
19 Ko n . 

3. B. HBawKeBH"tI. 

nOAnlo1c aHO II 

PeA8KTO 

e ~a T b 

~o pMa T 60x90/ 16 . O~ceTH a A ne~aTb . 

Tlo1pa_ 51 0. 3a l<.a 3 

Ma KeT P .n . l!lOMHHoiL 

29. 0 5 . 8 5. 
Y4 . - H3A. nHcTolI	 1,25 . 

36289. 

H3AaTenbCKH~ OTAen 06~ eAIo1He H Horo Io1HC TIo1 TYTa AAepHWX Io1ccneAoeaHHH. 
ny6Ha HoC K0 8C K O~ 06n aCT\o1 . 

oft beAMHeHHbl M 
MH CTM TYT 
RAePHbl x 

Mc cneAOBaHMM 

Yft Ha 

E2-85-363 

'\ .( ; a l...-r iu, E.I\'1l1lov. .O~i(:v.~lsky. 

" .~u k a l c · h . · v 

.ONI<·OHMAI. INV AIC I AN(:E 

IN II AHMONH: St IPE n ~ PA t.~ E 

Subml t t ed lo"Quantu m Fi eld Theory 
ilncJ Quanl um Sta l is t ic s" , 

ssa ys in honour of the 60th birthday 
of E..S . F r a d k i n 

85 



1 . Introduot i on 

Ol d and D ll'Ir works b;r It . S . Fradkin on differ ent tOPirS of 
super gr av i ty and oonformal sJZmet r y ar e widel;r known ( 1 ,2, J{ etc . ) . 

This pr ompt ed us t o oontr:t.bute t o t his f es t s ohr i f t vol um e a pa per 
devot ed to conformal invarianoe in harmonio sup er spaoe . This new 
super spa oe baa been r eoent l ;r proposed &8 an ap pr opriate t ool to 
deal with extended supers~etri e B . We sucoeeded 1n tho f ormula t i on 
of B-2 mat t er , Iang...JIUls and Eins t ein sup ergrsv1t;r / 4/ and of N-, 

Yang-»11l s t heor1es / oj/ i n t erll s of unoons t r ained harmolU.o super
f i el ds . Fur t her , i n the harm olU.o superspa oe a manife s t l ;r sup er s 

tric quantizati on s oheme WQS devel oped f or the K- 2 rigid theo~ie 8 !6 

Ths harmolU.o Ilupe rll paoe contains di t ional bosonic dimens i ons 
t holle of the spaoe 8U(2)/U(1) in t he case B- 2 and of 

9U( , ) / U(1 ) x U(l) for N- ) ). ey gi ve rise to infi ni t e t ower s of 
auxlli a r;r and gauge degrees of freedom, whi ch in t ur n helps to 
oiroumvent the so- oall ed no-go theo r ems. /7 / . 

The a bove ment ioned theor ies ha ve so f ar be en dis oussed i n t he 
oontext of Poi noare 8Upe r sJMmet r ;r. However , Ilome of t hese theorie s 

known to be lluper oonforrnal l;r invar iant . I n t he pr esent paper we 
hall show how the N-2 auper oonfom al group is r ealized i n harm onio 

superspace and shal l examine the oonformal i nvari ance of the U-2 
off-sh el l t heories. I l wi l l t urn out that oonformal supersymme try 
pre~erTes the conoept of real analytio lublpaoe of harmoni o super
spaoe . The lntter W8" introduoed wIthin Poi noare sup ersymmetry aDd 
pla,yed a oruoial role in t il" tonnulaUon or the 0-2 theoriea. 
1nter Oll t l oll and ullftlt'peotlld pot nt 18 lhat th 
ted requires an essftntlally oomplex 1 

wi th the standard r 

sphere SU( 2)/U(I ). 
introduced in our pa per " oltoa "bOYIl . Thun,Junt Lhe Dr"'U'I"Y.. llolI 

re&llt,r propor t1e s und." ·ho I l\tt llr Jllvol "1"11 II 

fUnd_ . t al pr, • • ,.101 

fhe main result of this paper is the introduction of t he 
unoonstrained prepotent1als and the coordinate transformation gro up 
tor !-Z oonformal supergravlt,y. Conformal supergrav1ty oan be a oon
venient starting point for obtaining different vorsions of Einstein 
supergrav1t;r, Tho 14ea is to oompensate the extra gauge transforma
tioos b;r adding var10us mat t er and Maxwell multiplets / 8/ 

Our knowlsdge of new unoonstrained fomulations of the h1Permulti
plete permits UI to finn B new version of N·Z Binstein supergravity. 
It has no oentral oharge, and poes8llll88an infinite number of auxU1ary 
ields, 

The idea of harmonization of superspao e beares deep analo~ee
9,1 0,11

with the twistor 1nterpretation of the self-dual 11.0 Yang...Jl111 • 

There one harmonizes one of the SU(2) subgroups of the luc11dean 
Lorentz group 0(4)"'" SU(2) X SUeZ). The oonoept of analytic sub
Ipaoe 1s relevant too, but no. the analytic fields aatisf;r auto
maticall,y equations of motion. In the oas e of extended supors,mmetr,r 
the internal armmotr,y group ( SU(2) or SU(J) ) ie harmonised instead 
of t he Lorentz one. Con~equentl y , t here the conoept of analytioity 
holps t o solvo kinemat ioal oonstraint s, not equations of motion. 
Ws bel ieve th at the sxampl e of the H-O self-dual Yang-Mil l s equa
tions oan serve BS an instruot i ve introduotion into the subj eot of 
harmonio 8uperapao e and devot e se otion 11 to it . In Sect i on I I I 
the rigid K.2 oonformal super symme tr;r 1s disoussed, and I n se otion 
IV - ita l ooal veralon (l, e., H-Z oonformal supergravi t y) . 

I I . Ana1;rtici ty and oonformal sfmmetr y on the example of 
nlt:du¥ s.....!·O~11 8~tio n::. _ 

Normally, in the 4-dimensi onal ordinary eN-D) Euclidean 
Yang-Mi l l s theor;r one deals w1th the standard Euolidean space

«'/ _ ;t 1
(i) S SO(~),.J t::x: J. (rr.r) 

Here .) 18 the Po1noare group, 80(4) ,v 8U(2) )( 8U(2) ie the 
ro tation eUbgr oup of ~ (Buolidean Lorentz group) and t he coordi
natee :x....tJ.d. trane fo rm ae spi nore with reepeot t o the first SO(2) 
group ( i ndex ~ ) and the seoond one (~ex Q( ). Obv1oUlll,y, in 
t he apace ( II.1) t here are DO invariant uubapa ce a. 

X~~~;;;;;;etation of the oonetra1nts for exten? &d I!uper s;rm
~etr10 theories was prev1ousl7 d1sou8e.d by W1t t en 12 and 

Roell / 13/ • 

.. "'\ .. 1- . .. . . : 
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Anot her reali zat i on of th6 same gro up ~ i n a di f f erent apaoe 
allows one to define a non- t r ivial subspaoe wh1c h w111 t urn clo
sely rel a t ed t o t he sol uti on of the self - uunl IU oqua ti ons . Thi s spa
ce is 

( II. 2) 'S /s U(2.) ,-oJ R" ~ s3 .... ~X ~.;\ u;. ,U ~} 
and we shall call i t harmonic spa oe. 

The additional coordinat es U: are SU(2) spinor s . They 
param et r i ze t he spher e 83 

r-J 5U( 2), it 

a ) u~ ~ (u -t ot) b) ·u-r.l.. u ; -= 1 . ( II.') 

In fact , we are goi ng t o us e a smaller spaoe 
(II.4) ~ /SU (2)~ U(i.) -- "R~ x S2.. 

However 1 we pr efer t o oons ider functi ons defined on the bigger one 
(11.2) and r estriot ed by t he cond i t i on 

])0 )-(1-) (X I U±) -e, 1-- -5- ('J,)(x ,U-i:) . (II . ~) 

~o Sl 3 Here ~ is one bf the covariant der i vat i v es on 

'DoT '" :: ... J. L /"\- - -fli r;
() t(~ ., JJ = U OU t'''' 

(II . 6) 
])0 = U t- o( 1.- _ U -~ l..- . 

()UTQ!. () U-~ 

The oondit i on (11. 5) simply means that only functi ons with definit e 
0(1) ohaJ'."ge are oonsi dered (-u; haTe ohar ges .!l) . Such functions 
are gi ven by their harmoni o deoo mpos i ti on i n symmetrized pr oducts 
of ..,,::l: . 

""at- . 

..c;<.~) ( ±)_ ~ s.. (oil·" .,.{tl"1-f>, ·!'h)U;,J . .. 1/ U- .. ''UB ) (II. 7)
J oX I U - ~ ) <. X) U"l ,(" .. "" ,. J" . 

Clearly, su oh f unc tions live i n the spaoe (11.4). We f i nd t he aboTe 
de soription of (11.4) Tery conve nient be cause it dOBs not r ef er 
to an:,. 'Partioular p~am etri z at10n of $2,.... SU(2)~U (1 ) x • 
xr;: 19-11 141 

In Tarious ~eome t ri o and algebr aic instanton oonstruotions ' 
as a r Ul e , employs a compl ex" ( p I. parametrization of SU(2)jU. (i ) 
with U+i.= (A,i), U-i. = (/f.).J..y i (- :i ) ~ ) . 

4 

ow we are pr epared to def i ne t he i nTariant subspaoe of (11. 2) 
(or (11. 4) , i f the restriotion (II. ') is imposed) . Cons i der t he new 
set of Tariabl os 

(II.a){;'x; -e, X..l; u.;, 'U~} . 
It is easy to cheok that under the Poincar : gro up tran sformations 

s X cir; 0..,.(fl ... LI('"n X~ P-4- L u' i ).:La/d' (1I.9) 

'SU rg( =: L(oL n~(±r 

t he foll owing subset of ( I I.a) 

{ X -t-P., u~ ( II.lO) 

f orms an invariant subs pace 

b X-i ; a.tt<j ut T k (P a).:.L+ i 
(II.U) 

'b U;. : L. (tI. 4')U i: r . 
I e shall refer to it as to the analytic subspaoe of the harmonio • 
spaoe (II.2) beoause ollly X+P appears in (1I.10), and not its 
oOllplex oonjugate .:::r- j . Ifevert helesll, the analytio aubspaee is 
ol osed under the following oombiD4tion of oomplex oonjugation 
and the mapping (U t:) -::. ::tU ~ 

__ . ..1
(:tj) : .):1:1., (U;.)~u.±ol . 

(II. 1 2) 

On t he spao e (11.10) one oan define analytic funotions
 
j.('\.)GX-t, U'%) wh10h oan alllO be made real with respeot to
 
(II.U) for even 'f.. J 

*:1 C"J -: ~ (q.) 1 t -= 2 h • (II.l)) 

tbus, the operation ~ is suffioient for establishing the reality 
properties of the analytio sUbspaoe and of t he funotions on it. 
Mor eover , as we ahall see later, it is the onll oonjugat i on oompa
tible with t he confOl'lDal group. The funotions :s("",) (.:t -+ lUi::) 
aut omatioall y obey t he analyticity (or Cau oh,y-R1ll111ann)oon.d1ti on 

(II.U)at ..c. ('\.) = ~ 1.(,.)_ 0
'!') - Ox-j!> J - . 
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It i s impor t ant t o r ealize tha t from (11.14) f ol lows t h e equati on 

of mot i on 

? 9 ( II. l ' ) 

o 5:;'d:x:i" j> ro :x) ~ -= o. 
The s i gnif ioance of the exis t ence of the analy t ic subspa ce 

be comes olear i n t he oontext of gauge t he ory . I nd eod, suppos e t ha t 

t h e fi el d J eX 11,{ i:) transforms under a s a uge group with parame t er s 

~ (X) : (
-5 (.l- I U) z, e l 't (21 5ex 1 "Z{.). ( II. 16) 

Then one oan defi ne the oovariant der iva t i v e with the Lie al ge br a 

val ued gauge oonneotion Ao<j, 

b~j -= dot} -+;, A~j (II. l7) 
.r-' (A f'\) .; 'CAo<j/ ::: e L t. otp - ~ C{xfi € 

and the field strength t ensor. F:.< F:,..
J) o/.p (II . lEU 

[1Jotj ,:lJojJ= ~ (r.,(a' F;3f l~ )-r £ij ~r(x) ). 
How; le t u s impos e t he oond 1tion of covariant analyt i oi t;r on t h e 

f i el d :5 : 
( II . 19 ):tJ; J == Ui-~ ltO< f 5::: c 

The 1nt egrabllit y oond i t.:1 on fo r (II . 19 ) 1s 

( II . 20)
0 := [~~ )~} ft ] "~ Fol ~ == 0 

which is nothing bu t the well-known self-duallt;r equat i on. So, t he 
ex i stonoe of oovar1antly anal;rt io fields is equivalent to t he sel f 

-dualit;r of t he fi eld-strent h t ens or . 
We oan go even f ur t her. Squat ion ( 11. 20) has the obvious Rpur e 

gauge - solut i on 
q.,. + _ - i. V"<..oX z..t ) + e ~V- (.:t I U), 
ou Oi - e Of1 

-+ , - i.V- (I'") -r- ~ V-) ( II . 21 ) 
i . e., A~ -:. -I. e O Q( e • 

Her V-tX;U) 1 S defined up t o t h e gaug e freedom 

e Ltr '(X ,U) == e lA(-Z,U)e l V"C.:r.U) e-l.'t(~) · ( II. 22) 

wher e q:' CX) 1s t h e gauge para1De ter (II . l7) and AeX,u ) 
is a ltpr egaug e- p'U'8lIIc t er eati of T!ng t he analyt101t;r oond ition 
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'J! /I (X1Lt) =0 ~"A"=' i\(X-i",l{ ). 
(II . 2) 

J'~her, the gauge oonnection A"I.;' (X ) in (II.17) 1 e real 

( Pv.;. -,:. A"j. ) and doee. not depend on u± 7 so one oan derive 
the foll01l1ng restr1otions on 7)-(~ 1UJ 
~ . ~ ~ 

i) (At) -: A+~:9 11 = 1)" , A -.: A, (II.24) 

l1)DoA:~A~ -=?-1)°lT=])OA = o, (II. 2~) 

In fact, in (II. 2.), (II.~) part of the A -gauge freedo 
has been alrea4;r us ed to obta.1n the simple result that both "V- and 

1\ are real funct10ns of zero oharge ; 

i11) ])-+'1"A~ -= 0 ~ 

0; (e L1rCD++e-~V-))-= O. 
In other words, 

e ~ lJ" (J)+-t-e-"I./)-::. LV-r+ , (II. 26) 

where V++ ill an arbitrar;r real anal;rtio field of oharge 't"2 

~ 

V++ -= v"" ])0v" .. = 2 V++ V"= V-+T/..."...,.. ") 11 (1 "\ \......... 1 ""I. • II. 27 )
 

So, we haTe reduced the problem of finding the solut10ne of
 

the self-duality equat10ns (11 .20) to the eolution of the l inear
 

different1al oquation 

])+i"e ~ 1.T= -i. V++e i.1T (U.28) 

for an.;r !iven V-H. 
.. '!'he quantit;r e": V- has the .follcnr1ng geometric meaning. Given 
a f1eld Jr.- transforming under the rc: - gauge «roup (II.U) we oan 

(, " .\.'"convert 1t with the help of the ~r1dge e' 1nto a field 

..t .v ; .£1 .x ,
J). -z e ' J-r ... J)= e" J). 

whioh transforms under the pregauge ). -group. In this new, ~ -fr 
me, the anaJ.;rt1c1t7 oond1tion (1I.19) beoo.es lI1mpl;r ~ J). ::: 0 
and has the eolution -1,,= -5" l:t"', u.) • In other words, 1n the 

). -fralle anal.;rtioitl 1s IaAJl1fest. At the lI.e tae, in the A -
fr..e the derlTative ])"t"T aoquires a conneot10n, 

~+"t" '= ])"H ~ c: V++ ) V"'" ~e~A(v++-lD"tt')e-~:\. ( U . 29) 

7 
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The unoonstrll1ned analTt10 oonneoti on V-+" beoomes the basio ob j ect 
in the theor~. This phenomenon, t he replaoem8nt of t he constra1ned 
ordinar,r oonne otions (or vielbeins) by the unoonstrained analytio 
harmonio oonneotions (or T1el beins) , 1e the ke~ point in the exten
ded supersymmetrio gauge theorie s (see below). 

'l"he equation (II.28) which allows to exprus t he brid&e e i tr 
in terms of V++ oan be solved perturbat1vel~~ 61 
The pr obl em of f 1ndi ng non-perturbative solutions is, of oours e , a 
diffioult one,espeoially a s sl eot ion of regular eolutions. Here we 
shall give just one simple exampl e , that of t he l - i ns t anton solution 
fOl' the gauge group 8U(2) . The oorruponding ohoice for V ++ is 

tV+-+) l - - L..i.. X t: x+i:: - ~ cdl Si. x: + Jc+j \. ~ a - p ~ L. - y2 <:Ii. j3 0( . (II.JO) 

Que can ve rif~ that 

(e l IT)~ J-:: i -+ X'l2 p2[sj + -i)] ( II.Jl ) 
oX c.~.::t :X~ .;t"tk.:tk..; i -t ;:x.2/J 2 \. 2r .. 1.x.7 

') -::. f~.:t::c~ 

i s a solution of (11.28) . From here one finds t he gauge oonneotion 

(A.)) == - 1. .xoCi 8iuSl! j) (II.n) 
\J 0'-11. y2 -tx2 

whioh ooinoides with the well-known 1 -inotant on solution of Bela-
Tin et al 1151 • 

So far we have oonoer ned Poinoart inTarianoe of tho self-duality 
equation. HowSTor, it is wel l known that t his equat i on is also 
oonformall~ invariant. Above we have desoribed an i nt erpretation of 
this equation ba se d on t he oonoe pt of harmonio spaoe (11.8) and 

its ana11tio sub spaoe (11.10). Therefore a natural que st i on ariees ' 
How i s the oonformal group realized in (11.8) and i 8 the sub spaoe 
(11.10) oonformall~ invariant? 

In the o rdinar~ spa ce (11.1) t he dilatations (e) and the oon
fomal boosts (k (;I(~ ) are realized in the f amiliar wBJ 

CS XcX~ ':: f X q(o/' '"1' 1<'pft ::x""; .::t. flO( • (11.33) 

In the harmonio spaoe, however, some of the oonformal transformat i ons 
look rather unusually 

8 

s.x"> aol~ v.~ + e:x.+,;t. -k'j:x..-+fl ir» :x.-r~ 

of 1.. ('"i) x+" - L crp) u;U:P;x+d< 
(II. ).) 

bU: =- - k, P;x:,-tp UTP U~ _ LeJ', ) u..+' U} u~ 

OU~~ 0 

8 x-at = aq(Otv..~-t eX.-~ + L(JJj)X~+ L(f.)("X-~u'-::x.-t;,u1lA;+ 

.... 1<, i (?: -0/ u-rp - ::J:.. +~ 1,cfl) x -fl . 
Wo see, f1rst of all , t hat these transf ormations are not oompat i ble 
wi th the ord1nar~ oomplex oonjugat10n. However, they r espeot the uni

od ul arit~ oondit1on (II . Jb) and the oonju&4t i on ~ which 1., suffi
oient to s s t abl i sh real1t~ x). rurther, t he Lorentz subgroup of the 
conformal group is realized in ( I I.J4) unusuall, (o.f . (11.11) ) • 
l en r t hel ess , the ord1nar7 ooordinate ':):""01 z: X -dt u.+"'- .::t.,. ...u:« 
traDsforme in a standard w&7 and 80 do suoh u-independent funo tions 
as the Teot or oonneotion A<><f> (oX). 

It 1a .oat r--.rltable t hat the oonforeal group leave ., t he anal~
tio sUbspa o. -t oX. -t~ 1 U i:.ol} i J1Tariant. 80, interpretation of the 
elf-dual equation given abOTe 1s oompatible wit h oonforaal s,..otr7. 

'rhe preserTation of the anal1t10 sUbspaos b7 t he 8uperoonformal group 
will b. a keT faotor in .-2 oonformal supergravit1 (see seot.IV) • 

I I I . Conformal invarianoe in 1-2 harmonio lIuperSllaoe 

'rhe introduot10n of harmonio ~up8r sp. oe proved ellpe o1all y 
fruitful in 1-2 supers11Dletr!4, 61 XX!There we harmonize the auto
morplUam group SU(2 )ot the N-2 8uper synmet ry algebra(and not the Lo

r entz grouP. as in the prertoWi oeot i on ). Tho harmonio variables uf hi 
are similar to the ones 1n (II.J) ( ~ 111 an SU( 2) 1aospinor ind ex). 
In addition) tbe .oentral basia • of the 5-2 harmonio .,uperspaoe OOD

~~~__t 1Jle ( X~) and fe:na1onio ( 81 ,f) it i. ) ooordinates 

x) Let us emphasiBe the oruoial importanoe of preserTing the oondi
t ion8 (II.12). Without thell. one might real11l8 on .:l:~, U:t:o( a. 
oomplex extension of the oonformal group wit h SL( 2,C ) in8tead of 
8U(2). Bewever, oul7 the ordinary oonfomal group survive s i n this 
xten3ion upon imposing (11 . 12).
 

XX)808 also GaJ,perin et al • 151 for appli cations of hanlonio
 
lIuper_paoe in R. J yang-Mill s theory.
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-----

oorresponding to the translation and supertranalation generators. 
Again, the most important feature of the barmon1o B-2 superspaoe 
1s the existenoe of an 1nYar1ant analytio subspaos. To obtain i t ons 
has bo make th e change of variables 

::xr;.D< -= .:coole:< _ 4 l. tJ l. ~ ee;,i ti~L til). (III.l) 

e: e~ u± -!: <7'l ~?,± 
Aa/. =: of i. BA:J.= r:;J~(.A.L"I 

Then one oan see that the subspace 
(Ill. 2) 

) )(olJ e....... U±'}
e+-~
'\ A,A 1 A 1 l.. 
~
 

~ A ,

1s closed under the foDDwing Poincare H-2 supersymmetry transform&

tiona
 

S.::tA'ol =- ~ ~ (E.~O<~+J( + e,to< £: ~~) U"i, ( III.') 
c' Cl+ C'~ 'l ,+ c ji;+ _ C:-L 'l,t" c u.± .- /\
o l1\oF c, gI. (.A. .:.. 0 VA <I. - c ex u l. 1 0 l.. - LJ ."I 

The s1gn1f1oanoe of this analytio (only tJS tI.,QI. ,but not tJA.,(pt. 
Bre present) subspaoe 1s 1n the faot that all the B-2 sup ers;rmm etrio 
t he or1es are naturally f ormula t ed 1n 1t. Indeed , the .-2 matter 
mUlt i p1et s (hTPermUlt iy l et s ) are desor1bed b;r the analyt1c super-

1'1el d a CJ (~A,u.)lU(iFhargeO) and q.t(aA Y) ( UU. )
 
oharge +1) with the ! ollorlng free actions
 

(III.4)s, -::. ~ J, "S (-on;. 'U W (1)+t-j2CU •
 

SIf, -= \ J. 2>(-':) J 1,( 1:"1" ])-l" t t+·
 

He~-t + "'I.-t ;~ _ r : Clt..<iS +.:t L+st~+e+.(~ .. (III.') 
j) '" ()t.c i.. '"1 I. 0'/1 C' A ?Jxt.;t 1\ oBit.. A dtFAPoU 

enters 1nstead of the harmon1c derivative ])1"'- (II. 6) ; the def1n1
tion of the integral in (III.4) see 1n Oalper1n et al .I·V • Nsxt, 
the K-2 gauge theory is desoribed by an anal;rt1c supsr!1eld
Vt3A,U)( oharge +2). It ocours 1n olose analoQ with V++ 

1n (11.26). Indeed , th e pr1n01pal oonstraints doterm1n1ng t he geo
metr;r of N-2 gauge theory are 

(III. 6)
f ~+ e: L= !~:/. ~+-.l= f't:A+ ~-t- o}::::. O.

'\. oJ.. "I J3J ~ ol , )3] "\..Vc?l', , 

10 

tbe1r solution has aga1n the pure gauge form ( (11.21) ) w1th t he 
br1dge e t tr obe,-tng the equat10ns analogous to (11 .24-26) . ille major 
difference 15 that eq. (111.6) does not imply any equat10DS of mo
tion &S was the ca•• w1th (11.20). The analyt101ty oondit1 oD 
~~ ep= ~£ q> -= () 111 also man1felltl;y solved in the analytio 
subspaoe but again it does not impl;r d;rnam1oal equat10ns. Th. gauge 
transf01'll1&t10n law for the prepotent1al V+'" in N-2 case paral l els 
(II. 29), the gauge invar1ant aot10n oan be found 1n Galperin et alo 16( 

JJ.l the B-2 theories listed abOTe are bown to be oo~orraal 1;r 

l DYar1ant. To see th1s 1n the framework of harmon1 c superspaoe one 
has to know h:nr the oo~ormal group aots• .AgaiD, the prob18lll 1s t o 
find suoh & rsa1i~at10n of the oo~ormal group whioh preserTSS the 
DottOD of analyt101t;r and the un1modUla r1ty oondition U~, Lei. =- i 
It oan be obtained by supplecent1ng the well known transformation 
rules for (::t~) &" i. 1 eOi t. ) 1161 
by the follOWing tranaformat10Ds of the harmon1 o ooordinates 

8" 'V.+. = 1\+-t- U.i. 
~ (111.1)

b u.-(. = 0 where ,:+ ~ 
/\+~= ~q ur u} +4, k'~e~o(eA+0c'-+.( L(~:~~"2~t':"()Z,\)(Nt)= /Yt 

oontains the parametere of BU( 2) ( Al J, ) , oonformal boosts ( ko<dc) 
and the seoond N-2 supeuJIIIIIletry ( 7,to<ci ) ' The ). Ik l'1 tranetor
mations at the ooord1.natee :x.A~:' ot-:« of t he analyt10 eubspao 

1 ,., , ..I'
follow frOID (III.1) and the transformations of .J:.0(-< ty ,..< I. 

I 

5:xf:<= k,p ;x~i~:Ot +~ ~ (:xtje~.{?; .. .-.xI/' e~2J)u ~. -
__ J . "\ Ui).,.-. u-' e~.,{~-t.,(' ( III. e) 

't ... " VI. ... d A A . 

~ tJ;~ =- ksi .:t.<je;p -2 ~ (eAY 'lo( i u~ 1" .xi\' fiilj U: + 
, .ff5 

-t Ac"'J) 1./,- 1"ij' e~a/. ' 1 S §;~ =- (S ~~",) .. 
One olearl;r sees that the anal;rtio subspaoe r emai ns 1DTar1ant x). 

Note the peouliar W87 in which the 8U(2) group acts 1n (III. 7,8) 

x),~_c.omPlet(nel~:e pre sent al so the transformat10n l aw f or eA0<
 

(0 eA pl = - S~A )) _ '
 
6f!J~~-=- k,p xtPe;l -2 .: htlj(tJ;l~; ·"4c. 2J'*.~ ls;.~U~ -S-;: Zl.i)r
 

1" h L. ( 'J:!}} .... 1. i. errls~})u-L. of N'J')lJ,-' (tL-,S+ol- U +: f:r~)
f.,.!'~ ,.. 14 A I. \.· J A t1 A 
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(reoall t he similar situation in (1 1.34) ) . The impl ications of t his
 

wil l be expl ained a t the end of t his s ec t i on .
 
Let ue now examine the 8uperoonfonnal i nTkri an oe of tho h,Tper


lIultiplet modele ( 111.4). Fir at of all, the TolUllle de-ent ddC-.cl:{l1
 

" , , " i~ f l 
where the ooeffioients ~I (Z) are ordinary sup erf1elds. Under t he 
80(2) transformations (111 .7) these superfieldB get mi xed up. At 
the same t1llle, there exists another 6U(2) group under whi ch all the 
abare theories a~ all(lo invariant and which rotates U±,,' and, oor
reepond1.ngly, ~" - , . , PI(i!) in the etandard wa:f 

produoee the weight faotor 

\T) ~ (~~ ,'Lt') j? <4/ d m-~ ? -+.:1 
\ldVt-C) ($A ,1A.J~'l-t"o~b :XA -rpe+: £ ~A ~~~;,;S~A + ( 111.9) 

-t v..-:.t iI\TT == i -2 (\ ; 1)ht\= f\~ j 

A= - e.Jc AI"J li i uj -t -4 . (6;' Z~ + 1~ Q;~ )ui. - kolOt;Xt~ . 
Seoond, the der1Tative ])"ti" t ranef ozms as fo l l owl> 

(IlI.lO)])"t l- '-:::- ])1'+ _ 11 + ~lY" ])0 /= ]) 0, 
) 

where ])0 ie t he operator oounting charges (of. ( I I . , ) ) 

£\ 0 _ UT' 2...- _ -t'2 e+oI,~ ~ ~-a<t~-=::J__ 
...v - ()Ut-t tl () Z[i + IJ. () fJ;"/,Q!. - O'A ?JS"A.,(.pt 

ct" +
80 ]) ceases to bl oovariant by itself••evertheleee, t he ao
t i one (111.4) art superconformally ~ariant, prar1ded the euper
fields tl) and ~+ transform with weight s oorrelatsd with thlir 

d1aenll1on 
[W] =- [~tJ'" [""clS !>]! -=> W~ (ttl\)e.u q...~ (lt I\Jt+· (III.n)

2	 I 
lote that D+-t~+- and Wj CJ are covariant objeots (just th_ enter 
t he equation. of motion) but ])+t 4) 18 not. 

Jnalo~ously, the dimena10nlesl 1-2 gauge prlpotential 
ha e weight siro. Th1e leaves the ~attlr oouplinge, I . B• • 

\ J. "S (-.<) J l.{ ~T ~ v" 't-+ 
) /6
 

iDYar1ant. Onl oan ehow that the 1-2 8IM aotion i e euper oonforaall y
 

illt'ar1ant &. well.Abare WI mlnttoned that the 8Ul2) eubsroup of the superoonfor
11&1 group i8 plouliarly r eal1tled, i n partioular, on ·U'±.; • 'lh1s 
aantfeate itself in the tr~format1on l aws of thl oomponenta of t be 

8uperfielde. lor instanoe, oonsider t t (~A (~. I.e.) I U) a s a 
fUnotion of thl oentral ba si s coordinates . It baa the f ol l owi ng 

b&rIIlon1.o expansi on	 c:::...o "
 
"" a','..LZ>t+1 ' ;"" LA+ U7 U"7 )


'Lt(~A~ \1.lJ,1.l)=-~ V (2 ) "' (.', ' ""rl t " ~2 '" L2.... ' • 

I
 bSt. 'U±l. z: « : i?A ±i .	 (III.12)
 

I t is not the SUbgroup of the Jr-2 superoonformal group. Instead it 
f orme a sea~ireot produot with the latter. Remarkably, theBe tw 
6U(2) groups oo1noide for the on-shell ~+ hypezmult1plets and N-2 
gauge theory. Indeed, a 8U(2) variation of 1.+ taken at a fixed 
point I s S 

8, . a-t-: $ * q+ _)..lj'U": U-: ])-t+t.+,	 (III.D) 
;SIJ(Z) ~ Sl. J.- t J 

where we ~e singled out the standard (111.12) type part. HoweTer 
on-shel l in the free oaee 

])Trl(.+-:: 0 -=-> q,+= ~."CZ)"< 
and a differenoe between two 6U(2) variationB disappeare, i.e•• 
on-ehell (III.1)) meanB that . , 

b$~ q/CZ) -= ). l J ttJez) . 

811l1ilarly, C"' '" Vtt oan be r epr e. ent8d a s 
°SIW) 

".. •. (111.14)t 
O$(2)V-t :.. SSt V+~-+-CD+)'-t~[VH1 rJ) ., f=- ).'d/Xi lA- V++;:" 

t hUs demonstrating that in the pure N-2 gauge thoory two 8U(2) 
groupe ooinoide modulo a gauge transformation. This property extends 
to the oase of on-shell 'Lt min1Jllally ooupl ed to V++. Indeed, in 
this oase the equation of motion CD-rt-~ j V tT) IJ,"t .::. 0 1IlIpl1es t ha t 
the ee oond term in (111.1)) is gauge transformation With the sallie 
parameter J as 1n (111.14) 

:t .... C ."Qi' • + 
(5 S U(~) et: =- 0.s t y	 - L.? 9..= . 

lor W hypermultiplet, the situation i s more peo ul1ar , even 
on -shell two 8U(2)'s are realized in essentially different Wa:f3. 

Conoluding this seotion, we point out tbat the tranafonna
tiona of the N-2 euperoontormal group in harmonio auperspaoe are 
easily generalizod for the 08ee N-). Again, the lead1ng prinoiple 
is the preservation of t he oorresponding analytio sUbspaoe / , / . 
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The off-shel l N-J gau ge theory proTes super oonformally i nvari ant , 
ns coul d be expeot ed. 

IV. N-2 conformal supergraTity 

11-2 h.annon1c super-space provides the framework for the uncons t r ai 
ned superfield f ormula t i on of H-2 Einstein 8upergraT1ty in its version 
given in Fradkin and Vasil iev (1979) and de Wit et al .(1980). 
At the same time, as was shown in de Wit et al.(1981), this and 

other v ersions of Einstein supergraT1ty oan be obtained from confor
mal supergravity by compensation of the extra gauge transformations. 
Therefore the question of finding an unconstrained superfield f ormu
lation of H-2 conformal BupergraT1ty is of cons i derabl e interest. 

Here we shall present, for the firet t1as, the unconatrained 
prepotent1a1s and the full nonlinear ooordinate group for 1-2 oon
fomal supergrav:l. tl. 

The gauge group of t hi s theory i s a loc~ ext ension of the 
rigid one (111.7,8) which preserTes the fUndamental ooncept of ana
IJ1;10 subspaoe,U(I)-eharge, the unimodular1tT oondit1on 1A~' 1Ai. :: i 
and the reality properties w1th respeot to oonJugation ~ 

'boXA'=- A~ (~~ ,u.) 
~ e~J1 =- >-.,. Ii ("SA ,u.) (IV.I) 

S e~~ = 1~~ (a(~ ,1A.) 

~. z:U +~ )..+-r (bA I U")-u.-:. 
f~~ ~ O)\}4(~ A ,U '~;'~f\-) 16~AA-= ):-....: Gs'A,1J , ~; , gA- )' 

In o r~er~o introduoe the prepotentials we oonsider the harmon1c 
derivative ;;C;T+ and postulate the follow~ generalization of 
the rig1d tranaformation law (111.10)1 

~+t-I~ l)T T _ AT t" ~ 0. (IV. 2) 

2J 0 1 
:::~~ 

'ale derivative ? ? 
~o "=: U"1""_d._ tL C: _~-. +G;fi~n.."1 ~)J . .t: -$A)I'}n-"-""--,J4--j;' (IV.»)

'Out' 2)te.. PC/A y. D~A V' 

is the S5Me as in the r1g1d case because 1t just ·oounts- the 
U(I) oharges which are str1ctly respeoted by the group (IV. 1). 
However, the deriTat1ve ~++ acquires non- t r l.v1al vlelbeins 

14 

.9 (1-<) -'? ,,+-r::]
Cb + f" _ 11-t" 1 _ -+ f.fl (.{ ' - +t --. + fi 
fL) - ~ ~ U-i ' 0 UTI ()Xl '" 

(IV.4)
JJHfI + -tL +1t~,A+2 IJrtt'-.2- + IJ trf-~ 

+~ O~ g~ ~ ~~ ~ ?~ 

n the rig1d case DoH- cp is analytio if cP 1s analytic and we 
should preserve "t hi s important property i n the local case. 'I'hen we 

have for pr e p o~ cntial8 

( IV .~nJ1<.i-.<).::. k(t·O(~~ ,l.l) .R:"> j(HklCar<u.) 
H++;t+= /{-tf')4"f~A ,u) ) (++/i+ z: JiHf t (~f1 IU ) , . 

1.e.,they must be analyt1c superfields (wh11eJt...... -.P)}tt"+:)t are gene r al 
ones SinOeeA,6; 1s not a part of the analytic subspace). This re
quirement is, of course, compatible with t he transformation properties 

of the vielbeins following from (IV.I-J): 

S J{ (H)= J{ e-o (a£1 L/ ) - ~ (~{t~A ,U) :l>+1-;\t-r 
( IV. 6)(S J{H VoI -= ~H A"'" 

b J{+~f ~.+ -= ~+t- X)l ,} - Y;A ~0' ;..rT 
8K-t..-,.'- -z ~H ~\,'\A' "d :l; P ,} )..1- + . 

How we oan ol a1Jll t hat the vi elbelns H are the unconstra1ned
 
prepotential s for N-2 oonformal supergrav1ty. I ndeed , the analytio
 
superf1elds k (t"i') ,H ~ -t 1'\01 and H+-t~f + ha:ve the follow
1ng supersP1n (Y) and super i s ospi n (1 ) content (Ilee /4/ )
 

ult ":) . V z, O' I = -1 2 S . . . 
(\ . L ) ", 

(IV.7) 
~-t-+-M. V=- l O' T = O i 2. 
f\ . L 1 ) - " 1 

1J 1- ..r »... v- ' 1 - 1.. 1. 2.fn. I,,· L - 2:.) - Z. ' 2 '2. , '" 

On the other hand, the analytic parBllletcrs / 
'"'1+1- ttl AT~ , f oontain l 
f\ , ) 
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.A .... T \, =- o · I:: 0 ! ,2 ·. - . :L , 1 ) 

(IV.a)).1N1 ~::.o, 1..· J I :. -i ,2. ,3 , ... 

.." _ I 3 ~/\....;. ,;.. Y> 2..
J J -:2 Z 12 "I I 

~1ng into ao oount (IV.6-Iv.a) one sees that the gauge-independent 
part of the analyt ic prepotent i als ie jus t t he 8uper !lpin I , super1so
spin 0 multiplet of !-2 oonformal supergravit7 . ( The non-analytio 
prepotent :Lals J1 +- +P,~ - can be completely gauged aw~ b,. the 
corresponding parll.llleters It-fi (~. ). Kor e explioitly , the Wess-Zu
mlno gauge tor the prepotent1als is 

k«o , (§1 )'l ctr-t'y~ DC':t) 
K,H ""' ::.- o-t6GL~f"ea""('X)+(G"f6t'/XCf::-(::t)U-1. + (IV.9) 

-t@+)Z 6~ lYrYtt(:k) U-L;- (~t~Y-C~t-J~'vt0)C:t)1.f l· 'lA-J 

kH )H -= (&-ry ~ AI1} (:x) -t (~r~V tev )f)(:x.J+(e~f(6"'Jh ~-L. 

~ t+}i + =Cfj"-X'e;AJlfC.lJ-t ((} -t'y g"\)f. (i/~)C:tJ-t(frJC()-1;X~ u-, 
rl one oan identify .all the component, of otf-ahell 1 -2 conformal 

.uper graT1t,. 16 / . 

As mentioned in the begLun1ng ot this seotion, t ho f1nal a 
when c ons1der1~ conformal 8upergra,,1t,. 1s t o be abll to oons t ruct . Ial
Biostein ftupersraT1t1ee. The method de"eloped by de Wi t et al. 
ooosiets in tbe oOGpensation of t he ortra gauge transformat i ons 
(e. g. , l s ) We:rl, SU( 2)) by Tar10ue matter and lluwoll lIult1.plets. 
fhus , wi th the help of a Maxwell multiple t one compensates the (~ 
and leTl t ransformations and gete the eo-called ·~ost It.pl 
B-2 supergraT1ty 118,e/. 
'!'hen, adding tbe so-oalled ·non-11zlear-, -tensor- or .soalar - lIIult1
plsts one obt a ins t he t hree known off- shill Terl10ns of I~toin 1-2 

12, 8, 17, 191 
supergr&T1.g . • In f aot, the soallll' multipl et ot de lit e t al-
is Q form of the hTPermult1plet with oontr~ oba r ge I~O,211 . 

BOwevor now we know allO another version of tho hTP6r11lult1plet 
d8lcr1be4 bT tho analytio lIUpert1eld W (III.4). It bas no oeutr al 
charge, ina t ead it has an i nfinite oumber of awdl1ary fiel ds. Using 

o oon lIoL a now vornion or "-2 &1n
ketoh thin oonnt ruol J on. Fi r s t, 

dln.Le "h l oh ha n bllon lnvnnt ud i n 
he donor l pl ton 0 IIperf1 0111 n wHh oent r nl oharge . 

SoweYer, 1n our 0 no t h ln~ ,,111 dep nd 0 11 J t , ovon 1 t e own t r an ll
f ormation pa r am vto r 

(IV.IO)lS 2. ~ = A5" (.3" \'U.J.
 
Thun wo add a new term in (IV.4),
 

( I v. n )
 I:A .... -t 9\ ..... +- U -r r ~ ?
 
~"'.J.if . -:: IUtY . ~ -t , 1 CJA,u)O X$'
 

A8 explained in Galper i n ot al .1.1/ ,the analytlo !Iuperfiol d }C·t- S 

with it s t ransf ormat i on law 
s k kt-!.' :::. ~ HA~ (!V.1 2) 

de80ribe8 a Maxwell multiplet. I n t he same paper i t was shown a lso 
. that H. ·H S has a non- yan1 sh1ng fla t l:1.m1t, 

).V. lJ) 
J.t H S·:: l' (6:(3: -6; 6:') -t t,+T S- Cat-\ '«)' 

So, i t. eOrTes as a oompensa t or for 80m e of t he paramet er s in 
()T)i,}«&1 ,lO (IV.l), i n parti oular, f or the dS- and dila t a tion ones . 
'Ibe remaining extra gauge transf ormations ( i n parti oular, 5U( 2) ) 
are oompensated by a !Iuper f i el d tU ($/},1<.) whi oh has fiat lillli t 1 1 

W ( ~A ,'U.) ':: { -t- uJ (;:t.) ;- W c. ,· ,) ) (::t) u. ~ 'U it _ (H.U) 

I t t r an sf oralS as fo llows '"'I. I r 

I I '1;> __ - ( OC~... , 'U J)/.' C? ., .) I ~ 
W C~A ' U ) ~ !>VZ 1(~A 'Zt) l.-V "A, ~ (IV.l') 

C 1 . \ - _ 1. (L \ ~ - _ ~t-.ff L '+~ -i'd \+;'\1. \ 
o l.-V - 2. \(P J::A"'" 1\ ~ (l;/\/-4 1\ - 't)B? I I +Uiii; f\ ) I.-V 

(.Ii)
One can ea811,. see that the oomponent W ( X) in ( I V. 14)
 

OOlllpen!ll!l t es the looal SU(2) tran sf ormations. The oOlllpons nt W (~)
 

is i nt onded t o beoome t he Lagrnngo mult1p11e r ror tho oomponont
 
]) Cx..) 1n ( I V.9). The aot i on tor th in urn10 n or "-2IIns t eln
 

8upor KTav1t y 1n thQ DUIII or the pr opertl DupoToon rormoll y oovar1an 

tilled nat1ono rOT Hi t 5- ant' (tJ an" wi ll bn pr ose nted
 
elsewhore.
 

Author ,·"t Dr,, 1 10 I "."'lJ) I.n , O.Og111yet lJkY and
 
B.Zupnl k r or ,11110"" nI on I n n l 'Lnl n n . I n hnnDonI 0 II plloe .
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