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INTRODUCTION 

The formulation of gauge-theories on an'(Euclidean) space
time lattice/ 1/ }opens the door to powerftil analytic and nu~eri
cal met hods' for studying such theories beyond the framework of 
pétturbation theory. A straightforward argument based ou. the 
~enormalization group points to th~ fact that a corrtinuu~ liffiit 
can be reached At a criticaI point where the system undergoes 
a second order phase transition characterized by an infinite 
correlation leng~h. Therefore t given a lattice formulation' of 
some field theary, it is important to understand its phase struc
ture. Gauge-Higgs models on a Iatt~ce have recently been the 
object of considerable inter~st becatise they h~ve been ~hown, to 

~possess a rich phase structure, especially when the size of the 
Higgs field (t.he Higgs radial model) is aliowed' t o vary /2-5/ •. 

The SU(2) gauge theory coupled to radia~ly pctive scalar (Higgs) 
fields ip the fundamental r ep re sentat i on of the gauge group is 
the simplest non-Abelian model of thé above type. Recently Kuh
nelt, Lang and Vones/ 5/ have published the results of their 
Monte-Carlo study of this modelo We have been investigating the 
same" model/ 3/ along with the Abelian case/ 4/ and have observed 
a much r.eacher phase structure than the ong reported by the 
authors af /5/. The apparent disagreement of the two sets of re
sults concerns eve~ the type of ph~se transition9: w~ have ob
served first order phase transitions and seconcl order phase 
transitions as end-points of lines of first arder phase transiti 
ons, wheiea~ Kuhnelt et aI. have seen only second order phase 
transitionsó This situation calls for a more detailed analysis 
of the "resuLt s as well as, of the methods of investigating the 
phase structure of models with 'many parameter~. Thi5 is preci~ily 

what we intend to do on the present paper which i8 qrganized 
as' follows: first we r eca l I the definition of the mode I and give 
the conversion formulae between our parametrization and that of 
Kuhne l t e t; a L, , next we discuss the pr ob I ema vconnect.ed with des
cribing' t he phase structure of mode l s wí t h many parameters (of 
which oqr is an .example);' then we summariz'e aur Mon~e-C.arlo 

resul ts' and support them wi t,h the analysis of the approxirnáte ef
fect~ve potential, further on we comment on the re$ults of Kuh
n~lt et al. and l1lake G~~ions.:- . 

fio ~i",,(.)', ...A• . ... ....:.t Utiçr~Tyr t /'	 1! tAl:r.i;\rt:.fl. t.tG ~'H'~ ~~3'~í!. i!l 
~ lt'''' v H''''''' .,·t .~·t"'i"'''U.4. 
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1. TRE, MODEL AND CONVERS ION FORM"ULAE' 
\ 

The c on t i.nuum Euclidean ac tí.on of. a SU(2) gauge-Higgs theory
 
with fundamental representation scala~1
 

14 214 .. 2 
Scont. ="4 (d X(F(ll/(X)) +"2 (d x1(a .+lgAu(x))-cI> (x)! +.u, 

(1.1) 

+ réx [.!!t <Il*<Il + X(<Il*cI»2], 2 

can b~ written in various forms ou a hypercubic lattice, one 
of which is 

SL a t t = BISo + I Se, '(1.2)
o e 

'where the plaqu~tte part of the action is 

1	 -1 
So = 1 :;- "2 Tr, Uo Uo =Ui.l UJk Uke Uei Ui j = Uj i =, Ue ç SU (2), 

/' 
(1. 3) 

and the link part of the actiop 1S 

1 m2 ,2 . 4 2 I: * 
Se == S i.l = -- (-- R i + AR i ) + ~ i - R i R j -2 Tr (r:h t U ij c/J j) , (1.4)'

4 2 " " 

where Q< R. < 00 is t he. radial mode of t he Higgs 'fi~ld at site 
- 1 I 

i and c/J, ÇSU(2) is its angular parto ~'he model (1.2) .has bare 
1 

4 . 2 2(cutoff dependent) p aramet er s B = -------, m m (a) and AoS A(a) ~''3 .	 ~(~ 
where a is th~ lattice spacing. 

Kuhnelt et aI. have ch0sen to rewrite (1.4) in a somewhat dif 
ferent'form in order to simplify.th~ study ~f various. extreme 
cases and in particular to the Ri=l (frosen to unity radial 
degree of freedom) case. ~heiT parameterizat~ón is 

Sf =t[AL(P~ _1)2 +P~] -KPiP j Trc/Ji Uij ~j	 (.1,.5) 

Now if~we r e s ca l-e J2KPi == Ri and c'ompa r e (1 .5t wí t h (1.4) we 
shall g~t the following conversion formulae: 

2la = A !4K m2' = ( 1 - 2 A -SI<)h:.	 (1:.6)
L	 L, 

2 

'\
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.2. TRE J?HASE STRUCTURE DF MODELS WITH MANY PARAMETERS 

When a Lat t í

. 
ce system depends on many

\ 
paramet e r s-, the -analy- "

s i s of its structure and the r ep r'e's errtat i on of the r esul t s can ~ 
be' a very difficult task. Even for a modest number of parameters 
(three i.n our c as e ) the p r ob Lem i s quite formidable: the 'phase 
t rans í t ons occur on surfaces which divide 't.he different phaí 

ses. The boundaries of these surfaces can themselves be of 
I	 (pígher order) phase-trqnsítion points. In addition the orde! 
paramet~rs af ~he theory under ,study display what is called 
c r os s-over behavi.our near such 'boundar Les and .th i s c an some t í.me s 
easily be mistaken for a pha?e transition. Normally it requires 
çert~irt effort ,in order to localize a single phase ~ransition 

point and to de t e rmí ne its type. That is why t he phase s t r uc ture 
of models wíth many parameters is usually described by mean~ of 
sets of two-pímensional phase diagr~ms ({.e., alI, but two of 
t he paramet e r s are kept f i.xe d ) . It I s essential to r emernbe r , 
t hough t ha t such a description is incompl-ete and t ha t , .í n prin
c i.pl.e , it is 'p6~sible to overlook a portion o.f the parameter 
space wnere the model posse~ses no~tr'ivial phase structure. 
Further 00 in this paper we shall argrle that this was precisely 

- the 2ase wí th ref. /5~, but f í'r s t let us b'r í e f Ly review our re

i sults concerning the phhse diágrams ;f Xhe ~odel (1.3-4).
 

I	 \ 
3. PRASE DIAGRAMS, ,O~ TRE MOpEL IN THE' (B , m2 , A) SPACE 

\ " '" We have cons idered (B, m2 )-p l-ane s for f i.xed , not ve ry large 
values of À (À::; 0.7). For small values of 13(18.1::;0.3) we have 
employed a~ approximate ~ffective potentfal 

., 
" 

Verf (x;A;m2~~À)c=V(0)(x;m2;À)+BV(l)(x)+B2V(2) ,(x)+O(B3 ) (3.1) 
I, • 

where 

(O) m2 _ À 2 21 1 ( x ) 3 v (1) = ~-11 I~ ( x)V = ( 1 + -- ') x + - x - In [ ----'-] - --- In ~ , ,2 --4---1,
8 4 x... 8 I1(x) , I' 

8 '	 /
(2) 3 21 12 (x) 12 (x) 12 (x) 2 " V = - - 1--- [, 1 - .-----] - 36 ----~ - 36 [-----] (3.2) 

2 I 2 8" ) )I 1,(x) x I {( x x I l (x 

12 (x) 3, 1
2 

(x)- 4 
-'- 96 -[ ------J + 96 [ 1 I. '" 'xl! (x) xII (x) 

-2The value of the order pqrameter R for the current B,A, a~d 

~2 i s determined at t he mí n i.mum of, ,the effectíve potential: 
R2 == xmi n • If 'Ver! happens to develope a s econd local mí.rrirnum , it 

'.-.. 3



1	 \ \ 

I 
I, 

is eonvenient to iúterpret it as a metastable phase. For eertain I 

ei: aI. supp1y their Monte-Carlo simulations at; =0.5. ByÀL
 
vaLuàs of À ( Às O: 1) and I BI ~ 0.3 we observe. the formatióh of Look.í.ng a'1: 't.he conver s i on f ormuLae (1.6) we , observe that this
 

Im21 2
a seeond minimum of the effeetive potential a~ increases I, ". mean s' a fixed- va1ue of m = :":8" and therm~i cyc l e s in k be twe en 
2and at .some po i.n t m == m~(8;À> the two mí.rrí.ma of the effeetive zero and 0.8 (0.6) a't' fixed (3 • Th í s trans1ates in t'e rms of ~ , 

•	 potential beeome equa1. This i8 the phase trànsitionpoint fo~ (8,m2 " Ã) into t he rmaI cyc l es in À be twe en Lnf í ni.ty and 0.15 
these vaLue's of B and À. Carrying t he system aeross sucb a point (0.21) for fixed 13 and m2 = -8. For sma l I values of 8 these ~ 
we observe that th~ arder parameter is diseontinued and h~nce 

I this is a first ,order phase transition. The va1u~s of m:~B~À)~b
tained in this way have been eonformed by independent Monte
Car10 ealeulations. Again by Monte-Carlo ea1eu1ations we have 
eonfirmed t ha t the phase transitions are of the f í r s tc orde r ; 
A more defai1ed, ana1ysis of the phas~ transition of the model 
(1 ~"2-3) s to be found in /3/. Here we wou1d 1ike to underllineí 

th~ fact that 'the"above-me~ti?ned first order phase t rans t í.oní 

1ines have been shown to terminate at end-points whieh themset
.ves are points of seeond orde r phase transi t í.on /3,4/. Our f í.ndíng
 
are summar i zed on fíg , I':
 

We observe that for inereasing À the phase t r ans i t í.on Li.ne s 
are moving upward and the end~points-to the right. We expeet 
Gl ,1inear',asympt,etie of .the end points (seeond-order phase transi
tions) whieh wi11 everrt.uaLl y reaeh the c r í t í.caI po í nt of the 
SU(2) Ising moder/ 5/ : 

,8=t, À=='tY~K~' m2=,(1-t/2K~-8Ko)/Ko', Ko=O.355±O.OOl, t ...'oo. (3.3) 

Above and to the 1eft of tijisN \ line we enter iuto a por t i on ofE 
I the parameters ~paee whieh ist. 

more or 1ess trivial as far as 
phase transitions are our con
-	 -2 
eern. The ord~r par?meter R 
can show a .erossover behaviour 
in that r eg í.on , t hough : - es
peetia11y near the 1ine of end 
po i.nt s: (see t he, diseussion of 

~2 -;1 o .1 ,2 ~	 the effeetive potentia1 in/s/
 
and /4/) •
 

t( 
Fig. 1 

4. DISCUSSION 
<, 

Now we nave come to the diserepaney between our resu1ts and
 
tho&e'àf Kuhne1t et a1. Since the question of the order of the
 
phase transitions is of paramount importanee, the authors of/ 5/
 
have given it due attention and have eonc1uded that alI the
 
transitions are of~ the seeond qrder. In support of this Kuhné1t
 

ti 
therma1 cyc.le s remain entire1y in -tne "trivia1" part of the 
parameter spaee and with inereasing B they approach the eross 
over ban~ and eventuat1y the surfaee of first Drder phase tr~n
sitions, but this happenp for rather l~rge va1ues of À for wh~eh 

it is ~ery diffieu1t to observe hysteresis loops in th~ thermal 
eye1es. The decisive t e s t performed by KuhneJ~t e t a l , , though, 
'is the observ~tion of tne relaxation behavio~r of the order ~a
r amet e r fo r vs i.rnu Lat i.ons from different initia1 .conf í.gurat i ons, 
They ehoos~ the point À = O..?, B = 2.25, and K FO.27,wh'ich,L 
aeeording to (1.6), ttans1ates into À = 1, 715, f1 = 2...25, and 

2 m = -8. Notice a r a ther 1arge va1ue of À., W~ have observed 
a rapid shrinking of the hysteresis 100p at/8 ~ 2.2 eVen forI' ,...,~ 

À	 :;: 0.7: 
-,
 

'~ I A a)
 b) 
N Na: À=oi	 

1\ 
1'=0,3.l 0:,
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+"."I'hermaI eye1es in m2 at 'I'f 
~8	 = 2.2 and for' differen~ ya

+~ 

lue,s .of À. +~." 
We coné1~de that the point +..... 

2 ....~..+';r!)I'	 À = 1. 715,' 8 = 2. 25 , m = -8 
is either in the "trivial" re e)'
gion or the 'two minima of the 
true effeetive potentia1 are 
very e10se to be distingui- '2 4 .6 .,ro2 

4	 5 
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•	 -1 

s hab l.e: by MO!,l.te-C,arl0 methods. As a compar i son , we draw ones ' ~.:;, 

attentiont;o the reg~on of much .smal Ier N and' B,. where we have l~ ..... 

(. o1:tserved a c l.ea r signal of a .f i rs t arder phase- transition both. I< I' .I:• .' 
l'from .our Monte-Carlp calçulatiqns and from the effe,Ptive poten- I ~ ;:: 

tial in ,:the' approximation (3.1-2). He-re is a t yp i-cal example: " ~I':' . 
À ;= O•.ÔS, B .=0, m; = -2.86. According to the conversion formul:ae \ 'I' :""

• I	 '( ~ ! 
(1.6) this c or r e spond s ti): (ÀL =0.0073,,8= O, K = 0.1916) ar \ } l /.1' -' 

(À = 34.017, 11 = O, K = -13.04) - both a r e far away from "the ,:! SUBJECT eATEGORIESL	 Ipoint at whích the type of the phase t r ansít í.on has been de t e r-: .l\iJr 
mined in/ 51• 

I'	 /' 

~' 5. CONC1.U8ION '-,, 

The investiga{ions of various lattice gauge-scal~r mddels 
have revealed their rich phase structu~e whose adequate descrip
tion, though, 1s ~ot always straightforward. This'also applies . 
to ,th~ s i.mple s t non-Abe Lí àn gauga-Hi.ggs model - the one with 
a .SU(2) -symmetry. We .have sho'wn t ha t 'a reparametrization of the 
model, while making it easier to see the connectiorr'wit? certain 
extreme cases, may als~'obscu~e the phase structure of the . 
theory. A~ for the second o~der phase transition of the SU(~ ~ 
Ising jnode l., we argue -tha t t is the limit o f t he c r i t-i caI. pointsí 

át; ,the end o f the f i r s r order phase transi tion Li.ne s [~; (À) , 

Bc(À)] for À-.oo. 
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repAT B.ll. H AP• E2-85-104 
0 ~a3oBoH CTPYKType SU(2) -XHrrc-KanH6pOBO~HOH TeopHH 
Ha pemeTKe 

B HaCTO.SII!IeH pa6oTe Mbl 06CYAHM HalliH pe3yiibTaTbl IIO HCCIIeAO
BaH~ ~a30BOH CTPYKTYPhl SU(2) KanH6poao~HOH TeopHH nonn, 
CBH3aHHOH C XHrrCOBCKHMH IIOIIHMH, paAHaiibHaH MOAa KOTOphlX 
"pa3MOpOJKeHa11 • lloKa3aHO, ~TO HalliH pe3y!IbTaTbl He IIpOTHBOpe~aT 
pe3ynbTaTaM pa6oTbi 1 51• Mbi Ha6JIJOAaeM ~a30Bbie nepeXOAbi nepaoro 
POAa, ~TO IIOATBep)[(AaeTCH KaK Bhl~HcneHHHMH MeTOAOM MOHTe-Kapno, 
TaK H HCCIIeAOBaHHeM Ha OCHOBe IIpH6nHJKeHHOrO IIOCTpOeHHH 
3~eKTHBHOrO IIOTeH~Hana. 

Pa6oTa BhliiOnHeHa a Tia6opaTopHH TeopeTH~ecKOH ~H3HKH OHHH. 
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In this paper we discuss our results on the phase structure 
of SU(2) gauge theory coupled to radially active Higgs fields. 
It is shown that our results are not in contradiction with 
those in 1 51• The first order phase transitions observed by 
us are confirmed both by Monte-Carlo calculations and from 
the analysis of an approximate effective potential. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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