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1. Introduction 

Various static finite-energy s o llltions in 1;8 ug e theories are ]rr.o wn : 

vortices in the 2+1 dimen5ionbl Ginz bur~ -1hnd u ll mcd~l, mhcn~ t ic mo n o 

po les in th e )+ 1 dimen~iona l Yang- r; ills-HiggE: t !wori s E or inst!, n t ons 

in the 4-dimen~ iontll Euclidean Yang-i,~ ill s theor y . The foll owing fe 8 

tllres r:lanifested i.n these eXhmples are n eces G,ny for the exi s tence o f 
nontrivial sollltions! I-5! : 

(i) 	both the gO llg e and Lealer field s a r e pres ent f or t h e spat i h l 


dimenai o n d= 2 ,3, 


(il) 	Higg s potenti a l ( self-interaction of the scala r field) i e present 

for d = 2 • 

These properties have been proved for time- i ndependent fields in the 

gBllge AO= 0 • L e • • for ;,-dimensional Eucli d ean the or y/ ' /. In !l 

d+ 1 di ll!ensional Linkowskian theory, this f,!luge cf.tnno t be used for 

fields with nonzero electric-lil-:e comronentE FOj . Th e aim of t h e 

present letter is to show th8 t th e ment i oned re s ults hold under more 

..eneral assumpti ons, na mel,; f ur Gt!ltic field s with nonv foI nishing FOj 

Un the o ther ha n d, for s t " tic fields VIi th AO = 0 in hi g her 

d imensions one CHTI derive that/ 1/ 

(iii) 	finite-energy s olut.i ons hre es~enti " lly pur e Ysng- Mills field 

for d = 4 , 

(iv) 	no nontri v i"l fin i te-energ y s oluti ons exist for '.1 ::- 4 • 

We recover the se properties only if FOj =0 !lnd DO ct = 0 is assumed. 

Let us remark tha t thE cas e or pure Yang-Mills field (including FOj4 

+0) WIlS treated in He f.4 by me"ns of a scale tr&nsformation the us e 

of which requires ", further justifica tion (compure to r:efs.5 and 6). 
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2 . 	 t'rellmlnar iee 

We consider t h e ~ys tem of YSIlg-II:ills fiel ds A; and a Higgs f ield ¢ 
in d+ 1 dimens i ol;a 1 Minkows ki spa c e-t i me. The Greek indi cee ~,)) If run 

over O,t, ... , d • Roman ind ices j, k =l , ... ,d. The va lues of t he 

f ie ld rI> belong to fJ f'in i te- 1 J mcnsi ona l Hil bert space L ( i.e ., 

L = fin or CD) wh ich is the carri er space of a Lmi tary r epresent ation 

of the g~ug e gr oup G. The l a tter 1 s det e rm i ned by infi nites ima l ge

ner a t.O TS T ,B = 1, . .. ,r , v.hich s a tisfy th e eonai t ion :t)a 

Tr TaTb 2 dab 

We UHe the notet i on 

Atl- = iT/_;" 

and simi 1<'r1y for the fi sId t ensor 

F ' T pU
(4' 1i .1 a t'~ <Jt'A~ - a~ ~ - [At' ,Ay) 

Sinc e the Ya ng-Mill s fi e lds A: are real-va lued, A~ and ~~ are 

/;I n ti-hermi tean operators in L, i. e., skew-symmetr ic matrices i"f we 

e xpress t hem by means of an orthonor mal ba s i s in L. Using the cova

r iant deriva tive s 

~cP = dr4> - At' ¢ 

onto 	 oan wr i te Lagrtmg i a n of the Yang -Mi lls-Higgs f i eld ss 

~ = ~ Tr Ff<~F<"" +~ (])t"~, J:rq,) - V(14) 12) ( 1 ) 

l h Here t h e t race snd the norm I~ I = ( ~,¢l r e fer to t h e soa l ar pro

duct (.,.) of L, a nd t h e Hi ggs potential is a ssumed to fulfil 

V( lrPJ 2n 0 ,( 

The f ield aqua.t i ona rea d 

D~D<"f = _ 2 V' (/~/2) (3a ) 

., 	This can be achieved for the ad joint repres ento ti.on of any c onnec 
t ed aemisimp1e compact Lie group G - ct., e.g., Ref. 12. 

2 

and 

D b 
a 

~"'v 	 - [A<",FC'v] -Z iTaRe (¢ ,iTaD~¢ ) 

Fina lly, the en ergy-moment llID tenso r of t he Ya ng - lU lls-Hi e.'!! f ield is 

Jt ~ = ~ Tr 1'(wf F.,~ + Re (Dc"cIl , Dv<p) - gt"~i} 	 (4 ) 

3. 	 The r esults and proofs 

Our r esult s are summa ri zed i n t h e followine; theorem which r epr esent s 

a straigh tforward generalizat i on t o Coro l la r ;{ 2 . 3 of FeL l . 

Theorem. Let lAC',~) b e a soluti on to Ya ng-lfi lls - Hi ggs equations 

with 8 finite ene r gy a na the energy-momentllID t ensor ( 4) independent 

of time, t hen the followi ng asser tions are va lid: 

(a) 	If d> 1 , DO<P = 0 and ~'" = 0 , then 1¢1 = COI.st a nd Vl/¢,2) =0 , 

In particular, for H rure scals r field ( AI" = 0) in d > t we have 

r/> = const j thie is lmown ss Derr ick t heorer:i5 , 6/ . 

( b) 	If a= 1 , I¢I = const , '1 ( 14)1 2 ) = 0 and DO¢=O, then Ft' II = 0 . 

(0 ) 	 If d=2 and V(l ctl 2 
)=0, t hen ~y =O , 1<pI=const a nd Dt'ct=O. 

( d) 	If d=3 , 1~I=oonst and VC/ 4J / 2 ) =0 , thell Dt'¢= O ana It< v= o. 
( e ) 	 If d =4 , FO' =0 f or j = 1, .•• , d Bnd DOCP;O, t hen D,.. cp=-O

2 J 	 < 
a nd V ( 14> 1 ) = 0 • 

(fllf d>4, FOj =O,for j=l , ...• d Bnd DO¢ =O,then Ft'v=O , 
Dt'4>=O and V(I¢I %, =O 

_roof : The arg ument t ol low" the same line a s in Ref . 1. Due t o the 

bssllIDpti on, a,Jt.j = a , so a f ormnl i ntegrut ion by po rt s y iel ds 

~ .7t« j ( x) ddx = 0 ( 5 ) 
IR 

For a finite- energy so lut ion, this r e l a tion oan be obtained rigorous l y 

by i ntr od uoing a smooth cut- off j r emov ing of i t i t' just ified by the 

i nequali ty I~Y I ~ .100 which ver ifies directly/l /. Summa t ion over 

/A i. j = ', •• . ,d i n ( 5) l eads to the equa lity 

(~- 1) L,IIF~j 112 + (' -1) l. 1Il!'~k" 2 + ~IIDOcP II2 
a .J 	 a,J,k 

( 6) 

= (~- 1) ZJIDj <P 1I 2 + d II V<I<I> 12) 1/2112 
J 

which i s crucial f or t he p roof ; h e r e Ii. II de notes the n or:n i n L2(Rd) 
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or L2 (~d;L) • now we can check t h e assertions (a )-(f) : 

(a) Under the ascQmpti ons ~Y =- 0 a nd Do¢ = 0 • the rela tion ( 6 ) g i 

ves V( I¢ 12 ) =- 0 • Sinc e Ff' \> =- 0 , we can choose a ga Qge i n wh ich 

At' =- 0 ; t hi s c omClcnly Qs ed fac t 1s jQs ti f i ed by means of t he n on-abe

lian Stokes theorem/ 2 ,7- 11 1 . Th en QO¢=-DO¢=O . If d> 2 , Bj¢=D j ¢= 

=- 0 follo ws f r om (6 ) s o <p =- const • If d =- 2 , t he are;Qment is slight;... 

ly more c omplicat e d. Since V( 14;> 12) = C and V is non-negative , we 

have V' <I4l12)=- 0 . The e qQstion (3a ) for the Hi ggs field redQces then ,l 
i n th e c hosen gaQge to Laplace equa tion 

~cP =- 0 (7) 

However, ¢ is assQmed t o have a f inite ene r gy so gj¢t; L2«(R2 ; L ) 

this fact together wi t h (7) g ives aga in 4J = const as one can check 

easily using the meall-vulue theo rem for h a r mon ic functi ons . The ~auge 

gr oup a cts uni tari lyon <p ' thQS fct>1 i.s pres erved when we return 

to t h e origina l gbuge . 

( b l a nd (d). If I¢I =- cons t , one obtains 

o =- ~ ~(i' (cp,cp) =- He (D(-,D"'¢,q; l + (~CP,JI<<p) ( 8 ) 

Qs1ng tl:e antiherCliticity 0 1 At'-. The assumpti on V(/cP/ 2 ) =- 0 yields 

De<D"'CP=O according t o EQ.(;a) in the same wa y as above. The :!"elation 

( 8) then g ives 

IDo<p12 =- L ID.¢ 12 (9) 
c J 

so (6) ca n be r ewri t ten as 

(~-ll L. IIF~j Il 2 + (1-~) l IIF~kf + IIDocPlf = 0 ( 10) 
a,J a, J, k 

If d=- 1 , the componen ts Fjk ar e absent a nd the last relati on gives 

FOj 0 for DO<P =- 0 . If d = 3 , we ge t Ft"'" = 0 and DOc/> = 0 accor 
ding to (10 ). In that case , D.q;=- 0 follows f rom (9).

2 J
(c ) For d = 2 and V(lcp/ ) = 0 , t he r elation (6) yields Fjk =- 0 and 

DOc/> = 0 • The Stokes- th eorem a r g ument shows that we can choose a gaQg e 

in which Aj=O. As in the case (a ), we have 8j¢COL2(f{2;L) and 

b.¢J=O , hence 1> is a function of tim e only, ¢ ='P(t ) • Due to the as

s umpti on of energy finiteneas , F~O = aj A~ belongs t o L2(1{2 ) • Since 'I 
the field equation (3b) reduces t o AAO = 0 f or v= 0 , tte component 

AO=ao(t) is also independent of s pace coo r dinates and F jO =0 • \ 
Together we get '",lI = 0 and D{"¢ =- 0 , s o it is possible t o choose a 
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new ga uge in whi ch A/" =- 0 and ¢ = co ns t then I¢i const in a ny 

gauge . 

(e) and (f ) follow immedi.ately frol!l ( 6) . • 
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A theorem which forbids the existence of certain nontri
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€quations in dependence on the spatial dimension is genera
l i zed to include fields with nonvanishing electric-like 
components F 0j. 
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