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The r e is now interest in Hajorana particles which occur com
monly in grand unified and supersymmetric theories, as well as 
in connection with some aspects of neutrino physics. The prob
lem of the possible electromagnetic structure of such truly 
neutral fermions reveals some interesting but apparenti y less 
known and investigated features 'of these (riot ~et detected) 
objects. IIi the lowest spin' J = 1/2-case it has been shown /1/ 

"	 that the most general expression for the matrix element of the 
electromagnetic current of a Majorana fermion is 

(f) 1 {i)
 
<p + k; J J z Iip (0) Ip; J >
1 

2	 2"' J z 

;)	 (I) 

j 
2 - (f) 2 (i)

iA(k )u(p + k : J ) [k Y/1 (k . y) k ] Y 5 U (p: J zz /1 

ib, and it has been .sub sequen t l y realised /2/ that this conclusion 
I comes in fact from CPT-invariance alone. The 'particular Lo

t i ~ 
t· rentz	 structure from Eq. (I), now known as the "Ze l dov i.ch" s 

It	 ;~,,r. anapole", had been long ago/ 3/considered in connection with 
a new ,kind of electromagnetic interaction (invariant under 
time reversal but odd under parity) and had been interpreted't] 

l 
in terms of a toroid current (i.e., a closed current circula
ting through a toroidal solenoid). This particula~ current 
configuration represents a new dipole characteristic bf t1).e 
system (a "toroid" dipole moment), different from the usual 

-e l e c t r i c 'or magnetic dipoles. Hhat is special about a spin 
1!2-Majorana fermion is that for it there is nothing else left 
except this structure and therefore it can be viewed as the 
cleanest elementary carrier of the toroid dipole. As is see~ 

from Eq. (I), another distinct feature of the anapol e (toroid 
, )	 dipole) vertex is that it gives rise to a contact interaction 

with the external electromagnetic field(i.e.,the 'spin 1/2 self 
conjugate fermion interacts with the external field only if ib 
overlaps with the source of the latter). One may ask whether 
the afore-mentioned peculiarities of the spin 1/2 Hajorana par
ticles would hold in the gene'ra l case of Hajorana' fermions of 
arbitrary (half integral) spin (in the spin 3/2 case the mat
ter becomes even more actual if one recalls the central role 
played py gravitino in supersymmetrY). In the present Communi
cation we an~wer this question. in the affirmative 1n the form 
of a theorem, already stated in the first sentence of the ab
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-s t r ac t , In toe proof we have to use' as two Lemmas some results 
previously obtained by other' authors. -Before stating' the, first 
l~mma, we mention that in a series of papers, su~nariz€d in 
the reviews!-1-!, it has been shown that in bo th classical. and 
quantum electrodynamic'S -t.he toroid d i poLe moment is only the 
first 'element of an independent (third) family of "toro i d" 
multipoles which together with the usual -el ec t r i c and magnetic 
ones achieve a complete descriRtioR of a general configurati~n 

of charges and currents. vfuat, we need here as a first le~a is 
the following (most general) multipole p~Tametrization/41 of 
.the matrix element of the electromagnetic curr erit j (x)=-{j (x),J'cx,) 

.' f . tl .0tak en between one par~1cle states 0 maas m,sp1n J, S~1n pro
jections J\i) 3J(I') ana momenta p.... (I) c-k/2 p""(I')c+k/2'

z z	 " • . 

k (i), ; (i)

<+-' J J IJ (x = 0)1---" J J > '"
 2" • z 0 2' , z 

J,L.J (2a)
1/2 CJ(I).M J(I')'[4rr(2L + 1)] -+L 

I -+ -+ 2z z
I ------------- 1 k 1 ------------- (n)QL.J (-k ),YLM 

f L.M (2 L -I- 1)!~ C J, L, J 
I 

J,O.J I 
.... (f) -+ ti)k ,	 .1<+~;J, J z Ij(x 0) 1-2" ,J, J z >2 

J ,L, J 
1/2 C,(i) , (I')I 4'rr(2L + 1HL + l)1Ll .... L _~!_~_,~:_z_I .----------..-------------+' IkJ {2b)' 

L,M- (2'L + 1)!1 c ~: L • J 
J, 0, J 

-+-(0) .... -> 2 ........ (+) .... -+2 ' 
x.{FL'M (n)ML,J(-k ) + Iki F LM (n)TL,J (-k )]. 

~2 ~2 ~ 2 • 
QLj-k ), ML:J(-k ), TL Jr;-k ) are .r e spec t i ve

l 

Ly the charge , mag
netic and to ro i.d multipole (2 L -pole) f-arm factors (which at 
-zer-o momentum transfer (k 2 = 0) give the corresponding rnul-t i po l e 
moments of the considered system); YLM(~) are the, usual spheri
~al functions while 

-+
-+(0) -+ .... -+ "",(+).... , -+(0) -+
FLM (n) = Y .(n),	 FLM(n)=lFLM xn , {} = ~ LLM

Ikl 

f'he (spherical basis) compof\ents of the vectnr areYLLM 
-> -+ 

Y ,(n );
I C L,I,L

! Y LLM I m MI' M', m , M LM 

the sornmation over L .and M=-L.,.,,+L·in Eqs.(2a)~ (2b) is 
restricted by the appearing (in view of the Hignet-,Eckart ·theo
rem) Clebsch-Gordan. coefficients (it starts, Ln rfac t , wi'th L=O' 
in Eq. (2a) and L = I in Eq.(2b». 
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TCP I ;; J, J z > == 7J (J z) Ip; J, - J >,	 (3)z 

the phase factor 1/(J z) (r7J(J ~)I = 1) is constrained by .TCP~inv~

riance alone to satisfy the condition / 2 (
 

2J 
7J (- J z ) = (-1) 1/ (J z ) = - 7J (J z)' (4 ) 

Since it is known that, if the elettromagnetic interaction 
is to conserve TCP, j/l(x=O)must be TCP,-odd also, the second 
lemma' just stated leads then to the following TCP-condition on 
the vertex: 

k (f) , (i)
<+'2;J,J z Ij/l(O)1	 k 

J, J ~ >

2
 

(i) (f) k (i) k (f) :5 )
-'! (-) 7J *(J ) TJ (J ) , < - -- ' J - J I j (0) I - ' J - J 

z . z 2 " z /l '2'" z 

, ~
 

Ins ert i-ng now Eqs.(2a), (2b) into Eq.(5), taking, into account
 
the phase condition Eq. ~4) and performing some' simple manipu

lations among which the hardest are the us~ of the' pjrity pro

perty of YLJ.i) and. of the e l ernen t ary relation
 

J , L , ,J L t M .J" (,,, ,J 
C ' = (-1) C
 

-J (f) , M, _J(i) J(I) ,M, ,J (f)
 
Z z z z 

one finally proves the theorem expressed in" the abstract: 'for 
a ~1ajo!;ana fermion of spin J only, the toroid f'o,rm factors ,.

2
T L J (_k ) (with L = 1,2, ... , 2J, i.e., all e f those appearing 
in' the right-hand side of Eq. (2b» survive in. general; ~ll the 
o t her electric and magnetic muLt i.po l a form factors.QL J (_k2) 
and ML,J (-k 2) i ri Eqs , ~2a), (Zb ) are ru l ed out exclusiZ,ely on 
TCP-invarian~e-grounds. That the number of the remaining (toroid) 
form factors makes up the right required nunber of independent 
transitions i~ the most general parametrization ,of the electro
magnetic yertex of a spin J Majorana particle,one may convince 
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himself also by an easy count~in the noh-relativistic approxi
mation) of the independent transitioni in the ctossed vertex 
<Oli (0) IM,M>, where [M,M> represents a pair' of identical Major-ana 
particles of spinJ=(2f-l)/2 (f =1,2, .. :).Antisymmetry at t he per
mutation of the two fermions requires (-1) 1.+8+1 to be -I 
(L , S are the orbital _angular momentum and the total spin 
in the MM system). S may be 0.1.2 •...• 2 f -1 afid ~ for each 
of these values of- S • L must be such that its coupling with 
this particular S give the total angular momentum I carried 

'by the concerved current ill(x). For S given. only states with 
L-=S-l. S. S+lcan do that, but for t he s'e only L=S will ren
der (_l)L+S+ 1 negative. There f or e only 1M. M> states with 
L= S = 1.2, ...• 2f-1are a l l owed and the number of indepen

dent form factors is conf i-rrned so to be 2f - 1 = 2J. 
Eo r spin J = 3/2 Majorana fermions it is more conven i.en t 

practically to have at hand a covariant form of the electro
magnetic vertex rather than the expression 

3/2, 1.. 3/2 
C (i) (f)

J .M.J z z.• 
C 3/2. I. , 3/2' 

3/2. O. 3/2 

~(2L+1)!! 

, 1/2 
[ 4 17 (2L + 1) (L +1)/L] , 

3 (f) -> ->

2' J z Ii (x = 0) I - Ji. ;..Q.. J (I)2 2' z > = 

1 
1.= 1,2.3 

M=-L ..... +L 

-> 

<+.!L 
2 

"I 
,I> 
~ 

" 
\•J 

J '" t F 

't\/1, 
II ,~ 

f ! 

... ~. 

,~.., 

I 

1, 
~ 

t, 
" 'j, 

~ 
\ -; 

, 
4 ."
( 

1!l)1 

A(k2= 0)T 
I. =1, M=O 

TCP requirement E1.(5) and the relation (similar to its corres
pondent in the spin 1/2 case) 

(8 ) 

As far as the interpretation of the three form factors A(k 
2 

) . 

B(k2 
) , C(k 2 

) is concerned. it is easy to show that A(O), B(O) 
and C(O) exptess respectively the dipole, quadrupole and octu
pole toroid moments of the considered spin 3/2-!1ajorana par
ticle. All one has to do is to evaluate the corresponding ex
pectation values of the multip6le toroid moments/5/ 

417 1/2 _ 
T (t) = (----- ) ---------------- x 

1.,M 2L+1 2(L+1)(2L+3) 

J z" 1/2 - T 
up(p; -Jz ) = (-1) Y1 Y3 up(p; Jz)' 

->.... .... 1.+2 -> -> r 3 
x J j(x. t) V X II' (-ir x \7) Y~M (-_.) I d x 

r 

~n the cases of interest L= 1,2,3by taking for the appearing .... 
. k 'I 'I -''''' k 3 3 

ma t r i x element < + --" J =...,!L. J =+..lL I J' (x t) [ - -_.' J=--J = + -> .
2' 2' z 2 ' '2 . 2' z 2 

displayed in Eq. (7). After some straightforward calculations 
one finds so indeed 

obtaine~ as a particular case from the above considerations: 
It is: 

(6 ) 

3 (f) , k 3 (i) 
- J I J (x = 0) I -  ;  J > = 0.,
2' z 0 2 2' Z 

.... 
k

<+--'-' 
2 

-> 1.+ 1 .... (+) .... -> 2 
x [kl FLM (1I)TL . 3/2 (-k ). 
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,~jo' 2 
- B (k = 0) 

' .... 3 3 3 3 -> 

I0; - + -> = (217) a (k = 0)
2' 2 

-> 3 3 1i T <o·  +  t 1. =2 M =0' . 2' 2 . 

T -, j l 3 2 
1. - 3 M-O -2- C(k = 0)- • - m 

, . (9) 
Having seen from the previous discussion that Hajorana par

ticles may still be left, in general. with a certain electro
magnetic structure, identifi~d before 'us consisting in tor~id 

moments and distributions, the question arises of whether such 

Eq. (7) may be obtained by the same procedure which h~s been 
used by Kayser and Goldhaber /2/ to get Eq . (I ) ~ L e .• using the 

(7)
(f) 2 2 pa 

i up (p ,+ k; J z ) IA(k ) [ k Y,l / -' (k • y) kIlly 5,g + 

2 2 pal 2 p. a a p '(i)
+[B(k,)+iC(k)y ][k k k --k (g 'k +g k Hlu (p;J).

5 Il 2 Il Il a z 

, 3 (f), ,3 (i)
<p+k,J=2"Jz IJ Il(x = 0) [ P · J = 2 , J z > 
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neutral fermions. on account of this type of structure, might 
give rise to Cherenkov or ~ransition radiation. Ginzburg and 
Tsytovich /5/ have recently analyzed the Cherenkov and transi
tion radiation of a moving elementary toroid dipole (constant ~ 

in time in its rest frame; if there is time dependence, there 
will be some radiation anyway), complaining at some place (the 
end of Section 6 of their paper) that "we are not aJare of any 
real problems in which the '" radiation of relativistic toroid 
dipole m6ments would be of any importance". Hp: point out that 
i:=' Ha10rana particles are really there. the above\c~mpiaint may 
lose much of its sadness. Indeed, relying on the classical 
electrodynamics analysis of ref./ 5/ , we are led t~ the su&ges
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tion .t'ha t Majorana, pa r t Lc-l e s (with non vanishing toroid s,truc
'ture) ~ight, in principle, give rise to' Cherenkoy and transitiop 
radiation, albeit small by the torold character of the source, 
,	 \ ' 
by the actual values of the toroid moments themselves (deter
mined by small parity or time reversal violating interactions), 
small again because the toroid current, as noted in ref./5/ 

would emit this kind of radiation· mainly in as much as it is 
filled up by the medium through whicq it travels, th~s making 
the effect conditional on both the type of media and the actual 
sp a t.i a I extension of the travelling ~1ajorana particle. Concer
ning this latter point, it seems that for more ot less normal 
media much would depend upon 'the l1ajorana particles in question 
being very extended objec~s, which should not be a pr10ri ex
cluded. For extremely dense (nuclear) matter, ~he requirement 

'of latge extension might be less 'prohibiting and evert much lesser 
for such a medium as the vacuum i~self in the presepce pf strong 
electromagnetic fields. 

We end with the remark that while Hajorana fermions are al 
lowed to possess only toroid multipole moments and distribut~ons 

as intrinsic electromagnetic characteristics, in general there 
is nothing to prevent them from having electric, magnetic, or 
t oro-id /6/ polarizabilities as distinct characteristics de s c'<' 
ribing their behaviour in external electric (and magnetic) fields 
or currents; in other words, they may get induced electric, mag
netic br toro\d' moments when external fields are present, irre

• spective of whether or not parity or time reversal invariance 
['are	 good sYnmetries; because in this case a new direction, that 

of ~he external field or current is available, making thus in
pperative (for the induced moments) the ar~uments leadinp; to 
selection rules. 

The author is -indeb t ed to S.B.Gerasimov for useful discus
.s i ons • 
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B 06~eAHHeHHOM HHCTHT)'Te RAepHWX HCcneA088HHH Ha~an 
BWXOAHTb c6opHHK "KpamKUe C0061J1eHU.R 0111111", 8 HeM 
6)'AYT noMe~8TbCR CT8TbH, COAeP*8~He OpHrMHanbHWe Hay~HWe, 
Hay~HO-TeXHH~eCKHe, MeTOAH~eCKHe H npHKnaA .... e peaynbT8TW, 
Tpe6y-.He cpo~HOH ny6nHKa~HH, 6YAY~H '48CTbiO 11Coo&leHMH 
OHRH", cTaTbM, BOUieAJIIHe a c6opHHK, HMeiOT, KaK H APYrMe 
H3A8HMA OHRH, cTaTyc ~H~HanbHWX ny6nHKa~HH. 

CoopHHK "KpaTKHe coo6tileHHA OHRHI' 6yAeT awxoAMTb 
perynRpHo, 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
cations which is a section of the JINR Communications 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogenics . 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. 

Being a part of the JINR Communications, t~e articles 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communications will be issued regularly. 

Pap;ecKy E.E. E2-85-341 
06 3JieKTpOMarHHTHbiX CB OHC TBaX MaiiopaHOBCK HX <lJepMHOHOB 

Ha ocHoBe TOJibKO CPT-HHBapHaHTHOC TH noKa 3aHo, qTo MaH:o
pauoncKaH qacTHl.la co cnHHOM J /J - nony11enoe/ MOJKe T o6nap;aTb 
TOJibKO TOpOHp;HbMH MOMeHTaMH /H pacnpep;e neHHHMH/ C ITOpH,IJ;KOM 
MYJibTHnonbHOCTH L = I , 2, ... , 2J ; Bee p;pyrHe o6bJqHbie 3JieKT
pHqe cKHe H MarHHTHbJe MYJibTHITOJlbHbJe XapaKTepHCTHKH 3anpell\eHbl. 
B CJiyqae CITHHa 3/2 ITOJiyqeHa KOBapHa HTHaH 3JieKTpOMa rHHTHa H 
BeprnHHa B TepMHHaX ,IJ;HITOJibHOro, KBap;pynOJibHOPO H OKTYITOJibHOPO 
TOpOH,[\HbiX <lJOpM<lJaKTOpOB. 0TMeqeHO 0 q TO MaHOpaHOBCKHe <!JepMJfOHbl 
C HeHCqe3aiOII\HMH TOpOH,Il;HblMH MOMeHTaMH, B ITPHHl.IHITe , MOryT, 
B Onpep;eJieHHblX yCJIOBHHX, HCITYCKaTb qepe HKOB CKOe HJIH nepexop;
HOe H3JiyqeHHe. 

Pa6oTa BWITOJIHeHa B fla6opaTOpHH Te opeTHqeCKOH ¢H3HKH 
OIDIH. 

Coo6~eHHe 06~eAHHeHHoro HHCTHTyTa R,o;ep~x Hccnep;osaHHA. lly6Ha 1985 

Radescu E.E. 
Comments on the Electromagnetic Properties 
of Majorana Fermions 

E2-85-341 

It is proved that CPT-invariance alone requires the 
electromagnetic structure of a spin J Majorana particle 
(J - half-integral) to consist at most in toroid multipole 
moments and distributions with the multipolarity order 
L = 1,2, ... , 2J ; all othe r usual electric and magnetic 
multipole characteristics are forbidden. In the spin J =3/2 
case the covari ant form o f the electromagnetic vertex is 
obtained in terms o f dipole, quadrupole and oc tupole toroid 
form factors. It is suggested that under certain circum
s tances Majorana fermions with non-vanishing toroid multipole 
moments mi ght give rise to Cherenkov or transition radia
tion. 

The investiga tion has been performed at the Laboratory 
of Theoretical Phy sics, JINR. 
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