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1. The preciee measurement or the anomalous magnet i c moment 
of the electron i8 one of the baaic teate of quantum 
Tbe current experimentel vslue ia/11 

electrodynamics. 

Qt(erper.) - 1 159 652 193 (4).10-12 (1) 

and tbe current tbeoretical value i. 121 

ae(tbeor.) • 1 159652460 (127) (43).10-12 . (2) 

1'I:Ie experimental YBlue (1) 1& measured in tbe geonium-speotro
scopy erpertBent/31 wbere the electron 1& confined ins ide a metal 
cavi ty by a apecial configuration of magnet i c and electric fields 
(-Penning" trap). In tbis paper we consi der tbe problea of tbe de 
pendence of tbe anomelolla _gnetic aOlUlnt a e on tbe cevity (a ppe
nltus-depandellce). !bis dependenoe originates troa the aocUfication 
ot the pboton propagator due to tbe bounda ry conditions imposed by 
t be . alla of tbe cavity. (One at t he most well-kna.n ef teota related 
to this aodificatloD is tbe Casu.ir effect). In rets . /4 ,5,61 tbe.e 
corrections to Ctebave been calculatad for. free electron bet •••n 
plene parallel mirrorB ; It bas been found tbat tbey gi v. a contri
bution of tba order 10-12 , wbl ob is coaparable witb tbe exper1aen
ta l precision 8S ••11 as witb .eat and badronic oontributions (tbe 

121 latter ere listed, s. g.. i n ref. ). 
Ba.evar. in tbe geoniua-ep.ctroaooP1 _xper1aent/J/ , tbe elect

ron is conf1ned inside tbe oavity _in11 by a b~ogenaou8 magnetic 
field }-f and .bat Ie ..asured i s tbe magnetic aa.ent ot an elect
rOD in a stationU'7 orbit but Dot in a tree state. !be preseDce of 
tbe magnetic field gives riae to tbe folla.ing contribution•• Pirst, 
there are "pure" U.e ~ ••1tbout reterence to the boundary conditions) 
..gnet i c contributions to the aagnetic moment of tbe eleotron, .bicb 
lead effectively to the correction of the order 

a e (~. ) ~ ci- (e H/m~ /". () 
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Jl'or the magnotic fiold of Ilome tOD kG ullod in goonlwn thh, 10 cOlllol.e

toly negligible. 
~.cond, the magnotic fle1d 11 deterainoe t b 

ron stat.es 1n geonium and tbe apperatus-depend.nt oontx-i\.lution clln 
be dependent ou H to thill .a1 as ,,1111. 

'l'be mdn purpose of tbe present paper 1e to ehow tbat this 
dependeDce of lle on H ill verT 88seot1e1; In particular, there 
exist resonanoes bet"een tbe cyclotron radiation and etationaX'1 sta
toe of photons betwoen the mirroro.We bave three dimensional pera
mstere 1n this problem ( H , n'1.e , end a - th. d1a..ter of tho OR
Y1ty). As diMensionlosa combinations of them, .e cboo 

6' = 1/ a.me.. 
(4) 

and 
.~ :;:: c5a/w = e 1-/ /'Ir me. (5) 

wbere £= e Him" .1s the cyclotron frequency of the 1I1llct.rop 
in tho Jllagnotie fj.old and ..t/ !rl().. 1& tho (lttaraotor18tios photon 
frequeney in tbe Q8'1'ity. In tbe geon1um-apactroeeopy experiment 
tbll cyclotron frequencies usod 8re J6 100 GH.i!. 'lbe d111moter of 
tbo cOTity ie Q. ~ 1c.m. so tbat CRY . - 90~Hz. orb.rerON " the 
first pRremator. 5" • 1e ven SlIl811 ( c)"'" 10-10) "berean the l'!I!cond. 
.A ,is of an order ot one. Bow, baYing in mind ths _Uness o~ 
tf' the appBl'Btu8-dependont oorrectiona a~ (at?") to an tan 

bo expre8aed in the ~o~ 

Qe (C¥J?.) = rLlll(A) (6) 

up to contributions ot an order of st. Here ol ie tbe tine .,truc
turo constant and {f).) 18 8CMe function oontaining tbe denand.nce 

on tbe .agnatic field. 
We calculate tbe funotion i(J.) in tbe most sblp1e model, na

mely for tbat of an electron aoTing In a homogeneous magDdt1c field 
f-I bet••en tao plane parallel Ilirl'ors. !beraby. tbe magnetio field 

is essumed to be directed along the third axi8 .nd ae con81der tbe 
airrors to be ideal (superconducting1 end infinitely large. !bey 
are oriented P8rpendicu1ar to tbe f1.rst BXio, intersecting it at 

X{='±o/Z· 

2. In ordor to calculate tha ~unct1on {rA ) in eq. (6) we 
baTe to evaluate tbe radiative correotions to the anergy leyels of 
an electron 1n a bomogeneoue magnetic field bettteen airrors. 
!be appropriate etarting point tor tbia 1s tbe genel'llllzed Direc 

1 

equatlon 181 (1.0., including radiatiTe correotions) In an external 
~:.vt 

f1eld A; (.x). At tba one-loop 1eTe1. it reads 

'\ "'~t r: I( A[-ld - m -to e.l/ (X)j l((X) -;:;JcIA; L (x, JI) 'f (7f) . (7)x 

Here 

" . z I' ("'C )I oS C
L.. (x,'j)= -i.e l cJ (Z,!I))/ lJ;uJ/ (x,),) (8) 

1s the electron aslt-enargy operetor, JC(x, f/) 18 the electron 

propagator in tbe magnetio field obeying 


'\ "e.xi. c

[ .i d.r - In + e.J1 (X)] S rx, /I) = -f)(X - y) (9) 

and JI~(.:c) Is the potential of tbe aagnetlc field H. We choose 

1t in tbe fON 


~e.:u(X) = H J;:..z .v .f (10) 
,.. c 

Ttle electron propagator in the external fiG1d S (X,I.) • eq. (10). 

oaD be constructed in a u9u~1 w81 (aoe, e.g•• ret. 7/) 

Sex, 1I) = jdE 1:. e- i£ (x"-if") ~>2 (.x) t;/,. Of) 

(J,~ E-£"C1+i.O) 


"bere If". (x) 1e 8 ca.plete sst of solutions of tbe Dirac equ.t1on 
• A. AI!.:l;,t J[Ld -m " e..4 rx) I.f/" (x) ==- 0 with energy En. • Pinall,)'.z 

sD~ II ( X, t;.) 1& the pboton propolg8tor (ill tbe co.arlant PU«e) bet
ween tbe mirrors. It is deriTed .nd di8cussed extoDsiTely In ref. /91 

end reads 
Sec ~c 

7)1'" (.r./!)~ DI'II (x-:;) -f" lJj'1I (x,jJ) (11) 
c. 

wbeN 7',..11 rX-lf) 18 tho usua1. free apaee prope~tor lind 7Y;v (,x,yJ 
i& the mirror-depeDd1ng p51rt I 

'""', jrPH. . ~f 
DrJI (;r'f) =, (.21T)3 (KJv ;~ &O:.f tj . 

(12) 

e.x;;/- i /{J. (:r~:/-<-)-t i. r(!xf-a,; / r 1// -~/)] . 

Bare tb. tollowing notetioDJI are uead, r ~£l.-K~ -~~ :-Z-;:, 

l 
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( f: >0), d. = q, .2,.3 , a f = - a/'?" J a.:! :=: Q../:; -, (K_~v=!Jr.- HI< H,,/K:t. 
1\ 

frn jA-,))= 0,2)3 , (KJI'V "'0 


~ /,-,)1= -I, h-:, = h-;2=1e.::t:pr-ifa)/2 ~ ra., 

I-i I-I 

~n12 = n 21 = -i(2J-i11..ra. 
PrUIII eq. (7) we get the aneru laTels of tbe electron in tbe 

following way. LIlt 'fo ex) be a solution of the Dirac equation 
without radlaUve oorreotiona 111 the exterod fleld .IIe.iI:(X),.. 
eq. (10), 

" 1\ e.:c.t .. 
[ .co -m-reJ/ (X)JW(X)=O 	 (13)x 	 To 

with fixed values ofr 1) energy EN == -1m; of-p/-+2e HN' • wbere 

IV 1s the nu.ber of the state. i1) third projection of tbe aa.eD
tUIII. PJ • 11i) spin projection, y-= -- 1 on the d1reot10n of the 
magnet1c f1eld. Ind 1.) ~, - coord1nlte ot tbe oentre of aotlon wltb 
ser o e1genvalue1 ). It reads 

'fo eX) =Jf!;if/ -(ejJL e-iPw-X" u ... (z) y"Y , (d.~0,2,3), 
, ,,~o 

)1 =-1 1 ((PO ~m ) O",.,tI-~ ) \1= -1 	 (Po 
o 
i m) Srt,N 

- :.fie HN lin,N- I t =.H' -P3 'fl1. -=-)r- bn,N--f 

.(; (ieHli'dn.,N 	 \ PJ 'iln.,11/ 

wit h po == - -~)' , 	 ~ "" -{eHX· - P-l- /-VeH I andEN,.Jv''== Y2fD (p-a-r m
U .... eu =(:;.'" n.! -{.7fj'l2. f-/" (·Ve.xp (- 2~/2,), wbere H.J?) el"W tbe 
Heraite polJllCB1als. 'l'bht solution desor1be. an electron lIIDT1ng 
circularly ln tbe aiddIe of the region between tbe a.i.rrore. 

!rbe correotion., (j £ to tbe eneru £11 of tbe" a1ectron shte 
% ( X) • resulting from tbe sell...naX'gJ opere~orL. (X'JP 111 eq. 
(7) 111 ginn b,. 

(14)f1 E =}d"xdl Y;-(J'rx- ) L (x,fj) r.. (JI). 

1) !rbe ooordinate" .x 1 and X"' of tba centre of aotlon are botb 
oonaerYed quantitlea (i.a., tbe,. c~1;e with tbe Baallton.1ltn) but 
do not ea..ute with eacb ot bar. So, only one of tb«a ..,. ba...e a fl 
xed .alue . Details oen ba f ound. e.g. , in ret. /10/. 
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!bl., 18 tbe perturbaUTa solution of eq. (7). L (X,!!) being oon

IIld.red .a perturbat ion. ]Jow, tbe oorrection II E to tba energy de

pend. on the spin projection ).I=,- l:". The contributlon proportional 

to Y is oonnected with tbe de...1stion of the gyroaagnetl0 ret10 

l}e froa 2, i.e.,w1tb tbe anomalous magnetic .omant Q..e==(3e..-Z)/2.. 

'e express 6E , eq. (14 ). In tbe tors 

e:,E-== C+f8Hvae ~ 	 (15) 

wbere fC/3 18 tbe Bobr magn.ton. H 18 tbe magnet1c f1e1d. and C 
1s lndependent ot ~ • Actually. eq. (15) can be v1ewed aa • defi 
nition of • Using eqa. (14) and (15) we express ae in tbeQ e 
tora 	 A 

=i [ fY H fci'xdy Y;o (.-r;) L (X,,) l(" (/1). (16)ae 
y_!; I 0 

The airror 1ndependent part ot tbo photon propagator (eee eq. 
(11», being inaerted into eqs. (8), (16) giTes riea, at 8lUll H 
to the standard Sobw1nger contribution to the apparatus-1ndependen~ 
part of tbe anomalous magnetio moment Caa well a., to tbe "pure" 
magnetic oorrectione. eq. (3». 

Rowever••e are intarested here 1.0 the m1rror-dapendent cont
r1butions to and, tberefore, inaert into eq. (16) tba lllirrora e 
-depending part f5;y(X,j) • eq. (12), of the photon propagator 
Sl);" (X,/I) • Dle further oa1culatlon.s are performed under tbe fol
lOWing restr10t10n8. 71rBt, w. calculate the leading contr1bution 
for f-o . Sacond. we ..SIDle Yb'/.l.JTA 'rv Id/a.. « 1 wbere 

/(.= /iH-i 10 tbe redius of tba alectron orbit in tbe _gnetic field. 
!be tbird restriction 111 ~bat 2Ji ).bN=- .zeHN/m~ <(.1 • wb1cb 
..ana tbat tbe e1eotron 1e nonrelstirlet1c. In tbe ~o-n.1u....pectro
soop,. experiment all tbeae restr1ctions are tulf11led. ~n additional 
restr1ction to tbe ....11dit,. of our calculat10ns 1s ). ~ 1> 3 7 ~ •• . aee • 

belOll. 
tinder tbese l"Wstrictions .e beTa ca10u1eted tba function irA) 

antering into Q. e (t1f>P. ) , eq. (6). fbe calculations are ratber 
langtb1 and their datail., .i11 be pubUsbed al.,ewbere. The reeult 

18 

j' rA) = _I 41 7.; (3) -;-.L /) /2, r/)A Z .A.7T)r l ' )-.,'- 16 .7T.'J. If Ul/- VV'" 	 -y- (17) 

" - ~ j dz z (3 h /1:9 .A :z / + bt /sin.. A:JfZ I). 
o 	 5 
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Bare C; (3) is tbe Ris1Iann zete funotlon at J . 'l'lle bebaviour ot 
fOha shown in the Figure.For.l\ = -1,3, S) .. .1t dl...erges l09srithm1
cslly. This comee from the fact tbat for suCh valueo of A the 

" sel.t-ellergr operator L.. ( X , lI ) taken in the ot.teo If0 ( ,~. ) (see sq. 
(16» is not small (aotually infin1te) and, tberefore, eq. (7) can
not be solved 1n perturbation theory a a we beve dono. We expect thet 
the nonparturbativa solution of eq. (7) 1s tlnlte tor .;\ = 1. 3, 6~ .. . 
eo tbat really no divergences occur. However . it ~mains tbe tact 
tbat the function f (;..) sbows a resonant bebaviour. BaTing in mind 
that A ,eq. (5), is tbe ratio ot the cyclotron trequency snd the 
lowest eigenfrequency ot stationary photon states between the air 
rore we conclude thet there appear some kinds ot resonancss between 
the cyclotron radietion and stationsry photon statee. 

r--r---- -------. 

".., -I 

-1 \ /' ," ~ 
-'-- " -/+ \ ' -"-::'- \"r':::J-'\-I( 1-" / -" ' ~'~ '-'<' I / ? J / . S " 8 \. " 

! 

J. Prom our calculationa it turne out that the apparatua
-dependent contribution to ULe ia quite sensitive to obangea of 
tbe magnetIc field H entering into ULe (app) , eq. (6), througb 
the parameter ), = 0.. eH/lTme ,see the Figure. The order of magnitude ot 
QeU1fP,) in the exper iment81 region <a .... fCrn, H= 18,--,5 f KG" so 
t hat A -vO,b " ,, )1 , 6 ; O~ (O-,O ) is ae(Q-pp, )~(O - 1:J. , 

wbi cb is t oo smal l tor t he 8%plsnation ot the difterence between 
tbe current exper imental and t beoretical values ot ~. Howaver, 
due t o t he high exper imental precisi on tbe apparatus-dependent 
contri bu t ion seeme to be Daasurable by cbanging tbe .a~etic field 
H or by using cavitie a with different diaeter. 

6 

Tbe moat int aresting feature is the exist enoe ot t hs ebove 
-!Uent ioned :reaODSnoes between the oyclotron radiation end stat i o
nary photon !ltsteD between tho mlrrore, wbioh t ake place at A • 
'f, 3,S.. , • Here , 8 furt ber thooretical worle 1s necessary ond i t 
would be interesting ,to ohflerve t he resonances experiJDDntBlly. 

A remark i s in order ooncernins t he geome try. In t be present 
paper, the ca l oulations era performed tor the .ost oimple ca ee of 
two plane parallel mirror•• W. think thet tb i s oaS8 sha.s up all 
i nteres t i ng es oentially II!I" reatures l tbe dependence of ae on the 
_ gnetic .tield snd t he appaarsnce of th. res onances. One can expeot 
that t hese w1ll be pres ent 1n mora reelistio geomet r 1es too, alt hough 
ths preci se t orm of t he tunction ((). ) wi ll be cbsnged. In parti 
cular , one would expect tbat the resonance s are connected with the 
e r os of t he Beseel functiDne t or 3 cylindrical ca'f'ity. 

~in8l1y , we would like t o point out tbat a furtbe r " ork (In 
parti~ular , calculntious tor t he realistio geometry) 1s necessary 
to 	contirm t he conclusi on tba~ the d1fterence betwBBn t he ourrent 
e~ertment sl and theoretical ...a lues ot rZe cannot be explained by 
tba opparatu.-dependent eff ects. 
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EOPAar H. 	 E2-85-408 
o 3aBHCHMOCTIi 01' npH60pa 
aHOMa.JTbflO r O "13l' lfllTlIoro M() I~e WI'a 3J1VKTpOHa 

Bbl'l1!CJIIWT L: ll HKSlilA rrpH60 pa H a lloNanhllbtii ~lar HHTHblrt MOMeHT 
'J J1 E' K T P O llil a e n M;'l [' II Il" II0i'l nOJl e H, liM e.lOl!\e~ICH B 3KCn e pH'-le llT e no 
H9MC: pt!llIil'J a ", I~ Ka qeCTSe MOAenH AJlH npH60pa B3HTbl ABa napan
Jl L:JJb llbIX nJl0CKl1X 3epKana, pacnOJlOl'<eHHble Ha paccTOHHHH a IJ:pyr 
OT ,I:\ pyra. OKil 3bIBaeTCH, 'l TO a e cHnbl10 3aBHCHT 01' 06eHx BenH
'lIm : H H a. B qaCTHOC H, ,lJ,nH ,>,. ", aeH / 77 me ~ 1,3,5, ..• B03HH
KalOT pe 30 HaHCbJ l-!elKAY ll.HKnO TpOIIHblH 113J,YQeHHeM H CTar\HOHapHbIMW 
COCTOHHHHMH CPOTOHOB M~Y 3epKana~m. 

Pa60Ta BbillonHella B na60paTopHIi TeOpeTHtreCK Oli nH3 HKIi Oli5Ul. 

ITpe npHHT OObeAHHeHHOro HHCTHTYTa RAepHWK HC CJ1e AOsaHH A. ~yOHa 1985 

Bordag M. E2-85-408 
On the Apparatus-Dependence 
of the Anomalous Magnetic Moment of the El ectron 

We show that the apparatus-dependen t con t r ibut i on t o the 
anomalous magne t ic moment of the electron measured i n the 
geonium-spectroscopy experiment depends quite s ensiti ve l y on 
the masnetic field H used i n the exper i men t. Es pec i a ll v, fo r 
,\ 	 aell /lT me~ 1,3,5, .•. , where a is the dist a nce be t ween t he 
two paral lel mirrors used as a mod e l for the appa r atu s , r eso 
nanc es appea r . The possibility of the exper i me n tal oh aervat i 
on of these phenomena is discussed , 

The invostiga tioTl has oeen p er fo rmed at t h<c l.nllorato r y 
o 	 h('llrr!l' il ~ {J1 PhysiC's, J INR. 

Preprinl, "I' tlw .Ioi n 


