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A relativistic "f -representation /1/, introduced in the frame
work of quasipot ent i a l approach (QPA)/2,3/ to the two- body problem , 
beceme tbe bae i s for construct i ng a f ormalism, possessing ma ny i m
portant :features of the nonre la tivistic quantum mechanics. The es
sential difference from t he quantum mechanics consist s in the f a ct 
t ha t Hamiltonian in the Bcbeme coneideTed is a diffexentia l -d i ffe
renee operator. In reference to thia formali sm the t echnique of d 
ference differentiation was developed aTld analogue s of t he i mport ant 
f unctions of t he continuous ana l yais were obt a ined/4, 5/. Rel etivis 
tic general1zations of' t he exactly aolvable prob l ems (the pot enti a l 
wall , the Coul omb potentia l, the harmonic oecillator ) of the quan
tum mechanics were considered /5-9/(e ee also review /10/, where a 

more extensive lis t of referencea is given). From the mathama t i ca l 
point of view power series, which define the solut ions of t he s e prob
lema, are obtained from t he corresponding nonreletiv i s t ic so lut i ons 
by s ubstltuting i n t he l etter the usua l powers by tha so-ca l led ge
nera l ized powers (see/1/). Beeri ng in mind t be known apec i e l f unc
tions of ma t hematical physic s (for instance, hype r geome tr ic ones), 
sucb SUbstitution i s equi valent to transferring t he dependence on 

bi trary Lie group/1',1 2/, has 

t he c oordi nate from t he a r gument to t he index. 
On t he other han(I , th e i ntroduc t ion of t he gene r alized cohe r ent 

sta t es (CS), associatad wi th the u nitary repr esent a t i ons of an a r 
l ed t o the possibi l i t y of applyi ng CS 

formalism t o a wider range of physical problems/11- 16/. In part icu
l er, a path i ntegra l for t be tra nsition ampli t ude in the 8U( 2 ) CS 
(or spin C8) re preee ota t ion wes c ont ruc t ed. which leads t o c l ass ical 
equa t ioos of mot i on in s curved phase space in t he f orm of a t wo
nimensional sphere / 1J/. I n ref./ 14 / t he SU( 1, ' ) C8 ( or t he three
dimens iona l Lorentz group as) have been used end by means of t he 
pa t h in t egral t he c orrespond i ng c l ea s i cal pr oblem in a genera l i zed 
pha se space . namely the Lobachevski i plane, wes f ormu l ated . Fol l ow
i ng the examples of 1t1e harmonic oscil l e t or, the hydrogen atom, t he 
Morse potentlal and a simple mode l of supe rfluid he lium it wes s hown 
t hat in thoee ceee s when SU(1,') 1s t he dynamicel eymmetry group, 
the classical mvt i on in e phase space wi ll be oscil l ator - like. 
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In this paper the techn i que of c ontructi.ng a path integral re
presentation for the trans ition amplitude (propaga t or) be tween SU(1,1) 
CS, developed i n/12-1 6/, is applied to a model of relativistic li 

near oscillator, formulated in the framework of the quasipotential 
approach in quantum field theory/2 - J/. In §§ 1-4 the model itself/8 ,9 / 

i s briefly characterized , the wave functions and the explicit rea li 
zation of the dynemical aymmetry group SU(1,1) gene rators in the mo
me ntum, as \'Iell as in the relativistic configurational ;X -represen
tation/ 1/, are g iven. In§§ 5 , 6 the eXplicit form of SU(1,1) CS for· 
this problem is obtained and the corresponding partition function 
is evaluated. It is shown that the use of the semiclassical Bohr
-Sommerfeld qua ntization rule yields the exact expre s sion for the 
e nergy levels of the considered relativistic os c illator/17/. 

1. In the mome ntum representation, which is considered as one-
l 2

dimensional Lobachevs kii s pace realized on the hyperboloid Po - P= 
2 2: rn c , Po>O in the (Po,p) -plane, a quasipotential model of the 

linear oscillator is described by the differential operator /8,9/ 

1-I(p) = c [Po- k(~f(Po- p)poVr (Po \)-1)J , (1) 

_ ( t z. l ) 1/1.. cJ .
where Po = Ep / c - III c + p and 'iIP == elp • The e1genfunc
tions of the Hamiltonian J.l(p) , satisfying the orthogonality r e la
tion 

00 * . 
oLD!>::: me ~ SdJ2p \f;fiCpn}Jn'(P)='b n" , , 

I Po ' 
-00 

+ 
are most simply expressed through the light-cone va riable p=po+f 
and have the form 

~ ~ 2~- f - It + 
~ =~ (2)til. Cp) = i C~(2~) Ln (2~)e , 1;w 

1/ ) ] V 2.The normalization constants C 1\ = [n . file r(n+.2v , where 
2,.y= 1+ (f+lj~Zr/.2 1"= Jncl/tw and Lo{n(?) is the genera

lized La guerre polynomials. The eigenvalues of the Hamiltonian 

liCp):o ~~ [~(i-VI/)+ ~2/ rt ] (11) 

corresponding to the wave functions IfrItCp) , are En = t wCn+ v), 
n."'O,4,2., .... 

2. The transition to the relativistic configurational X-repre
senta t ion/1/ _ '/2

tlt(;X:) = (Uti) jd...Qr sCp,:x)1b (p) 

2 

is performed by the aid of decomposition over the matrix elements 
of representations of the one-dimensional Lobachevskii s pa ce motion 

group -~.:i . 

~ ( p, ;x:) = ( P~-!) = (~ y~ 
where ~=:::x:I:>- is the dimensionless variable and .A.", it /rnc is the 
Compton wave length. To the Hamiltonian H(p) the difference operator 

~(X) =tnc
2 [C~Ci.V~)+ "5:~~+2.t) E?Xp(i.Vx ) J 

corresponds in the OC -representation, where by definition 

eXf(F>v.:c).:J{x) = K.:c:+~) • The eigenfunctions of H(X) 

.." -i.x -,) ()ITr(:x:)=}CI\II mcu r(htX)PJ,i j n/2 )
l'n ,2n1i)7Z I' 

oJ 

are expressed through the Pollaczek polynomials Pn(x j 7(/2). Their 

explicit form (3) can easily be obtained with the help of the integ

ral representation for the gamma-function 
00 -1: i!'- i 

IrCi!) = jet oIt Re z :> 0, 
o 

upon making use of the formula (see/17/) 

-.) -.,) - '2 n . 2,,_1 -.,) - f? 
PI\(\~V'1.i~)~ e =i. L rt (2~)~e (4 ) 

The wave functions iTT (x) satisfy the orthogonality relation 
00 11\ 

( d::x: L1J 1f (.:x))1r (.::c) == b 

.) 111. 111' nn 

I 

- 00 

3. A. dynamical symmetry group for the model of the l i near oscil 
lator under consideration is the SU(1.1) group (or isomorphic to it 
groups SO(2,1) ~ Sp(2,R)!! S1(2,R». The corresponding Lie algebra 
is formed by the generators Ko and K± with the commutation rela

tions 

[ K_ J K+ 1=: .?, Ko I[K 
0, 

K± ]:±K± (5)
J 

In the momentum reprasentation these generators are realized by the 

differential oparators 

K0 = ti'w ~ (p). K ± = ± 1. ( K0 - 'l) + i ~ V'l. ' 
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whereas in t he configurat i onal X - repres enta t i on _ t he difference 
operat or s 

- i 'l7
ka = trw H(.::c) I K ± = ± l ( Ko-pe ~ ) + x 

The Casimir invaria nt (for both the r ealiza t lons) 

2. 2 . f )k: :::: Ko - 2: ( K+ K_+ 1(- K: + . . 
turns out to be e qual i n this c asa ~('il- 1) I , where 1 is t be iden

tity operator. Thus, all states of the r elat i v i s tic line.ar oscilla

t or belonf to a n infinite -d i mensiona l irreducib le unita r y repr e sen

tation D (-.» (the pos it ive di scr ete s e rie s ) of t he unive r s al cover

i ng g roup SUe 1,1). The generat or s Ko and K± ac t on the wave f unc

tions 'o/n ' aefined by t he formu l a s (2 ) and (3). in the f olloY/ i ng 
way : 

Kc tn=(rt+ 'Il)t ' K+UJ ::::~IlH 1lr K_ lIJ = ~-1 W 
fl h 1n t1 

I 

Tn Tn-I 6) 

11/2
~Il = [n.( n.+2 'i - n . 

As follows from ( 6 ), a n arbit rary s tat e '¥n ca n be obta ined 
by the n -fold act i on of t he raising opera t or K + on t he ground 

state i.e. ,t. ' 
o _ ~ ~ 

~ = [rt l(2v\] k+ ~ (7) 

where (V)2'=r(--l+~ ) / r (v ) is Pochhammer's sYDlbol . 

4. In a limiting ca s e whe n t he velocity of l igh t C --. 00 tb 

funct ions '¥ncoinci de with the wave functi ons for the n onre l a t i

vist ic linear osc illa t or . From a group - theoretical point of vi ew i t 

me a n s that the contra c tior/ 18 r 191 of the algeb r a ( 5 ) l ea ds t o gene

rat ors of the Heise nbe rg~Veyl group . In fa c t , if one introduces the 
ope r ators K~= E 1(0 and K~ = (92)V~ K± , where E. ~ ~ i '"' li w / m(3 , then 

it can easily be verified that in the limiting ca s e when C _ 00 

(upon that t -O and v= ("1 _ 00 , but t v '" 1 / 19/) they sa t isfy 
the commutation relations 

[ k ~ ) K; ] =: Ko [K:,K; ]=0 
+

of t he Heisenberg-Wey l a lgebr a, f orme d by the creat i on Q and a nni 

hilation a operat ors toge t her with tbe ident ity oparator j 

·l 

5. In the Hilbert space of states ~f of the unitary irreducible 
~ y~

representation D (\l) of the dynamical group SU(l, 1) the c oherent sta

tes 13,"> are defined by acting with the operator/12 - 16/ 

D(o/)= ~xp (C)/K+-c-tlfi(_) 

on the fixed vector ~ , i.e., 
o l~ S\(+ 

Is,~> = DCo/)'t = (1-ls/)e "to (8) 

't -~ip q- -i.!f 
where 0( =-"2 eo and S = - th. 2" e ~ and P being 

group parameters. From (7) and (8) it follows that the decomposi

tion of Is,v) over the basis vectors ~I\. has the form 

." 00 [<2,,) ]1/2 n. -Ii f

I~,~) = (f-l s I2 )..2: r;:f- S In. ( 9 ) 
h:O 

Using tha formula (2 ) and the generating function for the La guerre 

polynomials 
00 " ~ -(0+1)

L 2 Ln (~) = (1- ~) exp ( ~-~~ ) 121< 1 
n=o 

it is easy to show that in the momentum representation 
..) -J 

(2~) (1-1:51 2 ) (i+i_S)
<pIS,v) = [l1>cr(2111]'h Ci-iS)2..I€'XP -~~ .. 

Similarly, with the aid of (3) and the generating function for the 

Pollaczek polynomials 
00 n \l ~:x:-'" -ix-v 
.,IZ P,,(':x/i)=({-i~) (1+i2) Iz/< 1 
ft=o 

it is easy to see that the SU(l, 1) CS in the configurational ~-

representat i on have the form l .~ 
-1.1.. oJ 1.:X 

rl. -)f 1-'SI) [i-iS]<~ I5,))>= [ 2Jt.>. r(2-.» ] r(-I+ i.:x: ,2 ~ r(HiS> 

The SU(1,1) CS Is;~> are nonorthogonal and t he overlap of two sta 

tes (or the reprodUCing kernel) is given ae 

I I 2 2 'II I ]-.l 2" 
(10)<s,-.>Is,-.» = [(1-IS1 )(f-Is\) (f-:S:S) . 

Tha important property of these e tates is the resolution of unity 

5 
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Sdg-.)(S) \5, ~> < '5, --, 1 = I (11) 
where the invariant mea s ure on the coset spac e SU(1 ,1 )/SO(2 ) 

2v-1 - 2 2d ~~(:s):= ~ (l-lsl ~) ~:5 . 

Th e matrix elements of the infinitesimal opera tor in the SU( 1,1) as 
representation have the form·) 

I LtS ; /
<5,"'1 Kol~,~> =~ i- SF <"S)~ l s, ~>, 

( 12 ) 

1(/ 

I I 2i~s I<S:vl K \S,-.» = 21 i'>~, <S:-YI:s,~> <S,~ K_ls;\I) =- 1-S~' (5;" S,~>.+ -5's , 

6. The transition amplitude (propagator) between the SU(1,1) 
OS is defined a s 

( 1 3 ) KCS:SiT) =<5:~lexfHTH)I:S,~)=<:S:~\E'X pt iwTKo)l s,~>. 
Usi ng ( 9 ) and (10) i t ca n be ahown that 

I - 'rwuT I -iwT -i~wT t I v jl- / -iwT - 2v 
K(S,S jT)=e <':S;~lse ,\l>=e [(i-lsl )(Hs/l)](1-sse ) . 

The partition fun c t i on for the model of the relativistic osc illator 

under consideration -I- (. 1) + 
I -~~I\<.u -~kw -1 -,v-2 ~I\W 

l. = Tf" K(s,S;-\t~):: e (1- e ) = e ~ I\R 

where t..1'IR is the partit i on functio n f or the nonrela tiv istic li

near oac illa tor. 

7. To derive a path integral for t he propaga tor (13) let :So'" S , 
'sf = 5 ,,+t..51 " " ,S,,"'SW'i+t.S,. = S '" • Mak ing use of the completene s s 

relation (11) in the point s S1,... ,SM_l ' it is poss ible to represe nt 
(13) aa / 20/ 

.) The ge~r8 t~rs K+ and K"_ are related to t he one 'er, emp l oy
ed i n /1 4/, as K+=1 K+'H and k _ - -i tc:: _~S. i .e. , th ey di ffer by a 
rotation through the angle .n /2 i n the (1,2) plane, whi ch is irr e
levant for t he s~bseque nt c ons iderations . 

6 
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K (5:~;1 ) = S·· · ~D,d~(~)<s~Ie>Xft~~)~.~~)"·(~,~E'Xf(-~~ H) l s,~>. (14) 

With t he he lp of (12 ) it is eas y to s ee tha t for the la rge N each 
fact or i n t be . integrand (14 ) 

<~j:,) I E'Xp E ~: H) I ~_,~> ~ ex£>{en < ~~ I~_I~>- ~E df(~ , ~j)) , 
where E ::: TI N end 

df (s "5 )=<.3J ,~ II--lI :Sj _ t , -v > ::::-.)tw I+ :s;,sj_l 
j' j·t <Sj») I Sj _f>~> 1- -S. :s. 

J J-1 

Bes ides , aa it f ol l ows from ( 10 ) 

-1 it * 
~ n. <: s. vi S. ~) ~ ~ (1-/ s. () ( S. lI S. - :s. ~:s .J 

J' J - l , J J J J J' 

Thus, whe n H-+ 00 we arr i ve at t he foll owing path i nt egra l f or 
the propagat or (1 3) 

T 

K (:5',SiT)~Sl)2(s)ex D{~ j .1:(S)S ;S~ sif )ctt } ( 1 5 ) 
~ 1 0 

wi th "the "Lagrangian " 

:t.C"$)5 i s~ -S.II) == 1l~~12 {$(t):)(*)- SC{)SCt)} - de (s, s-}f ) . (1 6 ) 

8. The c orrespondi ng to (15) classica l Euler-Lagrange equations 

4.. ( O ~)_ ~ ;;£ d ('O;:t) 'O -:t (17 )
dt o S -o :s cH. OS" - oS,lf 

T 
a r e obt aine d by vari a tion of the a c tion S-~~oIt. Using ( 16) it i s 
pos s ib l e to r e pre se nt ( 17 ) in t ~ form of HBMilton' s e qua t i ons 

2- 2i-1t_. ( i- lSI') ~ ~ S= -~ (1 -ISl 
l 
) 'b~ 

,.) - t 2~t 'llS 18 ) 2~1i llS1f . 

7 



Defining the Poisson brackets as 

== 	 (1-ISI Z)2.(1>A ""'DB _ oA OB) (19){A. ~ } 
2i~1i. 1>"5 o,s't 1>S" "b:! , 

one can write (18) in a more compact form 

s*= { S~) de } s={s,~} 	 ( 18' ) 

As follows from the Poisson brackets (1 9 ), the equations (18') 

describe the classical motion in a curved phase spac e in the form 

of a Lobachevskii plane ( s ee /21,14/). * 
Since in the case c onsidered df(It) "" ~(S,S )='Vtwc.~'t ,the 

equation (18') written in terms of the group parameters It and y> 
i s re duced to 

~ 	= {'t) ~('t)1:::: 0 , ~ == { W, ~("t)}:: W _ (20) 

Evidently, the solutions of (20) are It' =const and !:p =wi. + ~o _ 

9 . To find the possible values for the energy of a classical 

system, described by the equations (18'), let us express the Lagran

g ian (16) through the parametera G:" and ':P 

:t('t,p)==tV[(C~'f-l)p-WC:h<t] = '»1 ~('t,~)_ (21) 

Upon inh-oducing the canonically conjugate to the "coordinate" p 
momentum 

...... 'l) ;;:e I

P= -. 
~ 

= en!, - 1 ,. 
the Lagrangian (21) can be written as 

(21 ' ) X('t>p)=P~- wCp+ 1) 

Since ~('t") ~) does not depend on the coordinate Y' (i.e., 'Y> 2s 

a cyclic one), then the canonically conjugate to ~ momentum p 
is a constant (which is also evident from the first equation of the 

system (20)). 

Now substituting (21) into (15) we arrive at the representa

tion 

8 

T 

( 22)k(~~~; T) == S .1) ~>l(s) ex p{i-')~ ~('t,~) cit}_ 

Since t he parame ter '\) , characterizing an i r reducible repre senta 

t ion D+(-;') of tbe dynamic al symme try group SU( 1 . " . behave s like 

'Il""mc 2/ t. w as "ti -o , t hen from (22) it foll ow s that for ~ suf

ficiently large t he mot ion become s quasi-cla ss i cal (see / 16/) . There

fore fo r large values of '\) we can make use of t h e 13ohr- Jofir:1erfeld 

quantization rule 

h. = 0, f , ;<. J - _ _ ,~ poI~ = 2~ R 

~ n 
wbi cb leads t o the followi ng po s sible va lues of the mome n tum p:::: ~ • 
Consequently, the energy of the conside reo sys tem i s equsl to 

E = ~('r) =-vtw chcr == 'll tw(p+ 1) = iiw Cn +-..» _ 23) 

Thus, as in the nonrela t i v i s ti c case , the aemic la ss i ca l Boh r 

-Sommerfeld qUsnti zation ru le yie l ds f o r t he energy l eve l s of the 

re lativis t ic linear oscilla"to r ( 1 ) t he expression ( 23) , wh i c h coin

cides with the exa ct one. 

We 	 are grateful to V.G.Kadyshevsky, V.I . Man'ko, A.M. Pere lomov, 

M. V.Save l'yev a nd D.Ebert for va lua b le discu s sions. 
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Bonjqeil · JIBHIIdl Blf,Q oCSoCS..eHHYX xorepeHTHWX COCTO.RHHA ARR 
PeJIJiftiBIICTcxoA NOAeJJK JtHHeAHoro ~JgU~JU~Topa xax a mmyn:&cHoM, 
TU H B KO ..... 'YPaJOIOHHOM x-npe,QC'l'a&neHHH • &itmcneHa COOTBeT
C:ft.,....ul ~ pacnpe,qeneHH.R. lloKasauo, 'ITO Hcnon:&soaaHHe 
uasmUtac:caqecxoro npaaHJia KBaHTOBaHH.R Bopa-3oMMep4Jen:&Aa 
~ It 'l'Oq&OMy BYPaDHIDO ARR ypoaueA 9HeprHH paccMoTpeu-

TeopeTH'IeCKOA ~SHKH 
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Atakishiyev N.M., Hir-Kasimov R.M. E2-85-214 
Generalized Coherent States for a Relativistic Model 
of the Linear Oscillator 

The explicit form of the SU(l,l) coherent states for a 
relativistic model of the linear oscillator is obtained both 
in .a.entum and in configurational x-representation. The cor
~sponding partition function is evaluated. It is shown that 
the use of s~classical Bohr-Sommerfeld quantization rules 
yields the exact expression for the energy levels of the re
lativistic oscillator considered. 

The investigation has been performed at mthe Laboratory 
of Theoretical Physics, JINR. 
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