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In a recent paper 11/ we have suggested a manifestly 
invariant renormalization procedure for sypersymmet
ric (ss) quantum eiectrodynamics. All ultraviolet infini
ties were shown to be eliminated by a common wave func
tion and mass renormalization of matter fields and wave 
function renormalization of a gauge multiplet. Now we 
extend this procedure to the s s non-abelian gauge theo
ries /2, 3/. As in the previous case, we work in a manifestly 
s s gauge and show that in spite of the essentially nonlinear 
character of the Lagrangian only the finite number of s s 
counterterms is needed. 

1. Supersymmetric Feynman Rules 

In this section we briefly describe the s s generaliza
tion of Yang Mills theory following the paper/2/ and 
derives s Feynman rules. The matter fields are combined 
in chiral supermultiplets <ll+, <1)_. The Yang-Mills field 
o\ is included in a supermultiplet described by the pseudo
sgalar hermitian matrix superfield 1JI( x,O) 

- l - -
IJ•(x,O)=,\(x) +Oy '"·(x) +-!OOf(x) +fJy O(;(x) + 

5A f 5 

+0iyvy5 0A 1 ~(x) l+ +00Ay
5

A(x) + ~ r{jrJ)
2

1J(x). (1) 

The generalized gauge transformation is 

-1 
¢:!: (X J})-> fl : ( X,(})¢ :!: (X,(}); f'XJl lg IJI\ -> {} _f'xp lg 'Jil!J + , 

0+ are chiral superfields 

det n + = l ' rlt= o-:::.1. 

(2) 
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The infinitesimal transformation (2) can be written expli
citly as 

a a abc b .. .c a 
'P .... w -f ReoO 'i' +lmoO I'Picthgl'l-1+ 

+ + 

a -1 b b- -1 -1 a a ( ) + 'P IWI (ReoO IJ! J(g I'PI -cthgi'PI); 80=i/2r 80 • 3 
+ 

a 1"' a a -a a l-
80 + = expl- 4() a y5 el[( u+1 +i u+4 )+8(u+2+iu+5 )+480+iy5) 8(u+3+i~), 

the components u~i are hermitian. 
The Lagrangian can be written in terms of a non-linear 

vector superfield v
11 

-1 -1 l +iy5 af3 ( 
V =-g [C y J D [expl-g'PIDf3explg'PII. 4) 

f1 /1 2 a 

Cis a charge conjugation matrix and D is a covariant 
a derivative 

Da=alaea -i/2(y
11

e)a a;axfl. 

Under the transformation (1) 
-1 -1 -1 

v .... o v o + 2i g o a o , 
f1 +Jl+ +Jl+ 

and a gauge invariant Lagrangian looks as follows 

f. = ___!__ ( D D) 2 T r ( V V + V* V *) + .!._ M ( D D)[ ¢* <ll* + <ll* <ll* ] + 
128 f1 Jl Jl Jl 2 - + + -

l -
+ - ( D D) 

2 
[ ¢* exp I g IJ! I¢ + <P* exp 1- g IJ! I <ll l 

8 + + - - (5) 

This Lagrangian is degenerate, and a subsidiary condition 
should be imposed to quantize it. It was pointed out in the 
papers/2• 31 that one can choose a gauge 

A=x=F=G=O. (6) 
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In this gauge the Lagrangian (5) assumes a polynomial form 
and is nothing but the usual Yang-Mills Lagrangian plus 
some additional renormalizable interaction of spinor and 
scalar particles. (Its explicit form may be found in the 
papers /2' 3/ ). Unfortunately the gauge condition (6) de
stroys explicit supersymmetry of the theory and it is by 
no means self-evident that renormalization can be 
performed in a super symmetric way, in particular, that 
the renormalized coupling constants and masses are equal. 

For this reason we abandon noninvariant condition (6) 
and use the manifestly s s gauge. 

We start from the gauge (6) in which the theory may 
be quantized in a standard way /4, 5/ and the Green func
tion generating functional can be written as follows 

Z = N -
1f exp !if 2 ( x) dx+s. t. lllo( A) o 1 x)o( F)8 (G)o~a A );\F-P dfl. 

X f1 f1 I 

(7) 

Here ~ F-P is the Faddeev-Popov determinant, the mea
sure d 11 is the product of field differentials and s. t. means 
source terms. 

Note that 

~Jo(A) o(xlo(F) a( G) 8(a 11 A 11 ) [ AF_p(A,l) -/\'IJ!l\=0, 

-
where L'.('l1

) is a gauge invariant functional defined by the 
condition 

~(IJ!lfllo(A0 ) a(;x0 )o(F~a(Go) 8(aJlA~)dO =1. (8) 
X 

One can pass to the other guages using G. t' Hooft's 
trick. 

Let us introduce a gauge invariant and s s functional 
~defined by 

~ < IJ!) f 11 o ~ o ' 1JI 
0 ) + - (' + ) d n = 1. (9) 

X 

Here ( IJI 0) + means the left-handed component of IJ! 
0 and 

c is an arbitrary chiral superfield. 
+ 
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" 
IP = exp!- } ea y5 e l [('11 

4 +i '11 
1) +0(11' 

5 
+ i IP 

2
) +_!_e( ltiy~ )e('I' 

6 
+i IP 

3 
)] 

+ ... + + + + 4;) + + 

and components IP . are hermitian. . +I 

o[o(IP !1) -c J == II.6 o[ o~IJ1!1) . _ c . ; • 
+ + 1=1 +I +I 

Mutliplying the generating functional (7) by the constant 
factor (9) and performing the change of variables wD... q1 
one obtaines 

-1 Cl z = N f exp ! i f ~ (X) dx + s. t. l Il o(o 11' + - c + ) to. ( IP) dfl . 
X 

Finally, using the fact that Z does not depend on c +one 
can integrate it over c + with the measure 

l -1 - 2 
exp !iT r f - (3 (D D) c* c dx l . 

4 + + 
The resulting functional is 

Z=~ 1J exp !if[~(x) +1._(3-
1
Tr( [m)2o'P oil# +s.t.] dx l t-.: 1V:' dfl. (10) 

4 + + 

In terms of the components the gauge term looks exactly 
as in quantum electrodynamics 

1._(3-
1 

Tr f( DD) 2 
[o'P+ o'P_: l = (3- 1 l l_[a 

11
(oA-D)l 2 + 

4 4 r 

(11) 

+[a (a A )J
2 

+[oFJ
2 +[oGI 2 +_!_(ox+i~A)i~(ox+i;A). 11 v v 8 

To calculate t<.(IP) at the surface IP+ = c+ it is sufficient 
to integrate in the formula (9) in the vicinity of a unit 
element 

to.- t ( IP) lw = c 

+ + 
As before, du+ 
M is defined by 

=fo(Mu+) du+. 

6 
means ni= 1du+i 

D- ~u = l ( 1P 1+ 
0 !1 ) - IJ1 l == ' 'P u ) • 

+ + + + 

6 

(12) 

The operator 

(13) 

.. 

It follows from (12) that £-.!'IJ) can be represented as a 
gaussian integral 

A(IP)=fexpl-JI~= 1 u+i o~IJ!u)+idxldu+du+' (14) 

where the integration variables u+ and u+ have commuta
tion properties opposite to the usual one: scalars 11 1, 3, 4,6 
and u 1,3,4,6 anticommute and spinors u2, 5 and II 2,5 com
mute. So, in addition to the usual fermion Faddeev-Popov 
ghosts, here the boson ghosts are present. 

The integral (14) up to the constant factor may be 
written in a s s form: 

i\(IJ!)= f exp{- -
1-Tr j(lJD) 2 [u+:IJ1 u)~ +(U) *('II u) \dxldu+ du + . (15) 

- 32 
The formulae (10) and (15) define the manifestly s s Green 
function generating functional. At first sight, this functio
nal corresponds to nonrenormalizable theory due to highly 
nonlinear character of the Lagrangian. However although 
the Lagrangian (5) contains terms proportional to 111 n with 
arbitrary n .due to the anticommutativity of o only 1\ com
ponent may enter in an arbitrary degree. But the propa
gator 'AA defined by eqs. (10) and (15) decreases for 
k -•"" as k - 4. Therefore the addition of internal A-lines 
does not spoil the convergence of the integrals. Below we 
shall show that in the theory defined by the functional 
(10) there exists a finite number of "basic" primitively 
divergent diagrams. All other divergent diagrams can be 
expressed in terms of the basic ones with the help of the . 
generalized Ward identities which will be derived in Sec
tion 3. 

2. Analysis of Divergencies 

Let us calculate the degree of divergency of an arbitrary 
diagram. For brevity we consider a pure Yang-Mills field. 
The analysis of matter field diagrams is completely iden
tical with the case of quantum electrodynamics/1/ and 
changes nothing in the result. 
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The free propagators defined by (5) and (11) have the 
following asymptotic behaviour: 

r--t f"""'"l - 1 .....---, ,.., r-r - 2 ,---, - 3 
DU- l, M- k ,Af.1Av-AD- Ax- k .xx-k , 

r-, ,., r--1 4 
AA - FF - GG - k- . 

(16) 

..--. ,..._., 
(In fact, the propagators FF and GG can be made decreas
ing arbitrarily fast by introducing more derivatives in 
eq. (11)). The explicit form of the free ghost Lagrangian is 

,, 
!. a \i a u + i 12!. li a u + !. \i u 

i=1,4 f.1 +i f.1 +i i=2,5 +i +i i=3,6 +i +i 

and therefore the ghost propagators have asymptotic beha
viour 

L I - 2 ~ - 1 - (17) 
u+ 1,4u+14- k 'u+2,5u+2,5 k ,u+3,6u+3,6- l. 

The Yang-Mills interaction Lagrangian can be represented 
symbolically as a sum of terms 

(n) 2 2 2 3 2 6 3 2 
£

1 
-{A (iJ X +A ax +AX +Dx +X +xiJA+a +a A + v v v 

+aD+ax4 +aA2 +DA +x 2 A
2 

+x
4
A +A AX +A

2
+A

3
) + v v v .t' v v 

...... 

+ x<xzai\ + xaD+a 2 x 3 +xA 2 +ax 5+a 2~t+Di\)+a 2Dw~t2 +D 2 lA". 
(18) 

(Being at present interested only in the degree of diver
gency we omit all tensor structures, constants and also 
factors F and G , as F and G propagators do not increase 
the degree of divergency). 

The ghost Lagrangian may be written analogously 

( n) 2 4 2 2 2 
£ g =lil+i u+i (D+Ax+Av+X +AvX +aAv+ax +a ) + 

+uiuk x 2 +ui uj(A+Avx+x
3

+ax)+uk uk + (19) 

8 

I 

I 

- - ( 2 n . . + uk u j X + u j u j X + A v + a ) l A ; ( 1 = l , 4; J = 2 , 5 ; k = 3 , 6) • 

Summarizing eqs. (16)-(19) we see that the index of 
divergency of the diagram with e i external lines of i-sort 
is 

(20) m:S4-2e 0 -2eu -3/2e;.. -3/2ru -eu -eAv 
- 3,6 2,5 1,4 

(One can give more precise estimation, but eq. (20) is 
sufficient for our purposes). 

Only diagrams with at most two D ,i\ or u3( 6 ) 2( 5)exter
nal lines or four Av , u 1 < 4) lines are superficially di
vergent. The number of ''gauge'' external lines A, F, G, x is 
not fixed by eq. (20) and there are primitively divergent 
diagrams with arbitrary number of external gauge lines, 
but as we shall see all those diagrams are expressed in 
terms of the "basic" diagrams (without gauge external 
lines) and need not independent renormalization. 

3. Generalized Ward Identities 

We suppose to prove that all ultraviolet infinities can 
be eliminated by a finite number of supersymmetric and 
gauge invariant counterterms, namely 

0 
ef - 2 1 _ _ 1 - _ ( 4(_) 

J...R =Tr(DD) {-z2Vf.1(g) V, (g) --z2u 'I' g )4'- + 
128 r 32 + 

l -1 
+h.c. + 4 f3 o'l':o'l'+l. 

(21) 

Here g = z 1 z~1 g= z1 'Zz1 g (matter field Lagrangian can be 
treated in the same way). The counterterms z 2 , z 1 and 
z 

2 
may be fixed, for example, by demanding the transverse 

part of A 
11 

propagator, 3-point A~~ vertex, and u+ 1 propa
gator be finite. All other Green functions will be shown to 
need not independent renormalization. 
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The generalized Ward identities for the Green func
tions defined by the Lagrangian (21) can be derived in the 
same way as it was done in our paper/6/ for the usual 
Yang-Mills theory. This derivation includes, however, 
explicit calculation of the Jacobian of a nonlocal gauge 
transformation and in the case of supergauge transforma
tions becomes rather tedious. To avoid this complication 
we present in Appendix I a new simplified derivation. 

The identity which allows one to express the Green 
functions with the gauge (i.e., A , x, F, G, a 

11 
A 

11 
) exter-

nal lines in terms of other Green functions looks as 
follows 

0 l - 2 ----J <>xp liJ[f>R( x) +-Tr( IHJ) (o 'l1 oiJl*)+lJ. (x) IJI. (x) l dx l~x 
0 X . ( z ) 4 {1 + + I I 

+I 

I -
x!J(--Tr(JHl) 2(oiJ1 (y) ox*(y)Hl>( (y)o1J1+*(y) ~ 

4{) + . ' + ' + 

r) !.1( v ) 
+ 7J i ( y ) 'I' i + ( y) l d y I d 11 = u , (22) 

where v + = M- 1 
A+ • . The quantity x + is as arbitrary 

chiral superfield parametrized by the components! x4+ ix1, 

x5 +ix2' x6 + i x 31 . 
· Let us consider, for example, the identity o Z /oX+ 1 = U 

setting 7J i = U , lJi f. r1 4 "" .1 11 • 
. "\.(L 

J exp li[[f>R ( x) + _!_ Tr( DD) 2(o IJl :::JIJi*)+.Ja( x) A a ( x)] dx 1.\(IJI) x 
-l{) + + 11 fl 

(23) 
-1 2 a d -lda da 

xl{) o IJ'+t(z)+[Jfl (y)[a
11

\1ll (y,z)+fv (y,z)ldyld/L=O. 

Here o'Pa1 =a Aa . \t}\lz,v) is the Green function 
~ 1 J~ + in the 11external 'field- IJl • The explicit form of 
r

11 
may be found from eq. (3). It is sufficient for our pur

pose to know that 

10 

-lw ) da da oM 1 1 (z,y +a f
11 

(z,y) =o o(z-y). 
' 11 (24) 

This equation follows from the equality 
"'0 ( v) 8 G ( v) 

o ( IJl u~. ) = a ( A ) = . • 
+I 11 11 x+t 

Differentiating (23) with respect to J one obtains 
·v 

- 1 d a -Ida da, 
if3 <Toa A (x) A (y) >=-<TaM (z,y)>-<Tf ~z,y)>.(25) 

f1 f1 v v 1, 1 v 

Differentiating eq. (25) with respect to y and using 
v eq. (24) we get the well-known relation 

i {3-
1 

<To a f1 A~ ( x) a VA~ ( y) > = -8 ado( x-y) . (26) 

It means that only the transverse part of the Green func
tion needs renormalization. The constant z2 can therefore 
be chosen in such a way that the Green function A JL A v is 
finite. The constants z 1 and z 2 may be fixed by demand
ing the 3-poirrt vertex A~ and the propagator 'u 

1 
u; be 

finite. No more independent renormalization constants are 
necessary. All other diagrams are automatically finite. 

Let us demonstrate it for the A11 il 1 u 1 vertex and the 
four-point A 4 vertex. Differentiating eq. (23) with res
pect to J

11 
twige we have 

-1 a b c .)( -lac b 
i f3 <TA11 ( x) A v ( y) a PAp ( z) > = < T dfl M l, 1 ( x, z) A v ( y) > + 

ac b 
+<Tf 11 (x,z) Av (y)>+(x->y,a-.b,f.1-v). (27) 

Separating the structure transverse with respect to a~ and 
differentiating with respect to y one gets for the Fourier 
transformation v 

v ,p v 
0 tr _k_ ~p+kr _ rabc(p,k) =~G(p+k)/bc tr (p,k).(2S) 

f1 v k 2 ( p + k) 2 A v p k 2 f1 v 

Here D f1V , G are the A 11 and u 1 propagators, f>.vp is the 
proper vertex part of <TA11 AvAp>. Due to eq. (24) 

II 



ip y v~p,k) is a proper vertex part of <T-;;1 (x)u 1(y)_A 1/z)>. 
AltcJLrdmg to eq. (20) <Tu

1 
u 1 A > d1verges at mosthnearly 

therefore y may diverge at most logarithmically, i.e., 
a possible d~~ergent structure is proportional to g 11v • But 
it follows from eq. (28) that kv y tr ( p, k) is finite (because 
all other factors in this equatidn Dl!v, G , rAvP. are finite 
by construction). Therefore the complete y is finite and 

- /lV 
the same is true for the < T u 1 u 1 A > proper vertex part. 
Differentiating eq. (23) three time~ with respect to J11 one 
obtains the relation that expresses the <Til 1u 1 A 11 Av >vertex 
in terms of the four-point A4 vertex and lower Green 
functions. The finiteness of the four-point A

4 
vertex 

follows from the relation 
11 

-1 a b c d ~d be 
{3 <Ta A (x)a A (y)a A (z)a, A,(u)>=iXx-u)o(y-z)o o +sym. 

1111 vv pp 1\1\ 

(29) 

which is obtained by differentiating the identity (23) for 
the four-point vertex. This relation states that the connect
ed part of the four-vertex is equal to zero and, therefore, 
expresses the proper four-vertex in terms of the proper 
three-vertex and the Green function which are finite by 
construction. It also follows from eq. (29) that if the local 
part of the three-vertex is 

rabc =i/bc [ OVA(p-k)p + /)vp(k-q)A +OAp(q-p)v l (30) 
Avp 

(this form is dictated by the symmetry properties of I') 
then the local part of the four-vertex is 

~~~~~~(p,k,o) =PI£eabfecd ollPOVA I, (31) 

where P is the symmetrization operator with respect to 
the pairs a11, bv, c p, d'A. 

Analogously, one can derive relations which express the 
Green functions with n external A, F , G, x lines in terms 
of the Green functions with ( n -l} external gauge lines. 
It is simpler, however, to prove the finiteness of the 
corresponding diagrams using the supersymmetry of the 
effective Lagrangian rather than the identities (23). 

12 

For this purpose let us write the Green functions 
generating functional in a completely supersymmetric form 

-1 l - 2 
Z(7Ji) =N fexplif(~ef(x) +-Tr(DD) ('P7]i]dxldl1, (32) 

16 

where the source 7J is a superfield with the components 

7Ji = 12 7Jn ,-7JA' 7JF' 7JG' 7JAv '-77x' 2 77 AI 

and ~ ef includes the ghost Lagrangian, Z (77) is evidently 
invariant with respect to the s s transformation 7J i ... 7J ; • 
Due to the s s of the exponent one can compensate this 
transformation by the s s change of variables 'Pi ... 'P; . 

Therefore the generating functional for the one-particle 
irreducible Green functions 1 defined by a Legendre 
transformation 

l(R)=-ifn Z(7J)-lJ(DD) 2 (7JR) dx 
8 

(33) 

is invariant with respect to the s s transformation of its 
arguments R i . In particular, the local part of r( R) is 
supersymmetric. Due to eqs. (26), (30) and (31) the local 
parts of the vertices with 2,3 and 4 external vector lines 
are finite and form a gauge invariant structure, i.e., the 
Yang-Mills Lagrangian. The complete local part of l( R) 
should therefore be an s s generalization of the Yang-Mills 
Lagrangian with finite parameters. Such a generalization is 
given by the formula (5) where the arguments 'P should be 
replaced by R . Therefore the counterterms introduced in 
eq. (21) really eliminate all the divergencies. The finiteness 
of the vertices including the ghost lines is proved analo
gously if one introduces in the functional (32) the source 
term for the ghosts. 

4.Discussion 

Thus, we have shown that renormalization of the s s 

Yang- Mills theory can be performed preserving supersym
metry of the theory. Only the common wave function re-

13 



normalization for the whole gauge multiplet and charge 
renormalization are needed. In the presence of a matter 
field one more wave function and mass renormalization 
appear. 

Our result proves, in particular, thatthe s s Yang-Mills 
theory is asymptotically free, provided the number of the 
matter field multiplets is not too large. 

Appendix I 
The renormalized generating functional Z can be 

written as follows 

-1 0 z = N r <>xr ·: n ol._ Rc x) + 

+}2.TJ.IV.(x):dxl\( 1f':pxpi___!-ITr(l)J)) 2 
De oe*lx 

1 1 1 ·111 + + 

x llo(IV+- c+) d 111ple+, 
X· 

IJ'i =IA,x,F,G,A 1nA,IJl. 

Introduce the gauge invariant fUnctional .\ ( 111) 

- -1 
l=~(III)IIlo[(\11 ~ 1+ -e+-x+ ld0, 

X 

(A.l) 

(A.2) 

where x + is infinitesimal chiral superfi,eld. Multiplying 
(A..l) by (A.2) and performing the change of variables 

-1 
IJI n ... 1J1 one obtains 

-1 n -
Z = N I exp l i I L~ R ( x) + }2 i TJ i II' i ( x) J d x l \ r IV) x 

x exp 1-i- I Tr( DD) 2 o e +o c:dx li1 D ~IV+- e +- X+) d IV. de+. 
4~ X 

1 

The fUnctional 3 :II') at the surface 11~ = c + + x + is equal 
to ~(IJI) at the surface 111 + = e + . The quantity 0 ( , +) is 
defined by the equation 

14 

fl( v ) 
(I¥ + ) + = c + (A.3) 

at the surface 1ll + = c+ + x + • At this surface eq. (A.3) 
becomes 

Mv+=x+· (A.4) 

Integrating over c and setting the coefficients at x 
equal to zero we obbin the identity which is an exact 
analogue of eq. (23) in our paper /6/ 

0 1 - 2 - f exp li [fR( x)+ TJ.(x) IJI. (x) +-Tr( DD) (o IJI oiJI*)} MIJI) x 
ox+ 1 1 4~ + + 

I -
x!f[---Tr(DD)

2
(oiV+(x) ox~(x) +Ox+(x) oiJI_:(x)) + 

4~ 

one v > 
+ 17. IJI . + ( x) J dx I d 11 = 0. 

1 1 

_ M-1 , (IJiofl(v+>) _ 
v+- X+' + -X+· (A.5) 
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