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t • Introduction 

Recently, we have cóns t.ruc ted for the Lie superalgebras oap (1, 2n), 

n=1,2, famiIies of infinite-dimensional linear representatiQns, j 

'(p).. 11-3'1_- - (.1)	 /" zr,~{z). ~he representations ~ form, a family depending oh one 

parameter that ean'a~Bume a~yreaI va.Iué. The familv of rep~~sentatione 
)' 'T	 'InC2 1's labe.lled. by parameters N and ~: N=2,4, •• , and 'X takee values in 

some interval ~C IR • J!'or each z E osp (1 ,2n) the Qperator .n.Cn)(z) 18 a 

linear differential operator on ~N(~ ) - the space of COO veetor func-
N n 

tions M ~Xl-t<p(X)E-<I:, where t'11:=~+(N=2 for n';'1) and M2 is some 
n + 2 

operr subee t of OC x !R, • 

Under oSP(1,2n) we understand the unique real form of the ~omplex 
Lle superalgebra LSA B(Q,n). This LSA is gentrated by 2n odd etemente 

Yl' l=.:t 1; •• ,tn; their .symme t.r í c produeta determine n(2n+1) independent 

even elements 
(1.ta)

X j k : - ~ <.Yj'Yk) = x k j 

and	 the law of multiplication reads 

(1.1b)gjI:"" s~n(j)~j+l(X j k'Yl):",,-gjlYk +.,gklYj'
 

Bv using °the Jacobi identi ty, onej.ets
 

<Xjk'Xl m>= gjlXkm + gjmX,kl+ gklXjm+ gkmXjl,. (,~:1e') 

The	 basie {Xj k 'Yl j,k,1=:t1, •• ;tn} will be ealled Racah'·as its even· 

part ie ~dentieal with the basi~ of sp~n,~) eonsi~ered in Ref.4. 

For dJseussing properties of representàtions!l, it ia eonvenlent 

to r~gard the sp~ee I\(~N) of linear dlfferential operators oh rN(M) as 

an aS8Qeiat,ive *-algebra equipped with adj'oint operat-ion n~." ) /5/ and 

introduee the standOard LSA strueture on its l1ne subspaee Jt ~J!o ~ 
oar

Jt	 161 which is determined via the Ra6ah-basis as
1 

Jt. :=I.Q.(x jk): j, k=t1 ~ . o ,in)lin ,.A 1 : =I.nt.Yl): 1=:t1, •• ,±n}lino
Basfe features of the representations !t ean 'now be summarited 

as fol10ws:
"	 J"t. I 

(i)	 Eaeh.Q i 8 a homomorph1ism of osp (1. 2n) on ::rt'. the order of the dif

ferential operatorIl~) beinc at most one if z is,an odd element 
'lo 

an1	 at most two if z is even. 

(li) Let z~z* te the involut~on on B(o,n)/71 defined as the linear 

ex tensipn of 

:t • :t "	 '(1.2)xjko= -x j k ' Yl:= - 1Yl· 

Then one hae 

JUz~) =SJ.1..z)r&* 15/, ( 1. 3) / 

----,- .....0 _ 

" Út <". "'0-.1 • ,_: ny"l 
. lU~~li"";;; ~1I ,,' iiJ~311ll!l I "..1" 6~':G,H~ l'oJTEHA I 
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Le. J'l I s. a :t- homomor-phLsm , ' In partlcuJ:ar, for elementa of the even 
subalgebra,sp(2n,~l holda x-c: -x, so that.n(x)is skew-symmetric: 

.íl.(x)• = -..Q.C~l , x E-sp(2n,"lR) • 
/ tii/	 AlI ind.ependent Casimir elements of osp <1,' J,2n) (there Ls just one 

for n=1 ~nd two for n=2) aré represented by multiples of unity 

in t\("f'N)(Schur-irreducibility), the parameters which label.il. be
ing in ane-to-one correspondence with these numbers. 

Remark: Schureani ty does not imply algebralc Lr r-educ í.bí H ty /8/ and 

the representations 1lL are indeed redueible. Finding their irreducib

le restrictions is one of the .basie vroblems solved in this study. 

2. Formulation of the problem 

Let ~ be a Hilbert spac.e and.2 adense subspace of ~ • Jt set 

f~j"~! : j ='1,2, •• ,h,l C End~ ~ (see Appendix fo~ defini tions) is 
called pBn-set with domain~' if 

1\ 1\ 1\ 

[{aj,akl,alJ • 

[ S I\	 "+1" 1laj..P-k ,aI == 

Â A~ 
~e	 a j s, ( a ) is intérpretedj 
operator and 

A 1~1\ A:fl 
h j : = 21 a j , a j J 

O, (2.1a) 

c ",-2 0k_l a j . (2.1b) 

as the j-th mode annihilation ( creation 

(2.2) 

as the \j-th mod e, particle-nurnber operator of a ,para-:Bose- system wíth 
n degrees of freedom/9/ . 

.	 \

A. aimple exámple of a pBn-set provide arinitiilation and creation 

operators of usual ~osons that satisfy the canonical commutation re
latlop (CCR). It ia known that for each n=1,2, •• such a set for which 

. t\~A A+l\ .the operator a 1a 1+ •• + ana is e.s.a. is Just one up to equivalenn 
ce~/10/. That's why only "non-trivial" solutions Of Eqs.(2.1a.b) are 

oJ lntereat, v:f.z. those for which the CCR do not hold. The first examp
l~ was given for n=1 qy wigner/ 11/; later on, Green discovered for ar

bitrary n, including n~oo, an infinite set of solutions labelled by one 

integer p-1,2, •• call.ed "order" and Greenberg with r'lessiai/ 12/selected 

~ong them the irreducib~e ones acting on 
~ 

a Fock space with ~ unique 

vacuum. 

Our aim is obtaining irreducible pBn-sets for n=1,2 from the rc
pre~entations jGL(n). This ~s possible, at Iea~t in principie, because 

pBn-se~s and representations of B{O,n) are closely related. In order', 
to get a formulation suitable for the purposes of this study, consider 

another- baaf s Ibjk,al: j,k,1=±1, •• ,±n~ in B(O,n) deffned via the 

!ollowing map S :
 
1/2(Yl


aI =; S(Yl) : == 2- -,iy-1)	 ( 2.. ~a) 

/'	 b j k; Se X j k ) :'= ~ ('a.j,·ak >;:: ~(Xjk~ x_ j _k ) 

i - "2"(x_ j k + xk _ j ) ( 2. 3b) 

Easily can be verified that alI the structure ,constants are i~entical 

wi th those of the Racah basis (see Eqs. (1.1}); thns, S Ls an au to

mo.rphism of B(O,n). ~;or?over, one gets from (1.2) 

a"k b~k-=b'k'	 (;~.3c)r:	 1=a- l, J -J- . 

By usirtg these facts, one readily gets the sought lnterrelation of 

pBn-sets and ~-representations of B,(O,n): 

2.1 PropoRition: If n: i~ an iFreducible ~-representation of B(O,n) 

in terms of operators in End~t2). then f7t(a j), 1C(a.)+ : j=1,2, •. ,n} 
18 an irreducible pBn-set /13/. J 

In view_of this assertion, the problem o! constructing pBn-sets 
from representations ...rt.ln) can be f'oz-muLa t ed pureIy in the language of 
the representation theory as follows: Given a linear representation 
..JL on 'j:, f nd an n - :invariant subspace Q) é 'F' and in troduce aí 

8cala~ product on ~ such that the operatqrR 

1r(z) := n(z)('~ • z E: B(O.n) (2.48 ) 

forro an irreducible representation of B(O,n) on 'd(: =Z) and fulfil 

TC(Z)+ == n\.2)*{'~ 
The requirert ü-property'means that 

/\	 n " 1 n f}
N	 : = ~ n j = 2' z,1TtCa j ) , 1t" ( a ,) 

J=1 J=1 ,J 

ha8 to be	 a positive operator 
A 

N ~'	 O , 

(2.4b) 

n 
,L.. 1C'(b j _ j ) 
J=1 

(2.4c) 

and 1	 rlue to i ts in terpreta tion "as pa::ticle-number opera t or , rr.ust' have 

non-empty point spectrum. Using the standard considerations b,a3ed upon
r"'''' 1 .the r-e La t í ons L.N,a _ .. -aAo , j==1, .. ,n (cLEq.(2.1b», one condludes

j j 
that the sought d oma í n Z> must have non-rtrLv í a I intersect~on ~Ii th the 

vacUum ~ubspace 

V..n. :=l<Pf;f:âj<p = o. j=1,. otn}, ~j .;.!l(a j ) (2.5) 

The usual requirement of uniqu~ness of the vacuum will be repla

ced b~ a weaker condition 

1 ~ dim '11n.V~ ~ 00 (2.6.' 
since finiqueness, which i8 essential in the quantum fléld theory, i8 

'2	 3 
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-a too restrlctive condition ~hen systems with finite number of degrees 

of f-reedom are concerned •. Representations 1C!!.Qt'2) wl1.ich fulfil Eq. 

(? '.6) are said to have fini te'-degenerated vacuum , FDV:"representations. 

Le t us recali in th-is c en t.ex t. tha,.t fór represe~tations wi th a unique 
vacuum ~O one has /14/ 

~k~ltero = PÔ"k_l <PO ' p >0, 
where p iR independent of k and is ~alled the order (of paras ta

tis~ics) /12/ • This retation is in general not valid il the unlque

nesa 'of vacuum ia violAted; in par~icular, the notion of otder does 

not make sense fo~ repr~sentations wlth dege~erated vacuum • 

'<, 

3. General features of the construction 

We have seen in Sect.2 tnat the proble~ consiste in finding ~n 

.n.-invarlarit/subspace 2c ~ such that conditions (2.4) and (2.6) are 

fulfilled. To this purpose we developed a methód that can be dlvided 

into two steps. In the first one we derive gen~ral propertles having 

the form of necessary conditions which fóllo~ from the assumption 

that for R- given n there exists a domain l) wi th a I L the required 

-pr-oper t í.e s . In this way, the original family of 1"epresentations .n.. Ls 

reduced b'y excluding a I L those .f'4 that do no t fulfil the necessary 

conditions. The conditions themselves are obtained by examining the 

structure of' tl;le subspace _ 
(vac) 
~ :=~, n V,n. • 

The s e cond step e inductive; i t deals wi th/ the 'construction ofí 

\.~ start1ng wl th a fixed vec to'r tJI in the vacuum subspace V.n..' this 

ve~tor being fully speeified by the ~ove necessary conditions. 
a(vac)Th€ s~arting point for analyeing the &bspace ~ repreeent the 

following simple assertions. 

3.1 Lemma:(i) Thelinear envelope of .fb j_k : j ,-k=1, •• ,n 1Ls va subal

gebra of sp(2n,<l'). that is isomorphic to gl(n,t)."" 
,(11) For each UE-gl(n,(') one has 

~ ... ..ncu) V-n, C V...n... (3. 1 ) 

P10of:' The first statement is due 'to the fact that ~j-k s~tisfy the 
I' 

saroe commbtation relationa as the elements of the standard basie 

{€jkl of gl tn, a:) if t:jk~ bk _ j . The relation, (3.1 ) followa trom 

<bj_k,al~ = -Ôk_la j and Eq.{2.5). 

~.2 Rewark: Notice that the real linear envelope oi i(bj_k+trk_ j ) , 

(,'b;t_lt-'b_ j k) j,k=1" •• ,n, equals u(n)which is isomorphi-.c to ep~2n,lR.)n 

sp(2n)"i.e.,to the maximal compact sub~lgebra of sp(2n,8(). 

3.'3 Corollary: Suppose that n_T'2) is a rnv-representation; then :J}(vac) 

is a fini te-dimensional subspace Lnvar-í an't under .(l(u), u € gl( n, lC). 
In view of these properties, one can le~rn muchabo~t ~Cvac)bY 

appljing ,the theory of finite-dimenslonal representations of semi-sim

pIe Lie algebras /1'5/. Consider the map W: 

sl(n,«:)~u~ ",,(u):= .!l(u) ~V.n..; 

because of 3: 1 , W is a representation of sI (n , (.) on V..n.,. Now euppo 

se that for a give.n .!l. there is an !1.-invariant domain 2J C 'F such that 

_(>..t'.4 fulfil!3 the conditions (2.4b, 2.6). By the corollary, 

cAl .= W t-"}\(vac)
 
vac· I "
 

is a finite-dimensional representatlon of sl(n,t) and hence 

,.,Lvac) ~m 
'0- = J Vl\(J) , (3.2) 

eaeh V"tJ} being the r-epr-eaenta t.í on s.pace of an irreducible represEm

tation or' sI (n,(f.)with the highest wéight (HW) )\(J). Consider the par

ticle number operator 
NI n 
'N:= ~.o.(\b. j);

j=1 J
- .- (vac)
by Eq.(2.4c}, N : = N I'~ is a positive matrix. Let \J ~ O be !ts v a c 

eigenv,alue, W~ the subspace of eigenvector6 corFesponding to V. As 

r"'vac(u), N ] = O for each u e- sl(n, et)(Lemma 3.1), the subspace WIJ va c
is invariant ~nder GJ and ~h~s Wu equals direct sum of a subsys~ va c 
tem of eubspacea V~(J)in (3.:=''>. Consequently, to each. subspace Vl\(J) 

ther,e Ls an eigenvalue lJ of Nv a c such that Vl\.(J) CW'i ; in particular, 

the corresponding ffiJ:-vector \fMJ) E.Vl\(J) fulfils 

'N tp"(J) '" LJ 1.p"'(J) ., (3. 3 ~ 
By summarizing, we arrive at the following necessary conditions: 

3.4 Proposition: suppoae that for a given.Q.there is an.íL-invariant 

domain21C.;' ~'uch that.n~2> Ls a FDV-representatipn having the i:, -pro

perty (2 .4b). Then there exist non-négative Ln t e'ger-s 1\1~ À2~ '" ~Àn_1 ' 
a non-negative 1) and a non-zeró vector '&6:()(vac) 8u~h that Eq • .<3. 3 } 

and 
,W (b j _ j - b j +1 , _ j -1 ) 'PÃ = IIâ lfJh o..4a)

)
W(ô j +1 ,_j) l.lJl\ = O O.4:b ) !? 

are fulfilled for. j=1, 2, •• ,n-1. !"Joreover, 

~.\ := W ~u. ("J{P_21)'W (b_32) , ••}wCP_ , n_1)) lf1\ /16/n
 
16 an 'irreducible representation of sl{n, <t}.
 

Since n<.'9) 'are linear differentiaJ: operators, the condi tions
 

(3.3,4) together with ~~V~ represent a system of partial ditferen

4 5 
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tial equa,tiol1s (PDE)'. By demanding exist~nce of a non-trivla,l' solut

íon, one ge't;s cond í td oqs that relate J) and the integers Àj to para

metera labelling.o.(e.g., for n=2 ther& are two: N and 't - cf, Sect. 

1 ).' The first step or' our approach consista in, finding for gi~en 

non-nega t í.ve lntegers À, ~ •• ~ ~n-' the admisslble values oi theaé 

parameters, solving the PDE-systems with these values and v~r1fying 

1rredueibi11ty of GV~. 

Let us paes to the aecond step. Suppose we foutid the funct10n ~A 
Íhat solves the PDE-system for given "1 ~ o. o ~'~n-1' ))~O and s orne 

fixed representationll ~ith ádm1sa1b~e parameters. We will f1nd an 

Jl-invariant ,oomain 'Ã"C. 'F such that "P.,.. f: 2~ and TC)\:= n l"'li" has 

aLL the required properties. It Ls clear that the onl y candidate is 

rx ?/(.... ,..tt ,.. .....it)tlJ
rt.J~;=fA a1'a1 ... ,an,an Tl\ 

/16/
• (3.5) 

However, one has to vertfy that the repres~ntat10n1tÀ1a 1rreduç1ble 

and that the FDV-condi tion 1 ~dim '2A,(\~<.00. 1s fulf1l1ed; 1n ad

di tion, a scalar pr-odue t must be introduced on '.3~ such that the 

*~cond1tion (2~4b) holds. 

To this purpose. we first try to make the structure of ':2lÀ Luc í-c 

der by finding a basis tc~ with some speéif1c properties. Natural~ 
ly, we demand 

" 'P1\ e t . (3.6a) 

As,.a direct consequence of Eqs.( 3.3,4) one f í nd s that ~À Ls a c ommon 

eigenvector of 'n.:.. llCb._.') , j='1,.o,li: 
..... t IJ J \t, J J 

• 'n j 'f À = V{l'h ' 

each eigenvalue ~. being a simple funct10nJ of U and A1 , · · , 

(3.6b) 

A l' n-
Further, the commutation rela tion ( 2.1 b) implies forp"1, 2, • o 

.........p
njak\ = 

-p (,..
a}c n j 

r ),.. 'r-o -1t p
PQj'-k: ,njak = 

- #-P('-'
a k n j + 

to
POj_~).(3.7) 

A straightfor.ward generalization together with Eq.(3.6b) yield for 
- ,,(,... -"t --,....).,J any monomlal M E: li'. a, ,a1 ' o,, ,an ,an i! CA. 

iiii '/Ih .. '(V j + r j) MY'A' r j:O: O, t t , ±. 2 , o • , j =, ,2 , •• ,n ~ 

ThuB, c;a-~ 1a spanned by funct10ns q>.:. P. ,labelled by integere r" •• ,rn, 
, 
. 

each. n. s
't' 

ti-.'t"r1 •• r n 
fulfllling 

'R'. <f>
J 

= (V.+ 
. J 

r j ) rl\ 
~ 

, j-1,. o ,no p.6c) 

Thls ls again a systcrn of PDE and we shall ece that particular eolut

ions can be found analyt1cally for both the case~ n=1,2'. 

" .. Let l! be a' linearly indep.ende~tlSl!t of solutions to (3 .•6c) for 
r some illfin1 te system of n-tuplee' (r,', •• ,rn,) (notice that in view of 

6 
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Eqs.(3.6a,b} (C, •• ,O') must belong to the system) such that 
".,1 

(3.8a)•ue C' ê l1n 

Then one clearly has 

:D>. C (êl E ) lin= C • ( }.8b)1 i n 

Due to the follow1ng simple argumerit bne can exp~ct that (3~8a) 

w111 hold as eo on as ê is sufr'iciently large.For any 'cp r r É t
, • ~ •• n 

one gets from (3~6c,3.7) 

i'ijâic cp .. (vj + 'r j- 8j_~ r;;kcp . 
Companngwith Eqo(,?6c) suggests that ãéP ehoul~ be Ld en t í f ed withí 

t'i\ '. and thue ã' A-. E-t if ~. Et, etc. 
~r 1 •• r j -1 oor n k 't' r 1 o• or n . r 1 • or j - 1•• r n 

In fact, in cases we will consider in the following, 1t ls poesible 

'to choos;: ê",SUCh t}:lat ~kê C t, u iol, ãkl{ft C ê. , l.e., the act
lon of ak , a k• on any c:t>E-~ ia ver'.' s í.mpl e , 

Aa soon as this action 18 found, orie can verify directly whether 

..nt'ê1 1n 1s 1rreducible. If it ls ao', then f'r om Eq.(3.8b) fo11ows Ln 
view of Lnvar anc e of ~~ under n.í 

2A =: ~l1n 
and hepce ê 1s a 'basle in ~~ • 

, Having auêh a basis is very helpful in introducing a scalar p~o
duct on 7l,À obey1ng th e :t:-cóndi t on (2 .4b). This condi tion requireeí 

the operators ~j!= ~ ~ 2)~ to be eymmetr-í c. and henc e tl1e scaLar 

product must be chosen in such a way that t becomes an orthogonal 

aet. 'This can a Lways be, done: 'suppose ê •J~IJ::1 (,for s í mpLí c I ty' 

the elements of ê are labelled by a single ,1ndex) and let ,
" 

Cct>r, <t>a):= tr~_s,r,s,:o:1,2,•• " tr>Q • 
" 

The ~nbert s.pace' '(K • ~.). :i:: t. lin then conaiata of alI functions 

CW) 04 

cp. ~ crcP auch that 2:,' t' I c ,2< 00 • 
rr.1 I r~1 r r ' 

Ílowever, thls choice does not guàrantee' that (2.4b) 18 fúlfilled. Let 

us diecuee this pol~t tn more detail. 

First of alI, one can replace Eq.(204b) by' a s1mpler condition 

I( ã j êt> •~) • (CP ,~r rp ) 1~'j~n', epE.'2~" ( 3.9) 
"i 

eince each operator ..Q.cz»z.~ B(O,n), 'equals a, linear or' quadratic"
 

functiop of 'lr., ã~ . 'AlI the operatore ã j can ,b'e expre8sed' ae
 

( see 15/ and s~ct. h
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m
 
~j • ~ • f + I: fkPk ,.


.' o k.1 " 

7 

"I' 

il 

\, , ~l 

, 
,I 

'I 



\ 

Then by the iefinition of the· ~ -operation /5/, one finds for ,any
 

<p E- fà:'FN(M), lil ClRm
 

(ãq» x <p - <p x (ã 1ll'<iJ ) = ti Pk [~ )( (~<p)J
 
where for <p, lJ1 E 'FI'{ (M) 

N cp X <:l! : = L «ir 'fr t· 
, r=1 

"P , v» COO(~) be í ng the components of <pand l±J ,respectj.vely. Nowr
 
thé Gauss theorem implies that ().9) will be fulfilled if llj.,is a,
 

subsnace in 
. N 

'de .;' L: mIJ2(M) (3.10a)
1.'=1 ~
 

ang if ali components of each cP €- ~J..À van.í sh on the boundary of M..
 

Of course, this r equ í.r-emerrt Ls ónly suf'fici.ent for (3.9) and in case 

that i t were not compatible lwi th the previam, canditions impased upon 

~~~ one could try another choice of I~ • However, verify~ng the ' 

condition (3.9) would then probably be difficult. 

Acçor~ing to the general defin~tion, the com~lete specificatipn 

of each of the sought representations nt-ZJ includes also a project

ion 'Ê' on the Hilbert apae e ~ that determines the decomposi tion 

End~~ = (End'}t~)O ~ (End?t,=z))1 - cf', Append.í x, Eqs.(A.2-4),. As
"sume that N 

'"Je = 1: $ t\.. " (3.10b)
r=1 (1 

~ being a Hilbert space to which belong all corrponerrts of each <p 6Z) • 
1\ ,

Then t~e pro j e c t í.on E can be chos eri as
 
;";, N/2
 
E := I~ '3 E, E:= E E (3.11 )
r r 

('f r=1 
This choice is impl'ied by the structure of the operators lllz) /1-3/. 

The point i8 that these operators are expressed in terms of two fini

te subsets 7:1<Of ~1 C End <t N and of scaLar linear differential ope

rators ~d. acting on COO(I"i): 

..n.~) == f illl,~ToC 
in such a way that T~e1no if z i8 an even element of B(O,D) and 

~61f(1 if zis, odd. In addition, the projection EeEnd a: N satis

lies ET~=Td\E rfT~E?tto and ETd.== Td.,(I-E)if To{6~1. 
.Lt then f'o Llows from 0.11) tl1at n~.z> wlll map even and odd el,e

merrts of B(p,n) in (End~'4}o and (End?t,~) 1" respectiyely. 

On the other hand, fixing 
À
E by Eq.(3.11) imposes an additio

nal po~dition upon the structure of the dornain Q) : 

cp =- (<f1, · · )Cf N) E {3 ~(<f1' •• ' CfN/ 2 , O, •• ,O)E2 

8 

,I }4 
' 

:f 
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fI 

, ,r·
 : ~ " 
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'j 

..~I 
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(çf.Eq.(A.2». This will hold,e.g., if 
'N 

() = L,$n <:~.12) 
r=1 r
 

notice that because of Eq.(3.10b)- alI DI' must be dense in ~.
 

. -.n.:CÍl') \It appears th~t-~or representations , n=1,2, of Refs.1-3 

a do~ain 2J can a Lways be found such that (3. f2,) holds. This is due 

;0' the of n'j \structure the operatórs "'!2:(Pj-j) that allows -for de

.c oupã í.ng of the sys tem (3. 6c,) for vector functions cp ~ (Cf1 , · · , ~ N ) 

into N independent sys teme of n partial differential equations f.or 

individual components ~r • For-6etting the ~asis ~, one chooses 11

.nearLy independent sets t.. r of s oLu t ons for the r-th component andí 

puts,., N . 
é.:== U (o, .. ,ér,··,o).

r=1 , 

The_one hasE. = le 
I 

Dr DI': ={Er)lin •
lin r=1 

Ín the forthcoming.second part of this study the above approach 

is applied to the linear r epr e serrta t í.ona .cln on c 011(m.+'), q:2 of 

Ref.1. A one-parameter family rt of non-equivalent irreducible repre

L2(fR+)@(2sentations of B (O, 1 )on wi th non-degenerated vacuum is ob,:" 

'táined. The family n is complete in the following sense: if'-~t: IR"{O}, 

~' Ls a subspace óf' C~(li+) ~ <r. 2 having non-trivial interse.cÚotí 

wi th the vaeuum subspace Y "'<..~) -and 1't!!!! .o!~'I'2>' ie an,irreducible 
~..

i:-r'epresentation, then '(t' la 
~ 

eguivalent t.o some 7t in-n 
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Appendix: Hil~ert space *-representations of Lie BuperalgeQras 

by unbounded operators

_ It is weIl-known th~t Hilbert-spacej ;representations of a real ", 

LSA. whose -even subalgebra li6 non-~ompact have the .following property:

if even generators are represented by ekew-symmetric operators~ then 
, - /17 / 

at least one of them must be unbounded • That is how one mostly~ 

ar~ives at *-representations of LSA by unbounded operators. Corr~s

ponding definitions are' obtained by generalizing, on the'one hand, 

the definition of finite-dimensiQnal .-repre~entations of LSA as gi
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sv enj e g , ,in Ref.~6 and , on the othe,r hand , that of 00 -dimensional ~-r.'ce-

pr-e aerrta t í.ons of Lie algebras /18/. ~ 

-Le t 'de. b e an 00 -dimensional separable Hilbert "spaoe and D' i ta... . 
subepace suc~ that 

di m ,D :::: oe , D =.; ~ • ,( A. 1) 

ConSider t.h e set End 'JlD'i! End D of linear "operators X on ~ satisfy
ing' 

( i) D(X) = D • Ran X C D , 

so that D I s a common invariant domai~ for alI X E End D,
 

<li) D(x+) :>D.. Ran X+<':D,
 

where x+ iA the usual. hiIbeit-space adjoint of X anct
 

X'" :=	 X+J' D 

Then End D becomes an associati v e n-algebra wi·th LnvoLu t on X I-i' x+ oí 

For a	 g ív en projection E on 'de such that
 

ED C. D. ED í D
 ( A.2) 

consiler the following suh8ets of .End D
 

(End D)O:= {XE:End D,: ·XEtp= EX4J, t/;fED},
 
(A.3)

(Enli.D)1:= !'Xf;Erid D: XEo/ ... (I-E)X'IJ~Vlf'(;-D}. 

Then on e has 

.End D = (End D) O (f) (End DJ1 (A.4) 

arid End D becomes a I,SA if one 'defines muLt p l ca t on X. Y ~ (X. Y> así í í 

thA"bilinear extension of 

<X, Y>: .. XY •. (:-1)~YX , XE (End D)Q..' Y& (End D}t1,' oC., (1=0,1. 
\.. (A.5)

This LSA, which iR completely determined by the associative *~algebra 

End D and projection E, wili ~e denoted (End D,i) +). The mapping 
X~X+ preserves th~ grading: 

XE(Ella D)oI.=>Xi'e-(End D)G(' 0(=0,1 .H) 

-) No t í c e t.ha t; (End D.Jn ",'(Ene! D,I-E) since the~.conrlition::; (A.2.3) 
( hold for E iff they ~old for I-E. / 

++) Considpr,e.g., th e cas.e XE (End D)'1; for any "Á-'<.p6J one has 

(EXt= ~ ~ 'P):z ('f. XE 'li ) == (E ~ cp, X\f), t'-: .: I - E. 1\ow E' '{> ~ DC J (X") 

r whích in:plfes CE 'fÍ.X 'P) : (X +E "'1,; O/)= (xhl "cp, 0/ l and as -15' :;:: 'de , 
"one has EX+1= XtE'<P for each Cf ~ D, i.e.',xte (Encf D Y1 . 

< .' • 

I 
t 
I Further this mapping iE ,an involution on End D ~nd thus. by (A.5) one 

sees that (End D,E) ia a ~~LSA. 

DefinitLon: Let à :íl:-LSA Jt =::ft:o e>j;with\'multiPlicatlon x,y ..... x.y 

and involution x i 
~ x he -given. li'urther let D be a subspace in a 

se~arable Hilbert apace'~ and E a projection on,~ such that the 

'" cond i tions (Â. 1.,2) are fulfilled. Linear map..ping tt: 

Jt. 3 x,....-, 1C(x) e End D 

ia a, i:-representation of JC.on ~ wi th domain D and 'pro~ectionE if: 

(1) ~{dto{ 1C.(End D lei.' o( =0" 1 , 

<Ü) 
( í í í) 

1C(x.y) 

1C{-~~) 
= <1CC~), lt-(y)}, 
= (1Cex») + 
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tinaHK M.. raBJIM"IeK H. E2-85-112 

HenpM80AM_*'npe,qcTaaneHMA CYfleP8{lre6p JIM 8(0. 0). 

llIiIIMe coo6PaJleHMA . 


M3Y4aeTCA 3aAa4a nony"leHMA HenpMBOAMMYX .-npe,qCTaaneHMM rcynepanre6p"JIM 
8(0. D) .0" 1.2 Ita OCH08e tteAaBHO nOCTpoeHHOro CeMeMc:T_ nMHeMHt.IX npeACTaB

.. I .i1eHMM AM4II1Ier;NlHIlMan..HWMM onepaTOp_ a npoe:.TpaHCT8e 1~ C --.YMKUMM 00 3Ha
". 

J 


4eHMAMMa CIl.npMMeHAeTCA 3KBMBa.neHTHaJI 4IOPMYJlMpoBtca nPM ~ onr;NlaTopoB 
poJIAeHMA-YMM4TOIIeHMA napa-SoH CMCTe_ C 0 CTeneHAMM cao6oAw. fIo"a3aHO. "'TO 
npoe:.TpaHCTBO ~ nn60ro nJ)eACTaaneHMA r AUiAeTCA noAnpoe:.TpaHCTBOM B <jJ1l). 
OOAep-M\MM BaKYY_ BeKTQC)IoI. Ilony"IeHW HeOOxOA_ YalOIIMII M noKa3aHO • 
.,TO BCAKOe npeACTaa.neHMe M_T IlMKIlM"IeCKMM 8eKTOP, KOTO.,..M nonHOCTW!'J onpe
A8JU1eTCA HeKOTOpWM .,~ 0 M CTaPIIIMN 8eCOM anre6.,.. s1(o. C). CTPOMTCA 6a3MC 
a noAnpoCTpaHCT8e i:, KOTopwM COCTOMT M3 c&lMX c06CT8eHIftIX 8elnopoa onepa
TOPOB 4Mcna 4aCTMQ COOT8eTCTB~MX OTAenIoHWM ~TeneHAM ca060AM pacCMaTpMBae
.MOIl napa-SoH CMCTe_. 

Pa60Ta BWnonHeHa a na6opaTOPMM TeopeTM4eCKOM .M3MKM OMRM. 

Cooe.em«e OChoeAll8eBHOro aRC'IR'lTTa -aepaa: acc:nt!Jll)...... ,Ib15:&e 1915 

Blank J., Halvrlek H. 	 E2-85-112 
Irreducible "-Representations of lie Superalgebras 8(0.0) 
with Finite-Degenerated Vacuum. General Considerations 

We study the problem of getting irreducible .-representations r of 
lie superalgebras 8(0. 0>,0 .. 1,2, starting with a recently constructed 
family of linear representations in terms of differential operators on the 
space 1~1l) of Cll..valued C--functions. Equivalent fonnulation via creation
annihilation operators of a para-Bose system with 0 d~rees of freedom is 
used and the domian t of any r is shown to be a subset of 11(a) containing 
a non-zero vacuum subspace. By assuming its dimensi~ finite, we derive 
necessary conditions for existence of r and show that each representation 
has a ~ycilc vector that Is fully speC I fled by a rea I ., 2: 0 and a highest 
weight of sHoo C). A basis in the domain t is constructed; this basis con
sists of common eigenvectors of parti~le-number operators corresponding to 
individual degrees of freedoM of the para-lose system under consideration. 

The investigation has been perfonned at the Laboratory of Theoretical. 
Physics, JINR. 
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