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There is now interest in Majorana particles which occur com-
monly in grand unified and supersymmétric theories, as well 4s
in connection with some aspects of neutrind physics. The prob-
lem of the possible electromagnetic structure of such truly
neutral fermions reveals some interesting but apparently less
known and investigated features of these (fiot wet detected)
objects. Iri the lowest spin’ J = 1/2-case it has been shown 71/
that the most general expression for the matrix element of the
electromagnetic current of a Majorana fermion is
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and it has been subsequently realised/e/ that this conclusion
comes in fact from CPT-invariance alone. The 'particular Lo-
rentz structure from Eq.‘1), now known as the "Zeldovich’s
anapole", had been long ago’3/considered in connection with
a new kind of electromagnetic interaction (invariant under
time reversal but odd under parity) and had been interpreted
in terms of a toroid current (i.e., a closed current circula-
ting through a teoroidal solenoid). This particular current
configuration represents a new dipole characteristic bf the
system fa "toroid" dipole moment), different from the usual
‘electric or magnetic dipoles. What is special about a spin
1/2-Majorana fermion is that for it there is nothing else left
except this structure and therefore it can be viewed as the
cleanest elementary carrier of the toroid dipole. As is seen
from Eq. (1), another distinct feature of the anapole {toroid
dipole) vertex is that it gives rise to a contact interaction
with the external electromagnetic field(i.e.,the 'spin 1/2 self~-
conjugate fermion interacts with the external field only if it
overlaps with the source of the latter). One may ask whether
the afore-mentioned peculiarities of the spin 1/2 Majorana par-
ticles would hold in the general case of Majofana fermions of
arbitrary (half integral) spin {in the spin 3/2 case the mat-—
ter becomes even more actual if one recalls the central role
played by gravitino in supersymmetry). In the present Communi-
cation we answer this question.in the affirmative in the form
of a theorem, already stated in the first sentence of the ab-
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-stract. In the proof we have to use as two lemmas some results

previously obtained by other authors. Before.stating'the\first
lemma, we mention that in a series of papers, summarized in
the reviews/4ﬂ it has been shown that in both classical and
quantum electrodynamics the toroid dipole moment is only the
first element of an independent (third) family of "toroid™
multipoles which together with the usual electric and magnetic
ones achieve a complete description of a general configuration
of charges and currents. What. we need here as a first lemma is
the following (most general) multipole p#rametrization’? of
the matrix element of the electromagnetic current j@Q:&hﬁx)ﬁx»

taken between one particle states of mass m, spin spin pro-
jections J;” > Jg) and momenta ﬁ(n = -k/2, 5(0 =+ k/2:
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LJ(giz) are respectively the charge, mag-
netic and toroid multipole (2% -pole) form factors ‘which at
zero momentum transfer (Ezz(n give the corresponding multipole
moments of the .considered system); YLM(E) are the usual spheri-
cal functions while )
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¥he (spherical basis) components of the vector Y 4 are
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the simmation over L and M=-L,..., +L-in Eqs.(2a), 72b) is

restricted by the appearing {in view of the Wigner-Eckart -theo-
rem) Clebsch-Gordan coefficients {it starts, in fact, with L=0
in Eq.{2a) and L = 1 in Eq.{2b)).
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In the case of a Majorana fermion of {half integral)“spiﬁ v
J. TCP invariance restricts -the ‘general form of the electré-
magnetic vertex displayed in Eqs. (2a), (2b) to a more ﬁarticular,
one. To find the resulting selection rules, we need as our se— ’
cond lemma a certain non-trivial phase condition imposed by
TCP on single—parpicle Majorana states which we formulate ac-

- cording to Kayser and Goldhaber /% as follows: Defining the Majo-
rana particle as a self-conjugate fermion under TCP(rather than
under §h§rge conjugation C ,which may not always be appropriate)
and writing the effect of TCP on the Majorana single particle |
state of momentum .p, spin J, spin projection J,. as

-+ -+
TCPip: 3, 1,>=n@)|p:J, -1 >, . (3)

t?e phase factor 73 ,) (In@ )| =1) is constrained by TCP-inva-
riance alone to satisfy the condition’?’

n(-J,) = -n% 70 ,)=-1703 ). (4)

' Since it is known that, if the elettromagnetic interaction
1s to conserve TCP, j (x = 0) must be TCP~odd also, the second

lemma” just stated leads then to the following TCP-condition on
the vertex:
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Inserting row Eqs.{2a), {2b) into Eq.(55, taking, into account
the phase condition Eq. {4) and performing some'simple manipu-
lations among which the hardest are the use of the~bérity pro-
perty of YL“p) and. of the elementary relation

J.{L,J L+M J.o L, d
) w =Y € ’
—-J . M,=J J ) .M.J(r)
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one finally proves the theorem expressed in” the abstract: for
a Hajogana fermion of spin J only the toroid fbxm factors B
TL"J(_kz) (with L =1,2,..., 27, i.e., all eof those appearing

1n the right-hand side of Eq.{2b)) survive in. general; all the
other electric and magnetic multipdlé form factors Q| 3 (-Ez)

and ML'J(—kz) in Eqs. (2a), {2b) are ruled out exclusi&ely on
TCP-invariance ‘grounds. That the number of the remaining {toroid)
form factors makes up the right required number of independent
transitions in the most general parametrization of the electro-
magnetic vertex of a spin J Majorana particle,one may convince
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himself also by an easy count{in the noh-relativistic approxi- TCP requirement E{.(5) and the relation (similar to its corres-
mation) of the independent transitions in the ctrossed vertex H pondent in the spin 1/2 case)

<0|j (0)M,M>, where |M,M> represents a pair of identical Majorana ; I —1/2

particles of spimJ=(20-1)/2 (£ =1, ..).Antisymmetry at the per-— [ u (p;-J, )= (-1) ¢ Y.y a T(p; 7).

mutation of the two fermions requlres (-1)L+8+1 to be -1 ‘ a z 173 p 2

(ﬁ 3 are the orbital angular momentum and the total spin s
in the MM system) S may be 0,1,2, 20 ~1ayjd, for each - As far as the interpretation of the three form factors A(k ),

B(kz), C(kz) is concerned, it is easy to show that A(0), B(0)
and C(0) express respectively the dipole, quadrupole and octu-
pole toroid moments of the considered spin 3/2"Majorana par-

of these values of- S, L must be such that‘ its coupling with
this particular 8§ give the total angular momentum | carried
by the concerved current j (x). For § given, only states with

L=S-1,8, S+lcan do that, but for these only L=8 will ren- ‘o ticle. All one has to do is to evaluate the corresponding ex-
der (-1)L!*S+1 pegative. Therefore only IM, M> states with L pectation values of the multipdle toroid moments

L=38 = 1,2,..., 2{-1 are allowed and the number of indepen- s 172

dent form factors is confirmed so to be 2({~1=27. T, M()_ (______ SN S
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For spin J = 3/2 Majorana fermions it is more convenient
practically to have at hand a covariant form of the electro-
magnetic vertex rather than the expression

2L + 1 2L+ 1)RL + 3)
. (8)

5 \

> - > L 2 =4 ->
x [i(x, t) Vv x fr " (-ir x V) YI":M (= idsx
r

N~

E.3 70 Taany-5; 8 30, .
+2'2'JZ ‘-](x"‘)l 2’ 7'] > =

B N e

LA

in the cases of interest L= 1,2,3 by taking for the appearing
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p i‘ ' matrix element <+—2—'J——2&,J ~+~‘:L“(x t)|——-- J—g,.] —+—;’—-> .
3/2, L, 8/2 : . . Y
. 172 ) 0 g 4 displayed in Eq. (7). After some stralghtforward calculations
s [4n@L + 1) L +1)/L]. I, M, T ’% one finds so indeed
= . l\‘5
L=1,2,3 (2L + 1)1 3/2,L, 8/2° b T AKk®= 0
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<+'§' "9 Vs lig(x=0)]~ 'é' 'Yz - 4 Hav1ng seen from the prev1ouq discussion that Majorana par-
m@, % ticles may still be left, in general, with a certain electro-
obtained as a particular case from the above considerations: ..  magnetic structure, identified before-as consisting in toroid
Tt is: A moments and distributions, the question arises of whether such
) 4 neutral fermions, on account of this type of structure, might
- o . _ 1. 3 M _ ' | w”" give rise to Cherenkov or transition radiation. Ginzburg and
PHkiT= PN o 1 p(x = O)I.p, J = 2 Ja > = ) f";”* Tsytovich ’® have recently analyzed the Cherenkov and transi-
f Ay tion radiation of a moving elementary toroid dipole {(constant w
- RO 2 2 po 7 4 in time in its rest frame; if there is time dependence, there
Yo (ki T, - HtAK )k Yu 1_'(k : y)kp] Y58 ) & will be some radiation anyway), complaining at some place (the
\' 4 end of Section 6 of their paper) that "we are not aware of any
2 2 p o 1.2 p. o o p () Al*%  real problems in which the ... radiation of re1at1v1sr1c toroid
+[B( )+iC(k ))’5][kyk k - Ek (gllk +g# k )lluo(p,JZ ) i dipole mdments would be of any importance'. We' point oyt that
1

4 1f Majorana particles are really there, the abovescomplaint may
lose much of its sadness. Indeed, relying on the classical
electrodynamics analysis of ref./5/, we are led to the sugges-
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Eq. (7) may be obtained by the same procedure wh1ch ha's been
used by Kayser and Goldhaber 2/ to get Eq.{1), i.e. , using the
4 !

¢

i

e



At

J N
tion that Majorana particles {with non vanishing toroid struc-
‘ture) might, in principle, give rise to' Cherenkov and transition
rddlatlon, albeit small by the toroid character of the source,

'by the actual values of the toroid moments themselves (deter-
mined by small parity or time reversdl violating 1nteract10ns)
small again because the toroid current, as noted in ref.

would emit this kind of radiation-mainiy in as much as it is
filled wp by the medium through which it travels, thus making

the effect conditional on both the type of media and the actual
spatial extension of the travelling Majorana particle. Concer-
ning this latter point, it seems that for more ot less normal
media much would depend upon the Majorana particles in question
being very extended objects, which should not be a priori ex-
cluded. For extremely dense (nuclear) matter, the requirement

‘of large extension might be less 'prohibiting and evert much lesser
for such a medium as the vacuum itself in the presence of strong
. electromagnetic fields. {~

5. Ginzburg V.L., Tsytowich V.N. Zh.Exp.Teor.Fiz., 1985,
38, p.84.
# 6. Radescu £.E. JINR, P4~85-154, P4-85-155, P4-85-156,
E4-85-165, Dubna, 1985.

We end with the remark that while Majorana fermions are al- A
lowed to possess only toroid multipole moments and distributions \ivn
as intrinsic electromagnetic characteristics, in general there  &\¢ . )
is nothlng to prevent them from having electric, magnetic, or ; t v
toroid 8/ polarizabilities as distinct characterlstics desc-’ i

r1b1ng their behaviour in external electric f{and magnetic) fields
'or currents; in other words, they may get induced electrlc, mag-
netic or toroid‘moments when extetrnal fields are present, irre- :
~spective of whether or not parity or time reversal invariance
‘sare good symmetries; because in this case a new direction, that
of the external field or current is'available, making thus in-
operative {for the induced moments) the arguments leading to
selection rules.

The author is ‘indebted to S.B.Gerasimov for useful discus-
sions.
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