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I 

This is the second part of our exposition of the quantization 
scheme for N=2 matjer and SYM theories in harmonic superspace. In 

"Green functions 11/l we gave the Green functions for_ those the·ories. 
Here we spell out the Feynman rules and show a number of examples 
of their application. Section I is devoted to the matter hype~ulti
plets. In particular, the most general self-couplings of the hyper
multiplet& are given, including those with broken rigid SU(2) inva
rianoe. Also, the duality relation between the hypel'Dlultiplet and the 
N•2 linear multiplet is discussed x). Section II deals with N•2 SIN. 
We explain how to expand the action in terms of the prepotentials in 
order to find the infinite set of vertices in this non-polynomial 
theory. The vertices are rather simple, with no derivatives at all. 
Section III contains many examples of supergraph calculations. They 
illustrate some important points like how to deal with harmonic 
distributions . and wbr they do not lead to new divergences, what is 
the meaning of the nonlocality in the harmonic coordinates and how 
it disappears in the final results. Here we also present a very simp
le proof of the finiteness of a class of nonlinear N•4 u -models 
in two dimensions·. The Appendix contains a discussion of the duality 
between the two forms of the hypermultiplet. IV 

All the references to formulas from Part I are given by a couple 
of Raman and Arabic numerals, e.g.,(III.l5). The formulas in Part II 
are marked by Arabic numerals only, e.g.,(l5}. 

I. ~permultiplets. General couplings and Feynman rules 
. + 

The kinetic part of the action for '1,. and W hypermultiplets 
and the corresponding Green functions were considered in /l/• Here 
we shall start with a discussion of their interactions. 

Consider first a hypermultiplet q,~~ in a certain representa
tion of a gauge group (index S ). It may interact with the SIM 

. \/++ superfield va.. and with itself, e.g., 

~ = \J. ~ c- 4
) ~u · { i -r. rz: [D++ s~ + i. d Vd:\t~tl ti+cl) 

:Jir .,. 

+ ~ t + ~ ~ + ~ t,+"L t ~,$ ~ 

---xrs~ I contains our answers to some comments on harmonic super-
1 /2/ :-- -- .. - - -·-space recent y made in • • n •. , _,. _ ., _. .. ~· ... 

"'. ~r.~" ·· .. •.• ":.?U'W,1Jl 1, 
, • .• :.·.c r. ;K ~ "~ ·"' r. :: 1;mn:il · 

' --··· ~ :.2__ '~-- ,· -.- I { A 
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Here ~~ are the generators of the representation of the YM group. 
It is remarkable that this representation may be complex. This possi
bility leads to an extension of the class of finite models, as discus
sed in /J/ • If the representation is real, one can also add self
couplings of the type 74/ 

( t')< .... k.c: . 
-,it. 

) t* (J.-+)3 
-4- h. c . 

The above self-couplings of ~+are the most general -ones if 
the rigid SU(2) invariance of the theory is to be preserved, If one 
abandons this invariance (but ~ever the U(l) invariancel), a much 
larger class of self-interactions is allowed, e.g., 

~-= \J ~c-4) Au. t t t-D~ -t t.; · ~ (r •t.--t t+ ui u~)+ (2) 

-+' d c~ ~*tT Ui_u~)-). (~+)'(_t"~-)2 J) 
etc. Here Lti 2 are components of the SU(2) isospinor ~~-' ~ 
(SU(2) is broken), 0 and -~ are coupling constants of dimension 

-2, )and d are arbitrary funo tions. 
Next we consider the 0Uhypermultiplet. It is most natural t o 

assign W to a real representation of the YM group. ( iU is a real 
analytic superfield), e.g,,to the adjoint •representation. Then the 
coupling of W to the N:o2 sYM has the form 

$-= ~A~C-4JJu i-t'?.. [wCD ...... ~~'d V"-t)~J : 
(.3) 

In ciontrast to the cr; hypermultiplet, putting W in a complex 
representation would mean doubling the number of physical fields , 

Concerning the self-interactions of £:0 , in I 
41 

we have 
shown that they are possible only for several (not just one)C<J 's 
Once again, thi·s i -s so under the condition of preservation of the 
rigid SU(2) invariance. If the latter is broken, even a s~ngle ~ 
can self-interact, e. g., 

s~ \ J?Jc-')Ju(tu (tr•)'w+ tC.:au) (4:\:_U.~)~ . (4) 

In the ~ove context we would like to comment on a claim recent-
/21 +- . ly made in • The claim was that t: and t...) have very restricted 

2 

self-interactions, whereas the linear N•2 multiplet / 5/ allows more 
general ones. First of all, the class of self-couplings of the linear 
multiplet considered in 121 corresponds· to broken SU(2) invariance, 
and we saw above that in such a case the self-interactions of both1! 
and t0 are most general. Second, the N•2 linear multiplet is 
nothing but the dual to the tJ hypermultiplet. Indeed, the N=2 

k+ linear multiplet can be described by a real analytic superfield LJ 
constrained by the equation 

])+..-L+ ... = o. (5) 

It is the N•2 generalization of the N•l linear multiplet ~ 
( D2 f.. ~ D2l ::: 0 ) and of the NzO notoph L 'rYl (_ (?"" 6 m-:: ()} 
The kinetic action for f..+..- is 

S ~ )J~c-.:)/,l Lt ~ t·tf_/+ 
and the Green function is 0 [1(2 , 2) (see (IV, 26) ). It should be 
stressed that if the SU(2) invariance is preserved L-r .. cannot 
self-interact at all. TheW multiplet which is dual to L.;t't- is 
introd~oed as a Lagrange multiplier for the constraint (5): 

S ~ ~) S C:-4) ; l{ (!.. -t+L-t+ +wt>++LH -t- ~ (~'( L++) ut) ) CoY 

L+t- L+-r Varying (6) with respect to gives an expression of in 
terms of 6J and putting it back in (6) produces the action for 

+t" W • So, the self-interactions of L are equivalent to the self-
-interactions of W • This situation is analogous to the case of 
N•l (N•O) where the linear multiplet (notoph) is dual to chiral 

L+ ... 
one (scalar field). At the same time the N•2 linear multiplet 
cannot be coupled to the Nz2 SYM (in contrast with hypermul tiplets). 

L~T /. l " So the coupling of are of less generality than those of ~ 
and q,+. 

A final comment on ref. 121 concerns the truncat i on of the 
/6/ off-shell W hypermultiplet to the relaxed hypermultiplet of ref •• 

1n / 4/ we showed that the latter is obtained by constraining CJ 

cn+~)3w = o. 
In / 2/ a •solution• of this constraint was proposed, 

w -= (D+)4 [ (D -)2 <f(z)+ . (JY) 2 t'(z)] (7) 

which was claimed to trivial1ze the action for UJ • In fact, eq. 
(7) does not make sense since the l.h.s. has U(I) charge o, and the 
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r.h.s. +2. Then it is obvious that inserting (7) into the action 
for ~ makes the harmonic integral vanish (recall (11.9) ). This 
emphasizes once again how important is to keep the balance of U(1) 
charges in any harmonia calculation. 

Before proceeding to the Feynman rules we recall here the action 
for the Faddeev-Popov ghosts /l/ because it resembles (~): 

SFP-= \J sc-4JJ~ l trz. L rD .. +- (1Y .... ~ ~a v++)t:>]. (a) 

Now we give a list of Feynman rules for the N=2 matter theories. 
The rules will be formulated in momentum spaoe, i.e., after Fourier 
transforming the x-dependence of the analytic superfields ¢ (~ (:rllu),4J. 

The Cf,.~ propagator ~-t+-'t. (P.,&i u..i\ (t (~ e u )'> 
is (see (II1.10) !.1. 1 

/ $ 2.) :z 1 
2 

'Z ~- PL= p s 
-1 2 

t.. 

p2. 

The (A) propagator 
is (see (111 .14) ) 

(Dt/ (D~tt s 8(ei- e.'4) 8:. 
(Pl u;y~ s 

L._ W£t (1) Wt (2)'7 

(9) 

p R 
. . I 

1
_

11 
_ (10) 

L . + )4 (' + )«f 8 {;! _ · l.(i "<.2 -s p2.. (D.; J)2. S Q~ 6;2)iu+u+l3 a.!. 
q_ 

i 2 

The ghost propagator <Fa.(i) Pe<-2.)/ has a similar form 

C\. p 
o-- ~-
1. 

- --~ :z. (DT)-< rD*")~<3/fe -&.) ~; u; S ~n) p l \ 2. \: !! :z ( L(t U.tJ C\ 6 . 

€ 
.z 

The vertices can be read off from (1), (J) and (8) (we ~onsider 
only the case with unbroken SU(2) invariance). The vertex ~ V t 
is k }Q.. 

Bz 'z. 
-J (ia-); (?.71) 4 ~ (P, - .P2 -~). (12 ) 

'P. ) ? 
ce,u..) 

The vertex ct Y" ( ~S' is 

4 

~ >., ~~'t S,~) (2i/)-f S (!1-t P2 - P;- ~) · 
(lJ) 

f. '"2. i, p, c:.'i' 
""'" 

The vertex wVw is 

f'~ 
n . (14 ) 

' ..ca. t' c'c··T'\ -r.. D"rt· ) (: -)-4 e I -ld j 9(!?)- (c) ..__z,, o (P,-~! -fl.). 

P1,€ ~,c 
(G, u.) 

The vertex fV P is 
~ka. 
~ ) 

P.,a+ J 
(6/-~rr 

P~c 

-cd( 
_ J 1 ·D+c~n (27/J-t S(fl-r2.-~) .<15 ) 

In (14) a~ (15) the subscripts (b) and (c) mean that the harmonia 
derivatives act on the corresponding lines. Finally, the vertex 
wVVw is 

kc ,Q. ~ e 
~,, 
ri,~Pz,J. 

lG>,u.) 

L ~2. (ja.J~~- e e~ r).C~fd J). 

• ~Ti) ~ g ( ~ i -1:1- ~ ~ - k 2) . 
(16) 

At each vertex one integrates over all the internal momenta I 
(with the measur~ (2qf4 J4p ). Besides, an integration ~~'~_g-+-oU..I 
(remaining from\ J. ~(-J,) au in the momentum representation) is 
also implied. Inspecting the propagators (9)-(11~ one can see that 
at each analytic vertex there are factors (1)+)~ coming from the 
propagators which can always be used to restore the full Grassmann 
measure d. 3 e at the vertex. This important feature of the ll•2 
supergraph technique will be illustrated in a number of examples in 
Sec. III. 
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II. Feymnan rules for N•2 :>Ill 
The N•2 SYM action is nonpolynomial in the prepotential v++, 

so there are infinitely ~ vertioes of self-interaction of v++ • To 

find t~ on~ should expand the afction inn ::.~rms of v++s ~ 
~ 1L . S ~ $ ~ ~ -h.• ( J. Z. dU.t._ . .J.4 "' SV. '"\z u1.) -- S\.~ -'Tz u. · • -

"' - o . ) a.1. 1 a.., 1 n ,.., ( ) v :0 17 

V-t--r . v.++ 
• a.i. (z ,ut)·.. a..., (2 1 (..{.,)-

The structure of this expansion is suggested _ by the first variation 
of S (IV.l5) and the expression (IV.8) of ellr in terms of y++ 
(note that in (17) and elsewhere in Part II we indicate explicitly 

the gauge coupling constant 9 ). 
The problem now is how to evaluate the functional derivatives 

of S or, equivalently, its variations ~ _ ... J; S . We shall first 
compute the second variation and then show that the rest can easily 

be derived from it. 
The second-order variation is obtained from (IV.l5) with the help 

of (IV.ll) (see also (IV.lO) ) and (II.17), (II.15): 

dt J; S'> ~ h J J'£zdu d'; V"d; (e'vLJ~~r'"J= 

~ i b[ J''zdv. (:!'; v+::Jo- !F(e ~'v4 e'v) ~ Clal 

_:_ L f' l'~dtt c/u (!-_, f/-+-t-Jct2:Ut)(ct V-t-+)z- (~ Uz)-
- G'Z- e1 ., z. . {j</Ut) z. 

=j· d 12 z J u ofv {t vll-+-t)l:' {/'z Va. + -+J-c , 
1 - z. ( 'lA/ 1.A~+) ~ 

where if v-+-+)c- -=-(11 v:_+ /c To..... Using this expression as a' star
ting po~nt one may compute the higher-order variations by just 
varying ~V-+':Jz;-in (18). From (IV.lO), (IV.ll) one finds 

rt c r1 +f = d'; (e-~vJ; v-T-te_'-vj .:::_ 
0 2 o1 V Jc- 2 1 

(, Q Jcl Ll2_ u ;+ u'l.- r( J; v-t-+Jz:-) ~ v -f j c-) 
d' 111-tUf!' L ~ 

6 

' 

or, taking into account (IV.l), 

~ ( J;_ VQ ~j~ = J fct~cJ o(1/2 
(19) 

ru/U.e- {/'; ~ f-f~Vc-t-tL. 
u -ru + LCI-f t-{\VJ. /c 

1 ~ 

So, the third-order variation is 

~f. d} S' = JJ fagc J of';z dirA'It,c/u, (!; Vek· 
;;rt 1 1--t+((l-1 /-t+) (1-+ - + -+ \9.£ V~3YC _/r;- • t'l.4 . • ~ = (20) lu-t-u-t-j (1<.~ u+l 2 u_+u-t 

\..: i :3 i 2./ 2 3 

::: Q £
11 

(!. J o/ 1~ ofu
1 
dv, eft~; (</; ~ W.:J, ~ Vci 

d l 1 c 1!1 _1- u.-t-J rv .~u/) (it/~/) 

In the derivation the symmetry of the integrand in (18) and the ·anti-
symmetry of fabc are used. 

The process of variation of S shown above goes on straight
forwardly. The higher-order variations will contain a product of 

v•+s, of the struoture constants fabc and of pairs of harmonics 
arranged according to the symmetry. The singularities of various 
factors of t~e denominator will not coincide. It is remarkable ~hat 
there are no derivatives in the vertices obtained (unlike the case 
N•l) • The harmonic nonlocalities will be shown to disappea~ in su-
pergraph calculations (see Sec. III). . 

Now we are ready to formulate the Feynman rules for N•2 SYM. 
We prefer to work in the Fermi-Feynman gauge oC:-1 (1V.28). The pro
pagator is (recall I11.7) ) 

u. k' 
(21) 

~ i fi+J'i (1.81 ) (l{-PJ.i)/, /l Tz 1.!--"1) d l flf- ()2./ d (1.{ f; Uz.) d a (J. ·-'"'-/'-./'\.A} 
1 1 

The three-particle vertex is 

7 
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)~''"] 
k{,ap, kt,~ ·u._ 

, f o.tlc 
L(} -

( u; u,")( 1"/U;')I'Ut uj') (1 rr) 'JIU,-t/r,., k,) C22l 

Its symmetry is evident. The usual momentum integration is implied, 
Note that the contiguration ~pace integral at the verte~ is ~ 
J J'6&du1 dfJ2~ so the Grassmann measure ·is already complete, in cont
rast to the matter and matter-gauge vertices (Sec. I). The n-partio
le gauge field vertices can be found as explained above. 

III. Examples of supergraph calculations 

Above we ~erived a set of Feynman rules for ~~2 matter and ~YM 
and now we may apply them to manifestly supersymmetric supergraph 

· computations. We hope to convince the reader that it is indeed very 
easy to handle the quantum harmonic- superfields. We shall demonstr ate 
that no divergences related to the singularities of the harmonic 
distri butions arise. The harmonic nonlocality will be shown to dis
appear when the external legs of a graph are put on-shell or their/ . u 
superisospins are fixed. We shall also confirm earlier conjectures 
that all the quantum corrections to the effective action can be 
written as integrals with the full N•2 Grassmann measur·e · JSe 
(this fact is important when discussing the ultrav1olet behaviour). 
A simple proof of the finiteness of a class of two-dimensional N-4 
supersymmetric (}'-models Yfill be given. 

The first example is the one-loop correction to the 4-point 
function for a self-interacting ~-t hypermultiplet (Fig.l). The 
corresponding analytic express i on is . 

r ::: \ 2j oJ.Ifft olpv rl''k J'i() -t o('f(}/o/v1 oltr2 /(prt?z-frPcJ· 
I /1 . )'' 1 (~ff ~ 4 . 

' Q+(Pr e, V-t) o-trpz,e( U.-t) Cj,-+{PJ.~ez,uJt.j/(fv.)g2; Uz.)· 
y J ) y ll ) . . ' - (2J) 

lr-. '(~ +\'f l[)j'f~ ~I{ fl?. ) 
1 

• '1:1/)z..J . fl ?lie - ee) . lt (2 d (e(-~ k--:z;:;:-:;;;J2. 
f!:!/ U/)3 d l 1 

f (U/U/')3 tJ-rf-1 ~ L.J 

8 

The general rule for handling such expressions is first to do all 
the 8 integrations but one using the Grassmann c{:functions from 
the propagators. For this purpose one has to restore the full measu
res crf 88,J'6gz. This can be achieved .by taking{!J/)'f(/!J/)voff one 
of the propagators and using (III.5) (note that the other propagator 
and the external superfields are analytic, so lJ/, LJ/- do not act 
on them). Then one can apply the identity 

f ~(81 -ez)~/:) ~~ 'f cf Ycrt-Be)= ( -u/ uzV <r cf 3(Bt-&~) (24)" 

(that follows from (iii.2) and the algebra of L?~~~J ) and do the 
integral. The result is 

r = ~ lj. ol/1 · ci}'( J~ o(8g cltt-r cl t<2 Jl(p1-tPz -PJ -plf) · 
( 1 rr) '6 (25 ) 

'* * q/(P1,g/ltt) .rt+(Pz; 9) 1At) (j+{P3 J e) 11-z) Cj;-+(P_'!!_G} _trl..). 

rJ:t/ U/) 
2 k z(frtf2- k) 2 

In (25) we observe an important phenomenon. Although in the 
initial expression (2J) there seemed to be a product of two singu
lar harmonic distributions, in the process of doing the D-algebra 
one . of them cancelled out. The distribution remaining in (25) does 
not . lead to new, harmonic divergences. This can be most easily 

I !J-f-+. + demonstrated if the external lines are put on-shell, i.e., ~ • 
•0. In this oase (see (II.J) and (11.5) ) 

~-t(u1) Cj/{1A1 )::: ~ LJ·;+ lJ;-(t+ru~JCj/CufJ) 

and the 1A 2 integral can be computed (~ee (II.l8) ) : 

1 fd u rJ f)-H- [;F- { + +.) ( jf-+ ~) 1 
1 - ( 0(~ 1 1 t1 Cjt/. ?2 t.l ~ 

::- ~ J Jut duz D1--{~/~/). (t1-7~j LJ
1
--J (~-f~f;t~5~) 

= 11J ciu.(t-+i-tJ(p_)z(~+rp+) . 
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One sees that the harmonic nonlocality )resent in (25) has disappeared 
and there a;re no harmonic divergences x • The momentum integral 
diverges logarithmically. Its divergent part is local in x-space 
(and thus in superspace): 

.!::, = cPO -~) cl12
iZ ciu(t+)~--/rc; jz= 

C~ ~ 2! Jgt~)Ju_fjjf-J·j'~¢J_Jz~-tjz= 

= -1 c= ~ zf ol§t4Jolu (i) z a(J+) z 

(see (III.l2) ). Obviously, ~ differs from the initial· aotion (1) 
and the theory is nonrenormalizable (which is not surprising since the 
coupling constant ,.\ has dimensionf'1~. 

It is remarkable that in three-dimensional space-time (d•J) the 
graph in Fig.l is convergent. Moreover, in d•2 we may easily provexx) 
that the theory of the self-interacting 't +hypermul tiplet is finite 
off-shell (the same applies to the uu hypermultiplet, as well as to 
the more general couplings (2), (4) ). Indeed, in d"'2 LA] =/Ill 0 

[ ~{;?, z,{j} = /t1°, s 0 cr(p,(i,UJ].:: M-2• The n-particle contribution to 
the effective action has the generic form 

ln = j J 8g du{12p) n-1 (~(p, e_. ·u)] ni(p). 
. ti 

The fact that the e integral has the ful.l measure 01 e follows 
from the Feynman rules. as explained above .• We see that the momentum 
integral I(p) has dimension ~-~d hence is convergent. Note that 
on-shell the ~+ theory is eJuivalent to some class of• nonlinear 
supersymmetric , ()-models / 4 ( .N•2 in d-4, N"'4 in d•2). The fini
teness of some hyper..Kahler .N-4 11\0dels in d•2 has been proved in/8 •9/ 
by completely different means. 

_x)It should be pointed out that one may go even further in (26) 
and compute the remaining U integral. Indeed, the equation of motion 

D:_+ ~! = 0 means Cf,/ { p) e, u) =- 1A -t,· 9-, (fJ, g) , so (26) amounts to 
~' t J ~c ~ i and the harmonic, dependence disappears. 

xx)The proof of this nonrenormalization theorem goes along 
the lines presented _in /7/ • 
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So, we have seen that on-shell the graph in .Fig.l gives a 
contribution local in harmonic space. This is so because the infinite 

set of auxiliary fields are eliminated by the equation of motion. 
Off•shell they contribute to the effective action and the latter re
mains nonlocal in u-space. This nonlocality is similar to the no~o
cality of the effective action in x-spaoe. Nevertheless, it can be 
removed if one fixes the superisospins of the external · superfields 
(just as one can fix the momenta of the external legs), e.g., 

cv;) (A rJ;u) =- . ¢!-+) ~)-f-1 (?c j n) fj{i.', (_~n~,J fp, () ). 

Then one may write down . 
. _ [)+"1-[("'+){n{?t-)n+t)'j r;,-~ - · J 1 Q -t ) "" (. , ... ~.. • --f/(n - . < n•t n+i 

-+ . + 
So, <tr_,.,y(Lit) rtc,.,.J(u<) can be presented as a total harmonic deri-
vative ~ t-t. Integrating by parts and using (II.l8) one obtains a 
harmonic ~-function and may do one of the u integrals. 'fhe remai
ning expression is local in u~space because the harmonics in the 
numerator combine to form an SU(2) singlet (otherwise, the u integ-

~ ral would vanish) and cancel out the denominator. No harmonic diver
gences ooour. 0! course, the remaining u integral may also be compu
ted. 

As an exercise the reader can compute the graph . ~ Fig.2 and show 
that on-shell the ultraviolet divergent part vanishes. Another 
exercise is the graph in Fig.J that describes the one-loop self-energy 
correction for ~+coupled to N•2 SYM. _ In the SYM propagator (21) 
there are too few spinor derivatives Cat least 8 are required in a 
loop, see (27) ) and the contribution of this graph vanishes. 

OUr second example is the one-loop correction to the y++ self
energy in N•2 SYM. The relevant graphs are .shown in Figs.4 and 5. 
The Yang-Mills contribution (Fig.4) is given by 

~ YM _ Q 2 ( J'fko/f__ JP(j )~IJ o/u1 o/u2 c/v3 ofw,o/w..J'41 
1 -()- )(!r,JS p1(k-p)2 I 

_ v :+ ( k, e) u1) l! +; ( J., J) wf) · 
- '+ -+J( +w,+J (j.J;u;) ('t{/t.A/}{'ll/ tt/) (w,+w/) (wt 10/ Wz 

3 

, # 

(; y 11 8 (l{-2 2) ;, + ,') 'f !13 fl{-2,e} 
•l[); {'li1.J) d '{e-()d ' (uz)-wz)(?1 {u1J; d ~f)d (tt3~ %j. 
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Unlike the previous example (2J) the Grassmann measures are already 
complete. So, we may start doing the D-algebra by taking the deriva
tives D ~ (Ut.) off the first d-function and integrating by parts. 
The result vanishes unless all of the q (u,j hit the second dL:_ 

•function. Indeed, one may easily see that 

tg(e-7)(DJ/'Yll 8(61-() ~ a:> c:f rn<'B · 
(27) 

According to (24) we get a factor of ( 11/ U/) 't • Next we do the 

w£ and wJ integrals with the help of the harmonic rfl- functions. 
The result is -

f: YM =- q 2 (of'tko/f j~(} dU-rclzfz dt~3of?0 
2 rJ J{frt)~pVk-prz _ . 

• {1A
2
+U/) 2 Va_-t-+(_k; (;}) tt.t) v:_--r(,( {}) Wr). 

(11/Zt/) ('/-!/ tr/) {W1-+ 11/) (Wr -f V3-+j 

Note the absence of coinciding harmonic singularities. To do the 143 
and ·w1· integrals, we write down 

(1.J../ U/) z= lJ/+4 +-t [euz_U.:S_)(ff/v/),l 
then integrate by parts and use (II.l8). At the end we get (replacing 
wt by U 2 ) 

, !Y /'( rJ8t1 I ~ _ _ (28) 
YM . '2j Of lJdl p f70((j1 oti(z vf Uz -+-+ -++ r; ::-l:J (.PTi)s;;zrJ-rJ2 1-t/tl/ Vc; (1)~ r.tJ-

The ghost contribution shown in Fig.5 is (a factor of -2 is due 
to the statistics ~nd number of ghosts) 

r: Jk = j 2 ( d 'fk oft, 
2 

o/8/cl'1(},/oitt
1
daz ~ +(1) Vc/'{.2} 

i. J )(ltr)~p 2 (k-f) ~ 

'f)+) 'f(. l'l_+\ 'f (l ~/8, -f)j!)++( t(t-tlz-), 
t., I -y, / d ( c 1 :z t ( (_tt,-tu/F 

.0 +lv If. -t)\f 8(e -[Jt)lJ 4.-t( 1-{f-u'L~ I 
L" ~I ~2 

( 'i.. ('{.(tUtJ1. 

12 

/8/} ,~,-. 
The first step is to restore the measures ~ O! , a ~ and do the 

82 integration. As a result, we get (Z<,~)4which commutes with 
L)+•, D2-t+ and cancels out one of the denominators completely and 

f the other partially. Thus, the multiplication of coinciding singulari-
ties is onceagain avoided. The final result is 

r;JJ.._ j.q2( d'fko/p J~Bolu olu ~/ttz)(y1-u/)k+-+ ,r-1C29) 
i. - J ) /£Tt) Sf(k-p}z ., '2. (tt/u/Y a &)Yq (.f). 

Putting together (28) and (29) we arrive at the total one-loop 
self-energy contribution 

' 1.( j/:( r; =- 2 zf d flux jJ_ ___ J- 8_ 1, ~ 
2 J) ([rr) <J p 1 ( k -p l 'G u tt 1 rJl u z 

Va -t+(-1) ~ +-f(2)(J0 ) 

(11/ v/)7 
. 

(reoall (II.l5) ). The logarithmically divergent part of (; has the 
form of the linearized action (see (IV.l6 ) ), as is to be expected. 

The next example is the computation of the one-loop contribution 
of hypermultiplet matter to the v++ self-energy (Fig.6). For the 
hypermultiplet in the adjoint representation (any . other real represen
tation is admissible) we find 

G Cv = 1 Q 2. r ol ~k d vp 'cl'B/ J'~e+ clu., duz Va H{l) u-+-W, 
0 ){'lrr)~p 2 {k-pf 2 

.~11~2~'~J' 8(ef-et) · {!J/)'1(p/)\f 8
{e,-ez) • 

[
1.4,-uz- /)++/)-r-t('Ut-1-lz- ) [),+1(ttt-4z- )f).++f't11-uz- .\1 

' (1/L-+u:i 1 ~ (-{it/~tfY- 1 (~3 z (~· 

The two terms originate from the two possible positions of the harmo
nic derivatives at the vertices (reoall (14) ). The oomp~tation .goes 
along the same lines as in the case of the . ghost contribution. The 
result just canoels out f.f (JO), so the total sYW. and matter one
-loop contribution to YM self-energy is zero 111 • In ~articular, this 
means the absence of ultraviolet divergences at this level in this 
particular combination of H•2 SYM and hypermultiplet matter. 

Of course, above one can recognize the well-known N-4 SYK theory 
written down in terms of N•2 superfields. To see this explicitly, one 
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. s ('>' .)1::2 C'l t'/.=-l_ 
may check that the classical action = JJ SYM + Pt<.J · is 
invariant under the following N-4 supersymmetry transformations 

cf v++:::: f i..ol._u/ got UJ-+- ( ;t) 
_:!L 

!w =-1 (p+) y £ cd'tl~- 8o~.-e ,·v /) --e-'-''1-+ ( ) . 
Another manifestation of the N-4 supersymmetry is the faot that the 
graph in Fig.J with an W matter line vanishes, as can easily be 
seen. It is just the superp~rtner of the vanishing contribution to 
the ,y++ self-energy considered above. 

The above cancellation of N•2 5IK and matter contributions to 
the y++ seif-energy can be extended to th~ oase of q/+matter in so
me (in general, complex) representation R. The contritution of the 
graph in Fig.6 with a f/loop is 

r; ~:: 2 q ~T{R) ( ot'}o/:r ol~citt,riuz 
!l tJ }(2rt)8 p z(i :.p)z 

-f-f. ) / -+-+. Va '{1) V4 @(Jl) 

(~_,+ut)-t? 

where -i.?. ( f R q /fzJ=cf0~T{R} (T(adjoint) • 1). Comparing (JO) with 
(Jl) we see that ·cancellation occurs provided T(R)•l, o~f there are 
n h~ermultiplets Q i. in representation R,., provided 2-. T(R,)=.i.. 
/J,l I • V . ,~, 

At the end we shall show an example of a graph giving a nonva-
. nishing finite contribution (Fig.7). The evaluation is straight
forward. First we restore the measures o/ 88 at all the vertices. 
The D-algebra is trivial because only 8 D's are available. The result 
of the & integration_ and of half of the u integrations is 

[."' q c1. k(J, f 1 - . J f<f d (fr+P2 -PrP'1) of ~J~ oft-1z ~)2 1
~/'1 '1 fY . 1 

l.f 0 k2{k l(k )z z 1 (ti.t Uz · -ff} -JrJz (k-~} 
~ ~ ) 

. ~ + 7_( p~, e) 'U1) ~+S'(pz) ~ 1AJ ~ ~(P3, e,:.e) ~; ( PY; ~ 14 . 
On-shell the 'Uz integral can be computed as explained in (26), and 

one finds ~ ..J. . _ · 

rl( ""~ ~ f cl '8 e d u ct-+ tr 1) ~ f.£J{p- / 2 L rt j {s) ~; {'f)j 
tilles the momentWD integral which is convergent. 

f4 

p2 p4 

Fig.l. One-loop correction to 
the 4-point function for a 
self-interacting 
q~ hypermultiplet. 

~. 
Fig. J. One-loop self-energy 
correction for qt coupled 
to N• 2 Snl. 

p 
k.a 1" .- - ' 2 k a ..,.,...,..., ~ , __ 

k· p 

Fig.5. The ghost contribution 
to the one-loop v++ self-energy. 

Fig.2. An example of 
two-loop supergraph. 

p 

~ 
k-p 

Fig.4. The Yang-Mills 
contribution to the one-loop 

v•• self-energy. 

p 

~ 
k-P 

Fig.6. The hypermultiplet 
contribution to the one-loop 
y++ self-energy. 

2 3 

P, ! k l ~ 
P, • 1 4 • PL 

Fig.7. A supergraph giving 

nonvanishing finite correction. 
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IV. Conclusion 

In the present paper (Parts I and II) a manifestly N•2 s ;lper

symmetric supergraph technique has been developed for the first time. 
Tfiis has become possible owing to the construot~ve application of the 
recently introduced concept of harmonic superspace. This superspace is 
an adequate framework for describing both the N=2 matter and gauge 
multiplets. A complete set of Feynmann rules has been presented. The 
examples given above show that handling these rules is not more 
difficult than in the case Nal. The crucial advantage is the preserva
tion of manifest N=2 supersymmetry at each step of the calculations. 

Previous exper11iJlce, e. g., with the quantized Kaluza-Xlein 
theories, seemed to indicate that introducing additional bosonic 
coordinates should lead to new divergences. This is not the case with 
the harmonic coordinates, as we have show n in a number of examples 
above. Apparently, the reason is that the harmonic coordi nates give 
r~s~ to infinite towers of auxiliary or (and) gauge degrees of free
dom which do not propagate. On the contrary, in the Ka1 uza-Klein con
text the additional coordinates imply infinite sets of new propagating 
modes, i.e.,the physical content of the theory is much larger than 
required. 

The actions for the various Nm2 multiplets under consideration 
are given as integrals over either the analytic (matter ghosts) or 
chiral (SYM) subspaces of harmonic superspace. Nevertheless, the in
vestigation of the Feynman rules shows that the quantum corrections 
can always be written as integrals with the full Grassmann measure 
J 8 

(j- • The integrand is constructed of analytic superfields depen
ding on the same coordinate e but on different harmonic coordina
tes (as well as different momenta). This harmonic nonlocality is 
natural, it resembles the nonlocality in x-space. Moreover, if one 
fixes the superisospins of the external lines (e.g., by putting them 
on-shell) all the harmonic integrals can be computed by simple al
gebraic manipulations and the dependence on the harmonic coordinates 
disappears. 

The fact that the effective action is an integral of the type 
)J89yields a significant improvement in the ultravio!et behaviour 

1
7
1. Indeed, in N=2 theories with a dimensionless coupling constant 

the maximal divergences are logarithmic, and graphs with external 
matter lines are even superficially convergent. This situation wi ll 
further improve in the N•J SYM theory Ill/ where the dimensionalit;r 
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of the full measure e{ 1t~ automatically implies the ultraviolet 
fini teness. A generalization of the quantization technique developed 
here to the case N=J will be reported elsewhere. 

Staying within the framework of the N=2 theories one can investi
gate the finiteness of N=2 SYM cou~led to matter by employing the 
powerful background field method 7•121 • In our approach the splitting 
of the gauge superfield into quantum and background parts is as simple 
as in the case N•O due to the linear transformation law of the pre
potential. The generalization of this method to the case N=2 will 
soon be reported. It will help to study the mechanisms for soft 
breaking of supersymmetry and rigid SU(2) -symmetry. 

One of t he most intriguin' problems ahead is the quantization of 
N•2 Einstein supergravity. In 47 we found the relevant prepotentials 
and their gauge group. The action ·for this theory is given as an 
integral over the chiral N=2 superspace just as the N•2 SYM action. 
Above we hswe seen that the latter can be rewr~tten as an analytic 
integr~l if the integrand is expanded in terms. of the analytic pre
potentials by means of subsequent variations of the action. We be
lieve that the same method will help to develop suitable perturbation 
expansion technique for N•2 supergravity t oo. 

Acknowledgements. Authors are indebted to S.Kalitzin and B.Zupnik 
for comments and collaboration at early stage of the work and ~o 
R.E.Kallosh 1 E.Nissimov, S.Paoheva1 n.v.Shirkov, O.V.Tarasov for 

useful, discussions. 

Appendix: On . the duality between ~+ and L{) hypermultiplets 

Here we shall show that any self-interaction of q/ + hypermul tiplets 
of the type (2) admits a dual form in terms of ~ Hypermultiplets. . 
First we shall find the duality transformation for a pair of Cf;-+- . 
multiplets and then apply it for a single ~ "tmultiplet. 

Consider two h,Ypermul tiplets · o 1 . i• 1, 2 1n the fundamental r , 1 

representation of an extra (gauge) group SU3(2) (not to be oonfused 
with the proper SU(2) symmetry of the hypermUltiplet). One can write 
down the following· invariant Lagrangian 

) -l(; ' I ( .:!...,_ , -1-) 2 
;!(If:: ~-tlj)-+-+~~· +/1 ~ tt,· . ' (.l.I) 
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Using the fact that 1( ,-t form a complete set in the two-dimensional 
+ ~ . 

doublet space one may decompose ~t ) ~+c. as follows 

-Tf 

f (.f) -1( ' 2lt ' - {1!) ~~-+ = 1'11.) ,.-+ w -f. 1A ~· ) rt -!-(· .:: 0. + (.. w + 1A -y . (A. 2) 

(2.) . 
HereW>f are analytic (but not necessarily real) superfields. 
Substituting (A.2) into (A.I) one obtains (up to total harmonic 
derivatives) '* 1 

':1 ( q) ::- f (2} £) ++ ~ - {(.2~+ t w - _f (2) f '. (Rj --f 

.Jr f ;..:! ) (A.J) -+ ~ L-~ 2 ( f' cv) 2-+ Cv '<- { f 0!/2-jl U/ ~ :.eJ (2]. 

f 
(,2} 

Clearly, does not propagate and can be eliminated with the 
help of the equations of motion. After that the Lagrangian (A.J) is 

~ expressed only in terms of W > W J '* 
-;t C<t) 7::.. ( 1 -+ y;\ w~) .. -f [ (1-+ 1~ <-v ~) Lf+w LJ+-+- w -+ 

(; ~ 2 --¥. 2 + )l w 2l!Y-tw) -+ ~ w ( LJ Hcv)
7
). 

(A.4) 

This Lagrangian has an automorphism group SUA(2) which is the d~go
nal subgroup in the direct product SUJ(2) x SU(2). Transformations 

from the coset su3(2) x SU(2)~U~(2) are realized implicitly in 
(A.4). . 

Now we ma;r apply the above trick to th~ case of a single hyper~ 
multiplet. To this end we rewrite ~ + and f+ as a •doublet• ~ ~ · 
subject to the reality condition 

~ . 

~ + L -:_ E CJ t; ) ' . f 
~ f -:: ~..;+ -t L 72 J 

-!1: 

~ + = [:7-+ (._.~ /' . (A. 5) 

The kinetic term is invariant under the extra SU(2) realized on 
the indices i,j: 

-;~_;'1 1 = i+D-++~+=~+ L.LY+~ : 
(again, this eqUality holds up to total harmonic derivatives). 

J8 

, 

However, this i nvariance is not preserved in the int eraction, which i s 
not essential. 

The doublet (A. 5) oiln be decomposed as in (A. '2) . The reality 
condition (A.5) means 

~ - f. (2)- f (1) w-w) - · 
Now one can insert ( A. 5) into t he general self-interaction Lagran
gian (2) f or q,+ • Once again f fl) obey~ an algebraic equation of 
motion 

f (1) 7::.. - I i)++ w -+ F (f) { w, f ') ' 
solving which one arrives at the ~ -representation of t he ~+ 
Lagrangian ( 2) • 

At the quanti.IID level the ~-+- W duality manifests i t self as a 
relation between the W and ~+ propagators. For instance , for the 
case ( A.2) one has 

~ ' 1( . 

<eve 1J w C£)):::- U1~ uj_- J < ~+ L{1) ~ j UJ> ~ 

(. ;; +) ~Ill +)4 (\.8te e ' rut-u2."' p !Pt ~t 0 l' ,- JJ (U,+ u,')' 

which coincides with (1 0). 

"-
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ran~nepMH A. M AP· E2-85-128 
raPMOHM~CKMe cyneprp~KM. OpaaMna teMHMaHa M npMMepw 

3Ta CTaT~R 3a.e~eT OnMCaHMe npo~eAYpW KBaHTOBaHMR 8 raPMQHM~CKOM 
cynepnpocTpaHcTae. BwaeAeHw npaaMna teMHMaHa AflR TeOPMM N •2 MaTepMM M 
RHra-HMnnea M AaHW pasnM~Hwe npMMepw •~MCneHMR raPMOHM~eCKMX cyneprpatMKOa. 
Bw'fMCneHMR awrnRART He HaMHOro cno•Hee, ~" a N -1 cny~ae. MHTerpM~aMMe 
no rapMOHM~CKMM nepeMeHHWM He .. AeT K KaKHM-nM6o TPYAHOCTRM. HenoK&n~HOCTM 

no 3TMM nepeMeHHWM MC'fe3aDT Ha MaCCO.OM OOoflO'fKe. Ba•HO, ~TO KBaHTOBwe no
npaBKM acerAa sanMcwaaoTcA KaK MHTerpanw no nonHOMY raPMOHM~CKOMY cynep
npocTpaHcTay, HeCMOTPR Ha TO, 'fTO MCXOAH08 AeMCTBMe 6wno MHTerpanoM no 
aHanMTM~CKOMy nQAnpocTpaHcTay. B Ka'fecTae no6o'fHOro pesyn~TaTa MW nony~eM 
O'feH~ npocToe AOKa3aTeJ1~CT80 KOHe~HOCTM WHpGKOrO KJiaCCa N • 4, d • 2 HenM
HeMHWX • MOAeneM. Hw paCCMaTPMBaeM CaMWe ~Me B3aMMOAeMCT8MA rMnePMYJI~TM
nneTOB, BKIID'IaR Te, KOTOpWe Hapywaf)T 80(2), YcTaH08n8HW COOTHOIUI!HMA AYan .. HOC
TM MeJIAY N • 2 JIMMeAHWM MyJI .. TMnJieTOM M OOoHMM TMnaMM rMnepMyfl .. TMnneTOB. 

Pa6oTa BwnonHeHa • na6opaTOPMM TeopeTM~eCKOM $M3MKM OMRM. 

IJpeiiJIII.,. OO.e,QIIIIeHROro HHCftiTY'I'& II.QepHWX Hccne,qo-a. llytlaa 1985 

Galperln A. et al. E2-85-128 
Hannonlc Supergraphs. Feynman Rules and Examples 

ThJs paper completes a description of the quantization procedure in the 
harmonic superspace approach. The Feynman rules for N. 2 matter and Yang
Hills theories are derived and the various examples of harmonic supergraph 
calculations are given. Calculations appear to be not more difficult than 
those in the N- 1 case. The integration over harmonic variables does not 
lead to any troubles, a non-locality in these disappears on-shell. The im
portant property is that the quantum corrections are always written as in
tegrals over the full harmonic superspace even th9ugh the lnlt.lal action 
is an integral over the analytic subspace. As a by-product our results imply 
a very simple proof of finiteness of a wide class of the N-4, d· 2 non-
1 inear a -models. We consider the most general self-couplings of hypennulti
plets including those with broken 80(2). The duality relations among the N-2 
linear multiplet and both kinds of hypermultlplet are established. 

7he investigation has been performed at the Laboratory of Theoretical 
ics, JINR. 

Preprint of the Joint Institute for Buclear Research. DuhDa 1985 


