F., . One oan say that 

thi s transformat i on is generated by the missing matrices Cle.oi.= >"oei. 
however, i t s unuoue l form iA due to t he nonaaeociativi ty 

of the 0 ctonions . 8+ 

4. E1genstates and eigenvalues. In the algebra m.3 there 

exist t.h e triples of the pa.1.rwille orl.hop,onal idempotent!! E -i. /6/ 


E1 ' E, = E" E2, · E1.=:E 1. E ",,· E,, = E\) l\r.~=t,1 

E. '\ . E 2. =0 , E 'l. • E ~ =: 0) E ,!, • E., :::: O. (18) 

with the completeness property 

E,+E'l..+E1o = 1L=t1o ( 19) 

The simplest example is 

e o 0 01 [0 0 0 1 [t> 0 01 E> [ 0 0 0) E°'l.=: oeoo 8 0
\ - (j 0 (I - (20)I 

o 0 0 0 0 0 II 0 I.'" 

Any other triple of i(l empot ents E"E.'i.,E .. dlr',!rn frnD1 r:"t,E~ ,E; 
by some automorphism transformation (whioh we dl'n\,L,' hJ' lh ll pr:1.me) 

E' EO £' EO , 0,=- 11 2,= 'l. , E3 =: E ~ (21 ) 
B+ 

sinc e ElllY matrix of m~ oan be dlagono.lizol1 by n I rllM ronnation 
of F'1 /5 , 18/ (see Append i x D ) . 

For any observable J there exis ts a dooompon 1 t lon luto t he 
corresponding triple of pai rwise orthoc:onal idr'mpvLl'IIL - /0/ 

\ E (J) \ EO) \ (J)J -- ", 1 + 11.7.. ~ + ,,~E 1o , (22) 

tbe 1dempotents E~) being the eigenstate:! of ) .11111 >.. " the 
eigenvalues 

"I • E ~ .J) =- >- . E .0)
J"1. 1."1. e2J) 

If E is an irreduci ble idempotent, E·E = E, 'l'rE ., 1 , lIltlU 

E )( E = 0 , de t E = 0 (:>4) 

(det 1s defi ned by eq. ( 13) ) and vice versa. AJlj' :1 rretJucl bh· i llt~m

potent E can be represented as follolVs (P.Jon,lan/)I' , :II! ( 11:10/18/ ) 

( 
Cl. l [Cl..<l. 0..1 a.c 1 E = g (Ci lc:)= g~ ~! g~ , 'ii.Cl.. +(I,(?,+C:c.=1, (25) 
c. 1;..0. c.t c-C 

wh ero "ne of the oc tonions a, b, c 1 s a pure real number . 

m 8+
5. Tra c e of mat r i x of ~ is defined a s t h e s um of its di a

gonal element s (th ey are real). In par t i ouJ.ar, for the ba s is matri ces 
we have 

1\ ~o =; 1 1\ .. (tt~· ~4) =!l.. S<1.~ )T"L (~ t-i ' ~~l) =2. b~~bij ( 26) 

and tra oell of J'I ",- , }(f-i and f'ta..' ~~ are lIlero. Th e traoe of a 
pr oduot of matr ice s of m.~+ has the proper ties /5/ 

I"L (X.'i~ =: 0 V Y ~X=O' x) (27) 

1'''t. (X.YJ ::::1\JY·X' ( 28 ) 

'r 'l- (X· (Y.Z))=1\.. ((X,Y) ·Z) =.T1:. (Jc.Y.Z') is symmetric (29) 

in X,Y, Z, 

1""t. (X,Y ,2.) =- O· (J O) 
1he last two statements are e qui valent • Equat10n ( J O) means that 

the trace is invari ant under the transf ormations f1~ 

1\.. ('b Y) 7:: 0 1 T"L yl~ I "t.Y ( 31) 

Thi s 1s Talid f or &n7 number of faot ors 

I "L ('{ ~ . y ''2,) -::: T"L CY,Y 2,) ) T"t.. (Y~ .y l'1. ·Y~) =: 1'''L(y1·Y2.:Y~))'' .(n) 

There is the i nverse t heorem: if s ome t ransf orQAt 1on l eaves both t~e 
quad r atio BJld oubic f orms (i. e . ) traoell Tr ( X,Y) and TreX·(Y · Z)) ) 
invariant , then it is a utomorphism and belongs t o F~ /5/ 

6. Tr ans ition probab1li t ies. Let us s peci fy initial and final 

statea by s ome density "mat r i oes · S' i and S'~ wh1ch belones to 
m~+ . As 2i and S't we t ake idempotents whioh are e1gen
stat e s of some obllervables (pur e s tates) in the senee of eqs. ( n ). 
Define 

..s f \. =o T~ (~f'~-\) UJ) 

--x~;;;;; this insert into 1\ . (X.'Y,) 

X= i{ot\o + )(. '" ~c>.+ Xf.:. t-th 1 Y =~ 11 0 + ~tt"-+ ~ h ~~J.;: . 

Then '1'r ex·Yl =0 ?> x" ~ + ~ ()(. "-~ + ~ l-'. l;\- ~ ') 

whence immediately there follows eq. (27) . 

:; 
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as t he probability to f ind the state f i n t he state L • Let u s 
verify that t his interpretation 1s oonsistent. Summation over three 
pairwise or thogonal final idempotent s give s 

L Tr(~t' ~,) =Tr (l S'i.) = Tr (~i~ = 1 . (J4)
t 

where we have used eq. (19) x) and t he noroalization oondition of S'i. • 
Thus, t he s um of the probabil i ties equals uni ty. Let us dem ons trate 

also t he posit ivity of the probabil ities 

( J5)O ";' Tr (f~ · ~~ ') ~ 1 . 
If we reduc e t r iple of S'~ to the tripl e E O (20) (using al 

Buitabl e ~~ transformation) we obtain 

o~ Tr (Et'~{) ~ 1 (Tr (~!' ~l) = I'l- (E'f ' s<)), (J6) 

i.e., , I o~(S' 1\, ~ 1 ) O ~ (S'i.)~t~l ) o~(S'~\,,~1 ' (:37) 

The positivity of these diagonal elements is clear, since the diagonal 
el ements of any idempotent are posit1ve 

(£10..a... ::: (£ .E}.,..o...> 0 , ((E '1)«.0..::: E<l-i.£ k = ECL~£.a..t) ( JS ) 

with no 3ummat i on over Cl. • Thus, pr operty (J5) 1s proved . 
7.~quations of motion. UsuallY an evolution law in quantum mechanios 

is a tDanS f ormat i on of a one-parameter subgroup of an automorphism 
group of algebr a of obaervabl ea. In acoord with this rule we a s sume 
equations of motion for the density ltnJatrix· S' (t') in the Sohrollinger 
pioture and f or aD3 observable J ( t ), that does not depend expl i citly 

on t i me, in the Hei senber g picture to be 

dit ~(t) =- (,A, ~(t),B) t!t J = 0 . (J9) 

:t 1lt )={A, Jlt),B) , ~S' = O, ( 4 0 ) 

where A. , ~E: m~+. Yoroal solutions of these equations C UD be writ ten 

x) It 1 s possibl e , using a suitable transformation of the aut o


morphism group, t o reduoe S'~ to E~ (eq. (20) ): 5>: =E~ , t o 


obt ain 


:> Tr(~+' ~i) =~ Tr (E~ ' 9~) = l'r~~ ==T r ~i =1. 
}:1,'I.J~ ;'=1,'2,:' 

6 

~lt) = e -tCLd S'(o) , (41) 

J It) = e.-t CLd J (0). ( 42) 

whe re 

a.J~(o) = {J\')~(o\~) = - ~ [[t\~1~(o)1+ ~L±'(A)~(O\-p,; ( 43) 

(the sum in the last term is defined more accurately in Appendix A). 
Two operators A and B play here the same role that is usuall y played 
by Hamiltonian. For the law of evo l ution def ined above the usual pro
per ty 

1\.(j 1(0)' .. " J", (0) . S>(t)) =Tr (.]1 (t). ... ' 3.,lt') . },(O); (44 ) 

is valid wi th any arrangement of brackets t hat fix an order of multi 
plioation. 

The co nd i tion of conservat i on in time is eiven by 

( A ,J(t),B) = 0 (45) 

The role of equat i ons ( 39) and (40) are the same as that of equa
t i ons Neumann (Liouvill e) f or the densi t y matrix in the Schrodinger 
pi cture and He1senber g-Born-Jor dan-Dirac equation s fo r observables, 
which do not d epend explicitly on t ime, in the He isenberg pi cture. 

~S+8.Mat rix repre senta t i ons f or elements of I I~~ • One type of re 
pre s entativ es of any operat or (observabl e, density matrix) 

r =. 0.. 0 ~o+ C1a. ~C1..+ a..ti tt tl ( a.= 1) ~ " ,b 1 S ; t =- 2,5,1) (46 ) 

is set of t raoes arranged in 27- component ool umn 

Tr F 1

T r (t" F') = l' r (~ ",: F) ( 47)

[ 
Tr lr h ,-r) 

Tr(¥. F) is a short no tation of th1s column. The re const ruct ion t heorem 
is 

F = ~ ro T",F' + ~~Il.Tr(~a.·F)+i f'ttiTI"(~~.'F;. (48 ) 

where the number coeffi ci ent s are olear from eq. ( 26). 
other t ype s of repr esentat i ve s , the left and right representati 

ve s , are defined as follo ws. At ti~st we find the r epresentat1ve s of 
basis elem ents (4) of algebra nt~+ x ) 

x}One can obtain symmetriC matrices taking fo,*fI .... )tt J"i l. 

ins tead of r.) J'I", , l""H ' 
7 



1 
II' (t'S'1='') J [ 0 : Sk : 0 jITr V' II 1\' -r J 

[ ~:(~d't." ) ~ ~f~~,~ ~<!<: ~ ~=:: l' .~<r) ~l"~ l'.ltt.:~) 
" (t\i t'g r') 0 t 0 Ibi.\(dHc; 1r(f1~k:-P) Tr(J'I~ :P) 

'TY l r ' N,) J [1\'"f' 1 
= 1'r (~,,-. F '~g,) = tt~ 'Tr(!t...·r) (49 ) 

['Trlrt;"f')4t) 1\-(rwF) 

'Tr(t'~~T) J [- - ~ - ~ - ~ - ~~LIt.~~~ - (Trr 1 
Tr(~,,-. ~l'lrr) = _ _0__ 11__ ~ _ ~f\~~<11_~_ 1\(~,-.V)[
'rr l~~i.· ~~.'F) ~ bi}btl}: b.;.)J ~ 1-c.. ~ f- ~iiJ+'}h Tr(t'hk''F) 

1'1" F J [ Tr lr'~~i) 1 [ I'r't J = ~!i 1'r(!'4~.'r) = Tr It'cL·V·r~) =~~~ 1'rlS'4d.·'F) • (5 0)[
, 'T'rlf'\h'r ) Tr (~h, F .t'~ }) 1'r(~h· tJ) 


where F i s an a rbitra ry element of Yrl~+ . Due t o commutativi ty 


of alSbra m ~+ the right representat ives a re equal to the l eft 

ones 

"t. _ t _ [1 1 1 't. _ t 'l. t ( )
J'l o - ~o- " ' ~CL- .r Cl.-' rti= ~ h' t 51 1) 

These ma trix r epr esentative s are 27x27 matrices ( ~o is the unit 

27x27 matrix). Dimens i ons of bl ook s are the fol lowin 


1 )(. 1 11 X5 1 )( ~1 ] ___I - _ .1.
t 

- - 

5)( 1 1 S )( Si S )( 11 ( 52) 

[-2.1~1 ~2iX5~ ;1:2; 

Traces of the r epre sentatives are 


Tr ~~ = it, 1'y ~~=1'rt'~i.= O,1'y(t'~~~):'b~a.(?,)T.. (t{t'~0=bb~~bl.i.(5J) 
I t is clear t hat any Jx ) ma t rix (over octonions) of ntj~ can be conv er

ted int o a usual real 27x27 matri x 

l'y(~.X·1='') =\y l!'l' F·X':: Xl Ty(r·r), ( 54) 

X)Note t ha t our nota tion of t he l eft and right r epres entatives 
(sa,y, xt , x't., ef ,rh ) aros/ 221 followi ng t he spirit t he Dirao 
repre3ent a t ion t heory. I t se ems to be more indi cative than notation 
used in algebra (Lx , R ' Le , L }I. ) and called the lef t and rightx i/9/) £imul tiplications ( see, e.g., ref. • 
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with 
x -= )1.. 0 t'o +)(.... tto... + ~H tl+i. (55 ) 

X l X't- t t = = x., t'o + X,,- t"ioL + )( h t' ~ . (56) 

t
If we know)( we oan easily reconst ruct)l as foll ows: 

x=~~~,, \r(~~Xf)+ ~ ~~'Tr(~!Xe)+ If'4t'Tr(f\~Xt) (57) 

Some of more complioated products can be easily expressed in terms 
of the abov e r epresentatives 

1'r(f4 , (X·(Y·F))) = XeyfT"l(t'.F), ( 58) 

rrY(M . (X F y)~ ~- U<.t ,yf.] '1\ (tt .F) (59) 
J' ,) t' 

Tr ( ~'(X,,{)'llF)=-[ [X.tz ]yt] Tr (~.F). (60) 

1. e. , (X,y,1)t =- UX~Zf1Y £ ] . (60, a) 

When caloulat i ng sq. (60) the property 

(X,Y! !.) .F =(X 1Y . F., ~) - y . (X ,F , Z) (61) 

1s used. 
However we cannot find a repr esentative (x..y)£. for X,.y 

T (r.(X..Y).F) ~ (X ·y)tTrlt'.F,) (62) 

i n t enIls of X£ and yt only. Let us use now the decomp05ltlon 

(flA. ,{'Ii> ,.f'\c) = .94A~(Df1D A.,S,C.,D = O,tl.,fi. (6J) 

where ~~B~ are real ooeff icients. They vanish, i f any subscrip t. 

of A,B,e or D equals zero. Then we have 

Tr Ct""tx. ,Y 1 Fj)) = IY (~ ..... ('X,.y). f' - !'4 .... .x· (y.r); = 

= - TY ((~ I>-. ,X ,Y) ·r) == - A\;Yc. it(>'S(1)II" (tinT) , (64) 

(X. 'l)~DIt (~t) . rJ ==II' (~A.' (X,Y,)· f') = 

=Tr (r~({X.,Y. F) + 'J..{'l·"F)),)=C'XtY\..n-XsYc 9tI>.BeD')T"(~D.r) 
(65) 

and lYe f ind the desired representative of the product )C.y : 

(X 'Y)~t) =eX.~yl\.~ - Xi,Yc 8tAy,(t) (65.a) 

It includes in addition to ma.trices Xl and yl (constructed of tt~ ) 
the two-index 27x27 matrices 

t) 

http:Tr(~'(X,,{)'llF)=-[[X.tz


Appendix A. Properties of the Jordan associator. The Jordan associ1fBe. :: II J'1 Af> c..n \I 	 (66 ) 
ator i s defined by

with zero s in a-r ow and O-col umn. Thus, the desir ed matrix repre senta
tion was obtained. ~X,Y, ~) ~\X· \{) 'l - X· lY·Z) = 	 ( A. 1 ) 

Another way to cons truct a ma t rix r epresentat ion is to s tart wit h 
72 matr i ces ( 2) (see Appendix F). = -~[X~ ]y ] + t((X ,Y, ~t)- (2.,1..,V)-01.,1. ,X)-(?: ,Y,X)+N,X.,l:.} (X, l;Y))

All the r el ations can be transla ted into terms of the r epre s entati 
CA. 2)ves obtained. Fo r exampl e s, for the column-representat ives « X,Y,z) = ( xy)z - X(YZ) are usual associators) . It i s subjected to 

the foll owing identities . i(t.) ~TY(~'9(t~ , 1 (t) ~ TY(f'l ' J(t)') 	 (67) 
a) Ident ities that foll ow only f rom defini t ion (~l ) (and a re 

the e quat i ons of motion (39 ) and ( 4 0) and their s olut ions take the 
true for any quant iti es )

f orm 
(X ,Y,Z) +{I,Y, X)=Q 	 CA. 3 ) ~t~(t) =:[ ~t -Eh'§(t) , f(t~= et [f..lB e1~lO) , (68) 

t:i.. ,Y, l)+(l ,X ,Y)+(Y,l,X)=O 	 ( A. 4 ) e1t: ](t~ =- ( A.£ B£fJ(t), JCt )=: e_t[Ae-S ] Jlo) (69) 
x) , 	 (X,Y,"l'W) +lw,'l ,X'l) - (X,t. )Y.W) - ('tJ )l,X'Y~= (Y,'i.,l.).W+X·{Y,W)t) . 

and f or t he matrix repre s entat i v e s the fo rm  CA.5 )Le t us note that (A.4) is equival ent to the identity 

~tge(t.)= [ [ f\Q£,Q ]~~(t)}:: (a.d ( f\e.~h)~ ~(t\ 	 (70) l CiYl:l.1 + [l1.X1Y]+ [[Y"l.lX] = 


ft ] t (t) = -[[I\~B£ ]J~(t)l= -(a.dlf\£ f:,tlJJ f Ct) , (n) 
 =Ci..,Y,"l.) + CI,'J...,Y)+ (Y)'l,X,)-(l. )Y,X')-(Y. )X.;l) - (X, l ;f) CA.6 ) 
~ e e e] t [~e F>2J 

~ flt)==eta.J[ ~B l~~-(Ol==et[J\P, s> £(O)e- , (72) 	 (here the signs correspond to pari tie s of permutations ). 
b) Identities that are valid only f or the J ordan al gebra 


1\ f) = e- tcLd [t>,e Be] 3£(0) =: e-t.lt..~"E,t11e(o) et.[t>.e.~h (13) ( X,Y,Z,W E m"s+ ) 

A role of the obje ct ¥ (t):: e t [f.,eBfJ yeO) is problematic . (X,Y,x'l.)=o, CA.7) 

Conservati on 0::' the proba bilities. From eqs . (39). (68 ) and (70) • I 

2.(X ,Y, "l'X,) +(Z,'1J X~)=O, 	 CA. 8 ) there foll ow the conservat ion law s 

Tr ~ lt) = 0 , Ir 9(\.) 0:::.1' 1" ~ (c) 1 ( 74) (X)',c·W) +{W,Y)X·"l)+(l.,Y,W·X)=O) CA.9) 

~o It) =0 (zero component), ~() (t) = ~o(Q), (75) (Y, W·X,I) = (y,W,l}X+W·{Y,X) I ). 	 CA.lO) 

Tr ~ t(t)::.Tr s>£(O) . ( 76 )TV" ~t(t)= () , 	 We can easi ly prove identity ( A.7) by referring to the theorem, that 

any matrix of m B3+ can be diagonal1zed by suitable F, transfor
X}No te that in the octonionic quantum me chanic s (see refs. / 22,23/) 
mation. When )( is diagonalized. it is real and we hav e assooiat~ve 

t he equat ion of motion in the Heisenberg pictur e 
situation. If (A., 7) i s written in the form (A. 2). all t he t erms 


;~ J(t) =[(J. ~1 3lt")1- ~ let ,~, 'Jlt)) turn to zero x) • Original proof of eq. (A.7) by AI bert / 2/ is mor e 


direct. I dentities (A.a) and (A.9) follow f r om eq. CA. 7). using
convert ed into the ma trix r epresentation takes the s imilar form 

t e the prooess of polarization ( X ~X+)"':l. ) • Identity (A.IO)it 3 '(.It) = ((J..2 \,>2 h [d.'t- ~"L ] + Lett f->'L} , )'\.t)1 follows from eq. (A. 5) if we use there eq. CA.9) and then eq. (A. 4) 
It means, that (X, Y. Z) is infinitesimal automorphism transformationwith the formal solution 
of Yt t a.d ([cl~\'>~1+[cl'Z. ...."Ll+[l f>'L l\ 11,:\- t([;l...tl'>~]+"-) '\ i f" -t([J.~~~J+·· .)

) (t)= e ,- I) \9}-e J \.0) e . x) I nstead of this argument ~e oan directly perform multiplication 
in transformed (X,Y,X2~ since X is now a real diagonal matrix. 
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Due to the property (A. lO) t he operation 

DB,~ J =: lA, J, B) ( A. ll ) 

is named in algebra t he derivat i on. One can be convinoed that DB A ,
form a Lie algebra 

[D D,e. ,PB,A 11 :: DD,c.lA 1 1 ,B)-(A ,1\,,(.) ,B) = 

=(Db,c.f\,3 ,B) +~+(A, J ,Dll,tB)-~::: 
:0 (DE.,,t..'+DB',A)J ( N. =Db,c." , pj =DD,C.B'), ( A. 1 2) 

[Dl),(' DB,fa) == D:",A' ..,. ])1',,\ . (A, lJ) 
I t is the F4 algebru ( 52 paramet ers). 

S+
~pendix B. I nfinitesimal aut omorphisms of t .he algebra m 3. • 

Ac co rd I ng t o Appendix A one f orm of t he au tomorphism ( F4 ) transfor
IIW S+ . mat10ns of Ill.;>, ~ s 

1) <il J = (A ,J I B) . (B.l) 

Other ( paxt 1cular) forms of t hese automorphism ( F4 ) transformations 
are /5/ 

2) 'b 3 :::: [C, JJ ) C. E m8~- , 'Tr C. =0, ( B,2) 

J) ~1 = [[CD)- ~TrlC.DJ ,J ] , ( , DEm~- , T,,(::1'r]) =O, 

4) '03 ::: [[JC1DJ + [[DJ]CJ ) C,])c:m.~-, 1\.(=1''t-D~D~ ) 
.i. (B.4)

5) 'DJ::: [[(1))-:> Ty[C.D],J)+UJC.]Dl+[[DJ]C.1-- (8.511) 

(,DE:.mt , 'T'rL =TrD=O 
=L(C,-D,J)- ~ [T-r.[c.nl.,J]= ( B. 5b) 
cu.t"s';t*"'" . 

=; C.tLiJe.ib~(-[[Q.~eilJ1+3,(e-\.1e.,; )J))== (B. 5o) 

(after sUbstit ution C== c.+~! + Co..~ ~4.4 J D =J~~~+ J eo) ~f, j ) 

: - [[a. S1J ] +~ la. ) g ) J) . (B. 5d) 

Make some oomments: 


to 2) Check the automorphlsm property of trans f ormatl.on (B.2) 


[c.) )1.1').1 == [c. 3 1 ], 3" + .3,' [C:hJ (B.6) 

In faot ( see Appendix E, eq. (E.4)) 

[C) Jl' J '1.] = [(,1 1 ] . 'J 2. + ') l' [C :h.1 

-i((( ,1,) ~) + lC)1!1'l1)-(J"C ,1t)-(J'1. ,C,J,,) + (3"J,.,C.) +(Jill,S.)) 
12 ( B. 7) 

Insert C= c.~ 'at.~ + c.~ ~.....:.. ) d = lor o + ~",,- r ..... + i h t't'. . 
In the most of the cases these associators equal zero separately 
due to as soc iativity . The wo r st situation C-ae~ , 'd" ..... f"I i-j. , J2. -tl ~k~ 

()..a...e i Jalt ~i ' ~~elt.)+ (,)..A.~ )X~~,'X.!-~j)-(~~ej ;~tL~ ) ~~ elL) 
- (~e.IL. , ~Cl..ei." x.~e.j') + (Ot.~ e...i )i£~e \L ;)\"'-~} +(~~)~~e.j »..~e....') ::::. 

= (~4.dt.+ ~~ - )...".:CIt.~ 'Xt + d!~>"tl..'X'a-~~"..:~~ + ~;\-dl!..~>-tl...-X.~"at.i~~· 
. (e' ,e..j ,e\L) =0 (B. S) 

due to the relat ion (specific to the Gell-Mann matrices) 

2.{).. a...~;.de..~ ->-~de.~"M.! +'X~}..tLdt. ".-~ }......~++~! ~}..tl..-~~~ }..~ :::. 
= ['Je.~ t~~~~1- [~\.ll.~~tl..\1 + i)...<L. [~!-~l ! :::. O ' (B.9) 

to J ) [ c.. D] E: m ~- , but in general Tr [ CD 1 F 0 and we 
extract the t race. Then according to eq. ( B.2) we have the automor
phism property 

[[CD] -:t1'1:- [c.D1 ,J1' J ,J :;; [ [ CD1- ~1\:. [CD1 J ')11.1 2 + 

+ j 1'[ [CD1- \.1''t.[CD],J ~l (B.l O) 

to 4) The commutators ([3C ]D] and [[D J] C. ] are not 
automorphisms s epara tely 

[[ 'J,,' J ~ , ( 1D] = [ [31c.] . J2. + J,.l J2.C] ,D] :::. 


= [['J1c.1D1·J'l + [:\1 C-}(JtD]+ [J1D] ·[JitJ + 31. [ [J'lLln] ( B. ll) 


[[D,] /19.1 c.1 = [[D J.,1· 11 + 'J l' [D J ~1 , C] =: 


= [[D311C.1· J,. + [D 3 1]. [Jt.C.l + [31 c.1 · [Dl t 1+ J". [[D :'lilc.] 
but toge ther they are. ( B. l 2) 

t o 5) To pas s from eq. (B.5a) to ( B.5b) the gener al identity (E.i) 
of Appendix E is u sed. Then we inser t 

c. == t+(jlf+C~ 'df.~ 1 D ::: Ji~~+JQ1~j 1J ::: jo~o+L.-t'<L+!hkj-(hk 
and obtain (D. lJ ) 

2: .(C JD,J) ::: c.o..i.Js~ hILL (~~'-;)£.~i J~h\L) ==
A. ...h>~ ...... . 


= 4, d ~j j h\l.. i ba.e. (e;. ,e j '~h\L') =:: ~ Ca...;' J ~l ~.J. Ce."e.):>J) ( B. 14) 

with the use of t he rel at ions 
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L.(d'l~)~'i )~k"~ =L. ()..<1.E...: )..t~ ) ~he\c.) = 
~~~~....... 


h \ 	 (B. 15 )= -t ~<1- ).. e, ~ (e" ,e j J e.ll.l 
and 

~~ .... ).. e. -;le." \ ::0 ~ b ~ 'Cle. h ( B. 16) 

The trace is Teduoed to 

1\. [CD) =: 1 c..,...: ag~ 1>D-t [e.~ e,;1. (B.17) 

The automorphi sm transformat ion (n.5a) is the s um of transformations 

( B. J ) and (n. 4 ) . It l eaves unohanged an:! real matri x J (b3 =. 0) 
sinoe i n that oase we have the a ssoo1a t ive situation and t he J aoobi 
i dentity 

[[c..D1]1 + [[1 (1U) + [lb1]C1 :::: 0 (B. l a) 

is 	valid t 

[1'''t. [ c.D1, '.1) =0 1'''1. (C D1 -::: j-\o"'- (B.19 ) 

wher e c:t.. is an imaginary oct onion , 3:::: Co tt<> + C-a.. ~<L.' 

Appendi x C. Propertie s of the scalar product. At fi r st in the 
a l gebr a m~ of all t he ) x ) matri ces wi t h ootonioni a entrie s we 
int rodu ce the trace /51 

Ir Y.. =- L. Xi'; T'L (XY) =:. L X II ~ ji 	 ( C. l ) 
l ) 

and the soal ar product 

(X ,V) e.Ll = Qe Tr (XV) :. Re "4;>'ii '!-}t.:=LRe(x il '1j~=L~e..(,!j\Xi~ 
' J 

= \Ze-\r(Y~) = C'l,X) e o . 	 (C .2) 

Here x1 j and Ylj are octonions, mat r ix elements of t.he )x) matrl oes 
X and Y. Re ref ers to t he octonlons . Using t he fact t hat the assooia
t or of oct onions is alway s a pure imaginary oct onion, i.e •• 

Re.. (o...,~ Ie..) =0 	 (c.) ) 

'II' e 	obtain 

( XV, z) eo = Re"r (C01) 1:') = 

= 'Re. L(X';i~11L')l:~ =2: Re((Xi i ~llL')~~) :=:- (C .4a) 


= L'Re. [Xi\ (~ 1 \Lt:.14)+ (Xi ) /;\ i\£. l'i-~)) =-~'Re()(.;} (~j\t.~ ~)):::: 


=: (x.. ,Y l)e.o :::: (\{l:..,'f...)e o 1 (C.4b) 
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(C.4e.)= L"Re. (~IL4..(')(·'l ~llL')) = 

=L. R~ [C~.~x":i)~; \c. -(~,,~ ))/..q ,ljilL')1=LRe((t: ~ Xi.l)~.ilc.)= 

=(Z:.X.;\{)e.o . (C.5) 

Thus, fo r t he s calar product in the al gebra Yrt~ the propert i es are 
stated /5/ 

(X,Y) = (Y,X) ( C. 6) 

(XY,l:.') = (X ,Y1:..) is oyolioally symmetrio in X,Y,Z . (C.7) 

Let us t urn to the a l gebra Yrt~+ with the J ordan product 
X.Y = ~ (XY~YX) • Now t he scal ar product has t he properties 151 

lX,'{)e o =: \\,, (X'Y)] ( C.S) 

(X-Y., 1:)eo = Re.Ir«X:Y) l:)=IY ((X'Y)'l:) =TrCZ' N· L~= 
is 	symmetric in X, Y, Z 

= 1""t. ex.· y. :l.) =(X. , Y, ~) . 	 ( c. 9) 

In t he last 11ne merel y the notat i ons are intrcduced, whi ch s t ress 
the symmetr y. The symmetry means 

(x·y) i.) == (y. ~ ,X) = (c.·x, \() = 

=(1:.,y-'·Y) = (Y-.. ,Y·1:) = (y )1:'X') ( C.IO) 

and it i s shown as fo l lows 

lX'Y, t) = \ ex-v, 1:.) .. 1(Yx.,~') =t (X ,Y'!,+ :t(V,xz)= 
= t (X ,Y?:) +tC'::',lYJ ( y) )(t) ::: (~8x)~ (X,lV)) 

= ex.,y. ~) = C'i·t:. )X). (C.ll ) 

Appendix D. The principle of tr1allty. The t~ansformatlons o~ the 
octoniona, whicb conserve t he norm X')(. , fo rm th e group so(a). They 
consist of: 1 ) the group G2 of automorphl sms of ootonions, 
2) the t ransformations: infinit esimal 

X ~ X' = )(. -+ cl X + ... 6.. 	 is pure i maginar y (D.la) 

is pur e imaginary (D.lb)X 	_Xl =)C. +XJ.+ .. · d.. 
or 	fin ite 

x 	_ X.' :: aX. 1 Cl.1 ~ 1 	 (D.2a ) 
, 

)(. 	~ X ::::. XCl 1a..1 = 1 (D.2b) 
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It i s clear that the norm Xx remains invariant under transformation s 
(D. I) and (D.2 ): 

~ X' =(xQ)(a",) = (C1X) (xCi) = (<i a.) (i ~) = (X X). (D. ) ) 

r ransformations (D.I) and (D.2) are not automorphism transformations . 
However they obey the more general principle, the prIncIple of triality, 

h1 ()( '!) =:. ( b:tX) ~+ )( (&~ I}) 7 	 (D.4) 

(X tt)' = y.!' ~"' . 	 (D.5 ) 

Infinitesimal trla1ity tran sformations follow from the alternativit y 

(cL , X1 ~) =. - (X, d.., ~~ , 	 (D.6) 

(X) "i, J..) -:::::: -(X ,J.., 'j-) , (D.7 ) 
Hen ce we obt ain immedi at ely 

d.. lx ~) = (.{X+)(~)lj- - X (d; ~)J 	 (D.B) 

(X'a')J.-. =- -(X&') 1} + 'l((cJ-~ +~ J...\ (D.9 ) 

J.(X'J'+(')(.'j-)J.... = (J. X) 'j- +X(lj J..), (D.IO) 

J- ()(~)-(XL;})~= (cLx+l"J...Jl;\- x (1d..'<1-+~J..)=-
=: (d.X -Xd..') ';} + X(J~-~ ~') + ~ (X ,d.. )'}). 	 (D.ll) 

Finite t riaiity t ransfo rmations follow from t he Moufang identit ie s 

(a.x a..) lj = a..(X(a.Ij.)) , (D. 12) 

~ (a.~£L) ::; ((')(a..)~)Q. , (D.l)) 

(a.)() ( '}OC) :- a.. (XLj-) Q. . (D. H ) 

Replacing ~ -~ OL ~ in t he first identity and X ~ XCL in the 
second one, we obtain the desired finite t rinli t y rela t i ons (\OLI=1) 

a.(X't) = (a. xo..}(<i I;! \ ( D. 15 ) 

ex'}) t1.. -:::. (x a.) (a.. 'ta..) , (D.16) 

a..(XIj)a... =:. (a.x)(~a..). (D. 17) 

These finite tr1ali ty transformations genera te automorphi sm trans
formations in rrt~+, namely, tho se SO(S) transfo~at1ons, whioh leave 
invariant thl' diagonal el ements 
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1 l[ ~ z g][1 ] [~ ZQ ~tt.]X' == 
[ 

Cl. _ ~ ~ x Q =~"i _~_Q~a.. , 10. 1=01 , 

«" Cl.l[ ~ : ~l[€' (11 [;~~:<1g~gl (D. ISa)

x'= 1 ~ ~)(. 1 _ = i ~ ~_ )(. ~ 7 I~ I=:1 ,[

e ~1[:: ~l[C ~1 [ \ttg~!: ;Ii] (D.ISb) 

X' == 
[ 

~ 'l. ~)( c = c:~c 3 C)(, leI == t. 
1 '.t )C. "1 1 ~<.. xc } (D.ISc ) 

Orie can observe the cyclic symme t ry: X -<> }-~-X, «--g-c:.-I>OL . 

In all t hese 	cas es t he aut omor phism property 

(x.y"/ =X' . Y I 	 (D.19 ) 

i s val i d. This oan be checked if we write t he produot X·y of matrices 
(1) explicitly and Use the MouSang i~entities ( D. 1 2)-(D. 14) 1201 or 
t be triality r elations (D. 15)-(D. 17). 'fherefore these SO(S) transfor
mations belong to t he F4 group. For a more general formulae i on of 
trialit y transformati ons see refs. / I ),15,17,lS/. 

kny matrix 01: m~+ can be diagonal i zed by some F 4 transformnti
on 15/ . In fac t, s ome sequence of triality transformations and real 
ro t a tions ( R ) can be used, for exampl e , (we fol l ow r e f. /IS/ ) 

~ ~ 1-1 [~I~I~11[	 III )(,2: 	 ~ )(,. }o ~ ~ 

(D.18a) 

~ X ? with 11 X,1 } 


a z/ lz l 


°1 [ ~'l. 0 -q'l] [~t 0 ih1°llf,0 '~I·~e\ ~~llX , o = I'/.t.)(~ 0- [ R '1. R'l' 0 	 )0 rtt. \'(1\ 
o 	 0 1 'h ~1 1 0 0 1 '!t. Xl. 1 (~ii~c) 'i:!> IXtl ~ 

c = x/lxzl 

1 

0 0 
 l(">t. O ~>1(1 o J [~'- 't.n~'!, 't.:n~:!>]o 1. "l 	 0 ~t. \llt.' 0 'tu. "l.~t = '-n'h \1; 0 

o 'T..~,- 'L1-:,?> 'h, IlC.2.1 Z () 't.'l> "l.,,> 0 1 ..-4.	
o 

"C.?l'l > 

~'! 1.'l~I'hl 't ~~~'hl]-----, 'tnl'hl ~ .. ( D.20) 
( D. IBa) 't. !>'!.I 'i-;\ 0with 

[ 
It, 


a = y/ly)1 


and the latter symmetric real matrix can be always diagonal1zed by 
s ome real rotatlon. 17 
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Appendix E. Identities wi t h commutators and ant i commutators . For 

all nORas sociative quanti. t i es t h ere are the id enti ties 

[1\ [Bel l +[C [A.'Bl1 +[B[C.~11 = - (A. ,B,C) - (C 1 ~ ,B)- (B ,C ,/\)+ 
+(C,B ,/\)+(B,I\ ,C)+(/\ I C,E>), (E . l ) 

[AlBC]] - tc{,\BH +tBKM! = - (I\,\?>,C.)+(C.,A,B)-(B,C.,")+ 
+(C ,R,A) -CB,A. ,q+(A,C. ,B), ( E.2) 

[~tBC.lJ + [C~A.B1] +CB tCA11 =- (A,P"C.) - (C ,t\,B)-(B,C ,A) 
- (C,B,A)-(B ,A,C.) - (A,C ,B) , ( E.)) 

[M.BCH-tc [1\ 'S]!+£B[CAH=- (A,B,C.)+(C}"B)-(B,L,A)- . 
-(e,B, A)+(B,A ,e,.) -(I\,C ,B), (E.4) 

~"[BcH +tC[ABl1+ ~B[C. A.l~= 

:;;: 2.L. A('Be) + (A, ~,c.) + (C ,,,,,B)+(B,C.,f\)-(C.,B,~)-(B,A,()-CA,(,B)::: 
o.K.t.L~1:'"""" .
"""'-... ",eo ,c =2 L. <AB)C - (A ,'6,L)-(C,I\,~) - (&,L,A)+(C,B,A.)+(B,~,()+(I\,C.,B) 

. 1 
Cl..n.tL5~M"". 

D.,.",,<-~,B,C. ( E. 5) 

{~ ~tq\ +~C{ABH+ \lHC AH= 

::.2 L I\(B C) + (A ,~,c.) +(c. ,A ,B) +(B ,L, I\) + (C ,B ,"')+(B,A,()+(~,c.,£»= 
.... .,~~ . 


0"....... A. ,i>,c.. 

::; 2 L:(AB)C-(A,E>,C.) -(C ,A,B)-(E,C ,A)-(C,B,I\)-(£>,Al_)-(A,C.,B). 

~~~m " (E 6) ....., "','b,c. • 
For oct onions with the use of alternativity the identiti es take form 

[ct.[ ~k.]1+lc. [a.. tn) + ( Hc. a.]] = - 6 (a. ,S ,c.), ( E. 7) 

[a. (g c.] l-tc {,ct.€, \i+\.f,[c. ct.H = - 2. (o.. ,('" c.) (E.B) 

[Cl."Sc.\1 + [c\.O- ~ \l + [~tca.l1 = 0 , (E. 9) 

[o.,\.ec\1 -{c. [<l.~]! +~t[C.CL1\ = 0, (E.10) 

t a.. [gc.H +tc.[o.~1\+\.g[C.a..) 3 :::: 2.L.a..(~c..) + b(CL,e., C.) ::: 
......t.:.S~M.., . 

:; 2L(a.~)c-b(o..,g,C.) , (E.ll ) 
...I\ t , ~~ ... ... , 

\.a,l~ c..'\1 + tc,.{,Cl.~~~+ { etc. a.\\ = 2 L a..(k) =2 L. (a.g)c. . (E . 1 2) 
'>~m, s';t ....... 
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Append ix F. One more ma t rix represen t a t i on. We can start with 72 

matr ices (2). The t r aoe 16 generalized to be 

ll\" ().~e.r F') =11' (~i. R~e.rF)}, 


'fv' l)..ie\,(J"1e.vF~l= ( }..~ \Ic.(e~)r~l'\'{X~ e.~l=',), 

1f'y ()..i~ (t=' \j ell)) :::0-1)~ It.(~ )J1>.1f'1'(\ It. €)..F) , 


Now the left and ri~ht representat i ves do n ot co incide . ~le left a nd 

r Ight representatives of the Gel l...Mann matr i ce"s). commute mut ual l y 

due to assooia tIv1ty. BOlfe-fer , the left and right r epresentat i ves of 
oot onions do not oommut e (see, e.g., ref6./ 22,2)/) . The left represen

t atives are mult i pl ied i n t he same order as ori g ila l qtUtn t 1ties, but 

t he right ones in the invers e or der. Fore an explicit f orm of e.~ and 
e'.: see refs J2~ ,2J/ . The 9x9 'lIat ri ces}.: j and ~} can be eMily 

r .I /21/found by uslng the Gcl l J.!ann mul till l i cation t abl e 
t 

( ~ ~\: "-::. biob.ik.. + ;, b':j boIL + J'jlL ±-itil" 
(the l a s t t wo t erms do not oont r ibut e to O-r ow and O-column ), 

\~ ==[-- ~ -~--_'b.i~ ---1 >..: ::. ~~ ~( 1 1 .. l. 
~ !.b" t d.· ,, ±.,:I" L ' ' 12> ' ) , '\. l.... T1.)"

Wi.th the Jordan produc t we hav e 


Tr l ).. ,:e.l"· (!'k' F)) ::: ~: Tr ().~ et ,F ) , 

Tr (>--,er'(r,.: (}'\s''F')))= tt~~~ rrr()"~~.r:F)) 
r~ ::t(rf+~:).

!"Ii cor,.esp ond to ~t =t'~ of It. 8. One can introd uce a l so 

Q.. i.( ~ "'-)~ .. = II tt~ - ~k . 
l'ben 

TV' (x i '1. r{f'!A: ~e.'). F) =C~· f'€. V·TY()..~ ~r' ~J, 
(~~. ~e)S =t(tt1 · ~i+~~·t't)= ~~·Pl+t'~·~i"(=1;iitLt+kt'~), 

T.,.l).~ e!,,~4.' ~~j)' F) =(("\4.' ~~iY; 1r(>-',ereF)1 
( .....s -\ ( e.. l'.. 'l.. 'l.. '\ s S 4... <t..
~4.' t'~ I =T\..~4.· f$l + ]"1~' j\1-i )=- ~d. • r}j + tt4..· r'}i ) 


TI" l)..i.€'r· (~~.i. t'hlt..) ."P,) =(1"'1 ~ .t'\-t"Y'l'v 0- ~ e~.'F\ 

( • ,,\'5> _1 (t t 't. "t. \ ,iJr t. £ f. '1. 't.]~r, ~ '1.1
~a} ~ hIt. J -~ r ~j . ~h.1c. + ~~ . t'h.k) + ~ \I..at~ ili.h1+L~12 hYL€ 1elc.]

!> ~ ~ <t.. .L/r. e. { r. 't. ~1l\[ t '1.:1 
=. f~!' t'\.\t.+ }-\';H . ~ hlc.+ ~ \L~'~:~i~1+ L~,!~"i) ~je~ . 
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nOIly6apl1HOB ~.B. E2-8S-506 
HCKn~4MTenbHaR KsaHTosaR MeXaHI1Ka 

AaHO sseAeHl1e s I1CKmo4MTenbHY~ KBaHTOBY~ MexaHMKY ~op~a
Hd. He~MaHa 11 Bl1rHepa. Onpe~eneH~ Ha6n~AaeMwe. COUCTBeHHwe 
COCTORHI1R. aepORTHOCTI1 nepeXOAOB . ypasHeHI1R AS~~eHI1A. H3nO
~eHw OCHOBH~e CSO~CT8a ne~a~eH a OCHose MCKfl~4I1TenbHO~ anre
Gpw MOPAaHa. anre6pw 3PMI1TOSWX MaTpl1~ 3x3 C OKTOHI10HHWMI1 ane
MeHTaMH. OnpeAeneHW npeACTaSneHI1R e TepMMHax MaTpM4 C Be~e
CTSCHHWMI1 3neMeHTaMI1. 

PafiOTa SblnOIlHeHa B i1afiopaTOPMM TeopeTM4eCl(oi1 <l>11311KI1 OHRH . 

Coo~me~e OO~eAHHeHHOro HKcTMTYTa RAepKWX HccneAOBaHHA. nyOKB 1985 

Polubarlnov I.V. E2-8S-506 
Exceptional Quantum Mechanics 

An introduction Into the exceptional quantulTI mechilnics 
by Jordan, von Ncu~~nn and Wigncr is given. Observabl~s. 
eigenstates, troans i tinn probabi 1it ies, equClt ions or Illation are 
defined. Main properlies of the underlying exceptional Jor
dan alQebra, aloebra of Hermitian 3x3 matrices with ocLonio
111 C en t r i es. a r~ exroscd Ma [ r I x represt:n ta lions in tfHO lll5 

or 	usual matrices I'Jith real enLrles are defined. 

The invcstiqat/on hil~ been perfomed ell the Laho" ;Jlory 

of Theoretical Physics. JINR. 
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